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EYXAPIZTIEY

Oa Hfeha va aneubive Tig BLaltepeg EUYAELOTIES Uou oTov emBAénovTa xabnynt uou x. Xtadpo
A. Nixolémovho yior Ty mohdtun orbed tou otny nepdtwon tne napovorng epyaostac. H ouuBoiy
Tou fitay ouctaoTxr xou Baclotnxe TNy YVHoN Tou Y to avixelgevo xar 6ty npobuula yia
Borbeta oL utouovh Tov tov yopaxthelay xal’ GAn v Sdpxeta g vehétne avtic. Emmiéoy,
TOV eUYapLoTE Bepud Yo Ty eVBoUGLOBT xaL GLVEY T TEOTEOTY TOU Yia TEpULTépw (UeTAdLdUXTOPLXY))
épeuva 6To Tedio e ahyoplBuwic Bewplac ypagpnudtey, xaloe xar yia tnv ouctactxr fordeld
ToU 6NV eNiteLEn TOU 6TEYOU AUTOU.

Ou Hfela va euyaplothow tov xabnynts tou Tufuatoc Iinpogopixnic x. Aewvida IMakid (uéhog
e TeLMENOUS oUUBOLAELTIXTC eTtTponiS) Yiar TV BoRBela, Tl GUUBOULES Xat TOV ¥pbvo Tou Uou
agptépwoe.  Ou ouufBouléc tou Htav xafoplotinéc oe Gha To epeuvnTixd Béuata mou UeheThouUE.
Enione, 6o #feha va evyoptotion tov xafnynth x. Ttalpo Koouaddxrn (uéhoc tne tpuelolc
OUUPOUAEUTIXAC ETULTROTAC) Yia TNHY ETLOTNUOVIXH GUUBOA, Tou oTny eXéVNon TN dtatpLBrc Lov.
Téhog, euyoplotd toug xx. Xtdbn Zdyo, Hadho Lnupdxn, ['idvvn Etauatiou, xar Xerfoto Nouwxd
(Ul tne entauelolc eEETAOTUXAC EMTPOTNAC) YLt TLC EUGTOYES Xl ENOLXODOUNTIXES TUPAUTNPHOELS
ToUC 0€ opXETd and to Béuato UENETNG UOL.

Ou Aray mapdhetdn vo uny euyaptothow tov xabnynth x. Ioadx Aayaph (pdedpoc tou TuRuatog
Minpogopixic) yiot TNV aUEPLoTn oL EUTEAxTr UTOGTARLEN Tou Uou mopelye dha Ta Ypdvia TV
onoud®dv uou oto Tunua, téco ue Ty WidtnTa Tou uéhoug tou TuRuatog 660 o ue TNy WLdTHTA

Tou Ilpoédpou.

Téhoc, Oa Hbeha va evyaploThow Toug YOovelS Uou Yo TNV VA xat e utootiplly toug xab’
O TNV SLAPXELD TOV TPOTTUYLAXDY XAl UETATTUYLAXADY UOU GTOUSEY.

Xdpne Hanadémovhog

Twdvviva, 4 Touiiov 2005



IIEPIAHTH

Auth 7 epyooia entxevipdveton oty oyedlaon xal avdiuoT axoloubloxdy, TopdAAnhwy o Su-
vouxdy () dueonv) ahyoplBuny yia tpolBhuata (i) avayvdpiong, (i) Bertotonoinone (Hammil-
tonicity, xat emxdiudne ue povondtia (path cover)) xou (iii) anapiBunonc (oxehetxdv dévipwv) oe
HNGoELS TEAELWV YPAPNUETWY. BUYXEXpLUEVY, anaoyoleltatl Ue TNy oyedlaon xat avdivon ahyoplb-
uwv tng Bewplag ypopnudtwy otig axdloubeg TepLOoyES, OTOU, OTIC TEPLOGHTERES UNO AUTES, EYOVLUE
707 dnUoGLELUEVD ATOTEAEGUATA.

Aevdpuxr] avanapdotacT

H devdpur avamapdotaon yia ewdixd yeopriwota, Uetalld dAAmY doudy, elvat cuyvd n Bdon yio yer-
yopec AboeLg ae alyoplBuixd tpofBhruoata ou elvon yevixd Sboxoha. IToAléc xhdoelc yoapnudtwy
€youv uLo Lovadixr devdpuxr avanapdotoot), nou Bactletol 6e UL YEVIXT OVTLIETONLON, YVOOTH
wc m-anoolvleon (modular decomposition) ypagnudtey. Xenowonowdvrac devdpixt, avanapd-
otoo1, TOAG TpoBAAuata avayvépetone, Bektiatonolinone xo anaplfunone unopoly va emAufoldy
ATOTEAEGUATIXG VLo TOLXIAES HATNYORLEC YRAPNUATWY, OTWS

quasi-threshold ypagpruarta, cographs,
tree-cographs,
Py-tidy ypagruata,

permutation ypagpruata,

Py-sparse ypagriuota,

(4,9 —4) ypagrfuata,

chordal ypagpruarta,

(Ps, gem)-free ypaghiuata,

%ol semi- Py-sparse Yeo@RuaTa.

split-perfect ypagpruata,

(Ps, diamond)-free ypagpruata,

"Eyouue anodeiéet anoteréopata avayvdpeiong, Bedtiotonoinong xat anoptBunong yio yepxés and
TLC TOPATAV® XAACELS YRUPNUATOV.

ArnapiBunoyn oxehetixdyv dévipny Tov QT-ypapnudtwy
Oewpolye 10 TEOBANUA UTOAOYLOUOU TOU TARHOUC OXEAETIXGOY SEVIPWY TNV XAAOY TOV YPUPT-
udtwy, B QT-ypagpruata yio cuvtouta. Aelyvouue &TL évor TETOLO YPAPNUA ETLTEETEL ONUOVTLXES
doutxéc xar alyoptBuixéc Widtntes woll ue éva Hovadixd, k< TPoC TOV LooUopPLaUS, dEVTPO o-
vanopdotaone mou ovoudletor cent-dévipo. Boaowlduevol otic WBtétnTES TOU cent-dévipou evée
QT-ypapruatoc G avadewxviouue évay tUmo mou Sivel To TARD0C TwV GXEAETIXOV JEVTPWY TOU
yeagruatog G- 1 anédeln Bactleton oto Kirchhoff nivaxa 8évtpwy Bedenua. To anoteréouotd
UaC YEVIXEDOUY XAl ETEXTELVOUY TROTYOUUEVI ATOTEAEGUATA GYETIXA UE TO TAHHOC TV OXEAETIXOY
dévtpwy oe QT-ypagruota [91].
Auth 1 epyacio odYynoe otnyv dnuocieuon:

e S.D. Nikolopoulos and C. Papadopoulos, A formula for the number of spanning trees in

quasi-threshold graphs, Proc. 1st Balkan Conference on Informatics (BCI'03), 192-202,
Thessaloniki, Greece, 2003.



Fpapuixds ahydetburog utohoyiopot Tou TAB0LUS TLY GXEANETLXGY dEVIpWLY

TWY CUUTANPOUATIXA-TAEAYOUEVODY Y RAPNUATOLY

Ye auth v evétnTa tapouctdlouue évay ypouuxd alyoplfuo mou xabopilel to Thifog Twv oxe-
AETIXOV SEVTPWY TNC XAAOTNC TWV CUUTANPOUATIXE-TARUYOUEVWY YRAPNUITOY, ETLONG YVOOTH 0C
cographs- yio éva cograph G ue n xopugéc xat m axuéc, o alydptbude uoc utohoyilet To TARoc
TWY OXEAETIXAY dEVTpwY Tou Ypaghuatoc G oe O(n + m) ypdvo xar xGeo, 6mou 1 ToAUTAOXS-
T TV optBunTxdy npdZeny uetpétal ue Bdon To ouoLbuopgo xplthcto x6otous (uniform cost
criterion). O alydbpibuog exuetadledetat To cotree tou dobévrtog ypagruatog to onolo Babutala
CUPPLXVOVETAL UE EVOLY GUOTNUATIXG TEOTO EWC OTOL YIVEL ULl LOVadIXT x0pUPT, EVE TAUTOY POV
EVNUEPGVOVTAL OPLOUEVOL TOREUETEOL TTOU TO YLYOUEVS Toug dlvel to emtBuuntd mAhfog oxeletindy
dévipwv. H opbdtnra tou akyopibuou emtxvpdvetar uéoa and to Kirchhoff nivasa Sévtpwy Beden-
ua ot entong Boaotletoar oe doutég xou ahyoptBuixés Widtnteg twv cographs. Ta anoteléouatd
UOC YEVIXEVOLY TEOTYOUMEVO ATOTEAEGUATA XAl ETEXTELVOUV TNV OLXOYEVELD TV YRAPNUATWY TOU
déyovtal yeauuixove alybpliuous yia To TARHOC TV OXERETIXEGY TOUS DEVTPWY.

Auth 1 epyaoio odYynoe otnyv dnuocieuon:

e S.D. Nikolopoulos and C. Papadopoulos, Counting spanning trees in cographs, FElectronic
Notes in Discrete Mathematics (ENDM) 13, 87-95, 2003. Also in: Proc. of the Workshop
on Graphs and Combinatorial Optimization (CTW’03), Enschede, The Netherlands, 2003.

ArnoapiBunoy oxeheTixdy SEVIpnY YRAPNUATOY YPNOCLLOTOLGYTAS M-anoctvheoT

e authy Ty evétnta tapouctdlouue évay alyopltiuo mou xabopilel o TARBog TV OXEAETIXGY dE-
VTpwy evic ypaphuatoc G Tou exuetalievetal Ty dout, Tou md-dévipou (modular decomposition
tree) Tou ypaghruatoc G. Tuyxexpiuéva o ahybplfude uoc douledel oupplxvidvovtag to md-3évtpo
TOU €LoAYOUEVOL Yeapruatog G and xdtw meog To Tvw €ng GTOU YeTaTpAnEel OE €vay UOVadixo
%6uBo’ 16t 10 MARHOC TV OXENETIXEY dEVTpwY ToU G €xEL UTOAOYLOTEL WS TO YLVOUEVO amd Uia
oLAOYY TWEY Tou cuoyetilovtol Ue Tic X0pUPES Tou Ypaphuatos G Xl EVAUEPGVOVTAL XoTd TNV
Sdpxeta Tne @dong ouppixvwone. Tuyxexpwéva, tav epupudletar ot éva (¢, q¢ — 4) yedonua yLa
OUYXEXPLIEVO ¢, ot éva Py-tidy yedgnua, 1 oe éva tree-cograph, o ahyoplBude uac unoroyilet to
TAA00C TV GXEAETIXGOY dEVTPWY GE YedVo Ypouuxd g Tpog 1o uéyebog tou yporuatog, 6mou
N TOAUTAOXSOTNTA TV aptiunuixdy tedéewy UeTtplétal UE BEom T0 0UOLOUOPPO XELTHELO XGGTOUS
(uniform cost criterion). Auté endyel 6T to mEdBANUA Exel yoauuxd oe ypdvo AOoT yia TOMES
YVOOTEC XAAOELS YoupnuUdTmY, 6Twg elval ta cographs, Py-sparse ypagruata, Ps-reducible ypap-
uata, Py-lite ypagruarta, xau Py-extendible ypagruoata. H opfdtnta tou alyopifuou anodetxvietat
uéoa ond to Kirchhoff nivaxa 8évtpwv Oedpnua xou enione Baoiletar oe doutxég xar alyoplBuixéc
WBLétnTeg Twv Ypapnudtoy und uerétn. To anoteAéouatd uag YeVIXEVOUY TEONYOVUEVA ATOTENE-
OUOTO XL ETEXTELVOUV TNV OXOYEVELX TWV YRAQNUETWY Tou déyovTtal Ypauutxols alybptiuous yio
10 TAH00C TV GXERETIXGY TOUC SEVTPWLV.

Auth 1 epyaoto 0dhynoe otic dnuoocieloeic:

e S.D. Nikolopoulos and C. Papadopoulos, The number of spanning trees in P4-reducible
graphs, Proc. 3rd Int’l Colloquium on Mathematics and Computer Science: Algorithms,
Trees, Combinatorics and Probabilities (MathInfo III), Vienna, 2004. In: Trends in Math-
ematics, Birkhauser, 141-143, 2004.

e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, Counting spanning trees in graphs using
modular decomposition, TR-2004-09, Dept. of Computer Science, University of Ioannina,
2004 (submitted for journal publication).



MeyioTonoiney tou tA0ous TwV OXENETIXGY SEVIPWY GE AGTEPOELSY) YRAPHUATA
H eCaywyh uadnuatixdy tonwy yia Stagopetixolc tinoug yeagnudtony unopel va arnodetyfel yer-
oL YLO TOV TIPOGALOPLOUS EXEIVWY TWY YRAPNUATOY TOU TEPLEYOLY TO UEYLGTO TANDOC GXEAETIXOY
dévtpwy. @alvetar mpogavéc dTL N oyeddv taxtixdtta (almost regularity) evéc ypaghuatoc elvor
10 anotoVUEVO Tpocdy. Enouévwe, 1600 yia Bewpntixols doo xou yio tpaxtixolc Adyoug, apo
T0 TAfog oxeleTXdY dEvTpwy elvan 6TeEVd cUVdEdSEUéVo Ue TNy aflomotio dXTOWY UTOAOYLOTY,
elvar evdiogépov va e€dyel xavelc yabnuoatixd tono yia 10 TAAH0C TwV GXERETIXGOY JEVTPWY EVOC
YpopRUATOC.

Axohoubdvtoag v nponyoluevn xabodriynon, efetdlovue Y xAdoN TV YPAPNUATOV TOU
T0 oLUTARPLUS Toug elval aoTepOEdr Ypaphuata xat e€dyouue xhetatolc TUnoue yia To Thifocg
OXEAETIXAY JEVTPWY Yla Ta UEAT auThC Tng ouddac ypapnudtwv. Ta mpotewvdueva anotehéoua-
T XUAUTTOUY TEOTNYOVUUEVI ATOTEAEGUATA VL0l UEPLXES XAAOELS YRUPTUATOY %Ol ETEXTELVOUY TA
anoteMéouaTa Yol TS xAdoelg twv multi-star xot multi-complete/star ypagnudtwy oty ueyo-
Notepn xhdon Twv aoTepoedn ypapnudtny. Amodewxviovue Bewpuato UEYLOTOTOINONS TOU oG
ETUTPETOLY VO Yoo TNEIOOVUE Ta Ypo@AUATA TNS XAAome auTHC UE To UEYLoTO TARHoC OXENETIXOY
SEVIPWV.

Auth 1 epyaoio odYynoe otnyv dnuocieuon:

e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, Maximizing the number of spanning
trees in K,-complements of asteroidal graphs, (submitted for publication) 2005.

ITA%00g oxeheTixdy 3évipwy O xXATNYOPLES YPAPNUATKLY TNg wopetc K" £ G
Enextelvovtag v évvowa tou K, — G (K,-ouunhfipwua) xat fewpdvtog mnohuypaghuato (multi-
graphs), e€dyouue tonoue, tou Buoilovtal otny opllouow, yia 10 TARHOC TV OXENETIXGY JEVTWY
TV Ypapnudtey Tne Yopgric K" + G, 6mou KT elvor To TAHpES TOALYRAQNUA TWV 1 XOPUYY [UE
axpLBde m oxuéc va evidvouy xdfe Ledyog xopuedy xat to Yedenua G elvat éva ToAuypd@nuo Tou
endyetol and €va alvoho axudy tou K. Anodewxviouue entong xAetotolc timoug yia o tAfoc
TV OXERETXADY dévTpwy TN wopghic K" £ G, 6mou G elvar (i) éva midpec mohuuepés (complete
multipartite) ypdgnuo, xou (i) éva multi-star ypdegnua.

Auth 1 epyaocio 0dynoe otnyv dnuocievon:

e S.D. Nikolopoulos and C. Papadopoulos, On the number of spanning trees of K" £ G
graphs, TR-2005-10, Dept. of Computer Science, University of Ioannina, 2005 (submitted
for journal publication).

Avvapuxol akydglbuot yra Ty avayvéeloy xAAGEWY YRAPNUEATOLY

Ye auth Ty evotnTa emAUOUUE TO SUVOUIXG TEOBATUA avaYVOELeNS VLol TNV XAdoT Twv Pi-sparse
Yoopnudtov: 0 oxondg elval va yelploTolue TpdoBesT xat SLaypar axUdy/Xopupdy, va avo-
xaAOPouue TOTE TETOLEC TRPOTOTOLAGELS EMLPEPOLY Evar Py-sparse ypd@nuo ol 6 TERITTOON TOU
ohnBelet, vo EVIUERMOEL XaTdAAN A TNV avomapdotacn Tou ypagphuatoc. H avtipetdnioy yac Po-
otleton oty Stathienon Tov md-3évteou Tou YeauaTog To 0nolo YENoLULOTOLOVUE Yia TNV ETLAUO
ToU TPoBAAUaTOC avayvdetonc. Amodetxviouue Soulxéc WLOTNTES TOU BEVTPOU Xal TETUYALVOUUE
gvay TAHpws Suvauxd akybpliuo avayvoptong tou unootneilel TpononoLticels axudy (etoaywyég
xan Srarypagéc) oe O(1) ypbévo xar tpononoticels xopuedy (etoaywyés xa Staypapéc) oe O(d)
Xe6vo Yo xopupt| Babuol d.

Auth 1 epyaocto 0dynoe otnyv dnuocievon:

e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, A fully dynamic algorithm for the recog-
nition of Ps-sparse graphs, (submitted for publication) 2005.
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IMapdAAnlot alybprbuot yia To medBAnua TN enuxdAudng e LoVOTATLA

Enuxevtpdvouue 10 evdlagépov uac otny avdntuln evéc Bértiotou tapdiiniou alyopifuou mou
Bploxel xat avopépel ToV UxpoTepo dpLtud Twv aveldpTnTmV-xopuP®OY LOVOTIOTLEY TOU XAAOTTOUY
T XOpUPES (YVWoTd we To TpdBAnue emuxdiuvdne ue uovordtia—path cover problem) evéc Py-
sparse ypaghuatoc. Enwgeloluaote e Souhc tou md-d3évipou (xol 0Ty mpoyUaTixdTT T6V
TEATWY YRPUPNUATOV TOV) X0l EXUETUANELVGUAOTE To Hovordtia 8évtpwy (path trees—uia Soun mou
Statnpeel tar wovondtio tne emxdhudng vovoratidv). Mo ouyxexpluéva, dobévtog tou md-3évtpou
evog Py-sparse ypaghiuatog G e n X0pUPES, YPTOULOTIOLOUUE XAUGIXES SEVOPLXES TEYVIXES auUppl-
xvewone xau tolpracua napeviéoewy (bracket matching) xou neptypdpouue éva BEATIOTO TOEdAANAO
ahydetbuo nou tpéyet oe O(logn) yebvo ue O(n/logn) enclepyaotéc 6to EREW-PRAM uovté-
ho. Eivor evdiagépov xavelc vo emextelvel authy Ty e vixy) o GAAES XAAOELS YPAPNUATOY, XAl
axbéua TeplocdTERD, Va Bewprioel ueptxéc mapallayéc Tou TEoBARuATOS, St elvol To TEdBANUA
emxdhudne ue telxd povorndtia (terminal path cover), Snhady n avagopd tne emxdhudng ue uo-
vomdtia evog ypapruatos dobévtog éva UTOGUVORO XOpUPHY TOU aVTLETOLYOUY GTA 8Xpa XOpUPHY
TWV UOVOTOTLGOY TNS EMXEAUPnG.

Auth 1 epyaocio 0diynoe otnyv dnuocievon:

e K. Asdre, S.D. Nikolopoulos and C. Papadopoulos, An optimal solution for the path cov-
er problem on Pjs-sparse graphs, Workshop on Graphs and Combinatorial Optimization
(CTW’05), Cologne, Germany, 2005.
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EXTENDED ABSTRACT IN ENGLISH

This work focuses on the design and analysis of sequential, parallel, and dynamic (or on-line)
algorithms for (i) recognition, (ii) optimization (Hammiltonicity, and path cover), and (iii) count-
ing (spanning trees) problems on classes of perfect graphs. In particular, it deals with designing
and analyzing graph algorithms, in the following areas, where in most of them we have already
published results.

Tree representation

Tree representation for special graphs, among other structures, are often the basis for fast solutions
of algorithmic problems which are hard in general. Many classes of graphs have a unique tree
representation, based on a general approach known as the modular decomposition of graphs.
Using tree representations, many recognition, optimization, and counting problems, can be solved
efficiently, for various classes of perfect graphs, such as

e uasi-threshold graphs, e cographs,

P,-sparse graphs,

(¢,q — 4) graphs,
chordal graphs,

tree-cographs,
P,-tidy graphs,
permutation graphs,

split-perfect, graphs, (Ps5,gem)-free graphs,

(Ps, diamond)-free graphs, and semi- Py-sparse graphs.
We have proved recognition, optimization, and counting results for some of the above mentioned

classes.

Establishing formulas for the number of spanning trees of QT-graphs

We consider the problem of computing the number of spanning trees in the class of quasi-threshold
graphs, or QT-graphs for short. We show that such a graph admits important structural and
algorithmic properties among which a unique tree representation, up to isomorphism, called cent-
tree. Based on the properties of the cent-tree of a QT-graph GG we derive a formula which gives
the number of spanning trees of the graph G; the proof is based on the Kirchhoff matrix tree
theorem. Our result generalizes and extends previous results (on my master thesis) regarding the
number of spanning trees of QT-graphs [91].

This work lead to publication:

e S.D. Nikolopoulos and C. Papadopoulos, A formula for the number of spanning trees in
quasi-threshold graphs, Proc. 1st Balkan Conference on Informatics (BCI'03), 192-202,
Thessaloniki, Greece, 2003.

Linear time algorithm for the number of spanning trees of cographs
In this section we present a linear-time algorithm for determining the number of spanning trees in
the class of complement reducible graphs, also known as cographs; for a cograph G on n vertices



and m edges, our algorithm computes the number of spanning trees of G in O(n 4+ m) time and
space, where the complexity of arithmetic operations is measured under the uniform cost criterion.
The algorithm takes advantage of the cotree of the input graph which it gradually shrinks in a
systematic fashion until it becomes a single vertex while at the same time appropriately updating
certain parameters whose product gives the desired number of spanning trees. The correctness
of the algorithm is established through the Kirchhoff matrix tree theorem, and is also based on
structural and algorithmic properties of the cographs. Our results generalize previous results and
extend the family of graphs admitting linear-time algorithms for the number of their spanning
trees.

This work lead to publication:

e S.D. Nikolopoulos and C. Papadopoulos, Counting spanning trees in cographs, FElectronic
Notes in Discrete Mathematics (ENDM) 13, 87-95, 2003. Also in: Proc. of the Workshop
on Graphs and Combinatorial Optimization (CTW’03), Enschede, The Netherlands, 2003.

Counting spanning trees in graphs using modular decomposition

In this section we present an algorithm for determining the number of spanning trees of a graph G
which takes advantage of the structure of the modular decomposition tree of G. Specifically, our
algorithm works by contracting the modular decomposition tree of the input graph G in a bottom-
up fashion until it becomes a single node; then, the number of spanning trees of G is computed as
the product of a collection of values which are associated with the vertices of G and are updated
during the contraction process. In particular, when applied on a (g, q — 4)-graph for fixed ¢, a
P4-tidy graph, or a tree-cograph, our algorithm computes the number of its spanning trees in
time linear in the size of the graph, where the complexity of arithmetic operations is measured
under the uniform-cost criterion. This implies that the problem has linear-time solution for many
well-known classes of graphs, such as, cographs, Ps-sparse graphs, P,-reducible graphs, Pj-lite
graphs, and Pj-extendible graphs. The correctness of the algorithm is established through the
Kirchhoff matrix tree theorem, and also relies on structural and algorithmic properties of the
graphs in consideration. Our results generalize previous results and extend the family of graphs
admitting linear-time algorithms for the number of their spanning trees.

This work lead to publications:

e S.D. Nikolopoulos and C. Papadopoulos, The number of spanning trees in P4-reducible
graphs, Proc. 3rd Int’l Colloquium on Mathematics and Computer Science: Algorithms,
Trees, Combinatorics and Probabilities (MathInfo III), Vienna, 2004. In: Trends in Math-
ematics, Birkhauser, 141-143, 2004.

e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, Counting spanning trees in graphs using
modular decomposition, TR-2004-09, Dept. of Computer Science, University of loannina,
2004 (submitted for journal publication).

Mazimizing the number of spanning trees of Asteroidal Graphs

Deriving formulas for different types of graphs can prove to be helpful in identifying those graphs
that contain the maximum number of spanning trees. It seems apparent that almost the regularity
of a graph is a requirement. Thus, both for theoretical and for practical purposes, since the number
of spanning trees are close related to the network reliability, it is interesting to derive a formula
for the number of spanning trees of a graph.
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Following these lines we examine the class of graphs whose complements are asteroidal (star-
like) graphs and derive closed formulas for the number of spanning trees of its members. The
proposed results cover previous results for some classes of graphs and extend the results for
the classes of the multi-star and multi-complete/star graphs to the larger class of the asteroidal
graphs. We prove maximization theorems that enable us to characterize the graphs in this class
with a maximum number of spanning trees.

This work lead to publication:

e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, Maximizing the number of spanning
trees in K,,-complements of asteroidal graphs, (submitted for publication) 2005.

On the number of spanning trees of K" + G graphs

By extending the notion of K,, — G and considering multigraphs we derive determinant based
formulas for the number of spanning trees of graphs of the form K)* + G, where K" is the
complete multigraph on n vertices with exactly m edges joining every pair of vertices and G is a
multigraph spanned by a set of edges of K'. We also prove closed formulas for the number of
spanning tree of graphs of the form K™ + G, where G is (i) a complete multipartite graph, and
(ii) a multi-star graph.

This work lead to publication:

e S.D. Nikolopoulos and C. Papadopoulos, On the number of spanning trees of K" + G
graphs, TR-2005-10, Dept. of Computer Science, University of Ioannina, 2005 (submitted
for journal publication).

Dynamic algorithms for recognizing classes of graphs

In this section we solve the dynamic recognition problem for the class of Pj-sparse graphs: the
objective is to handle edge/vertex additions and deletions, to detect whether such a modification
yields a Pj-sparse graph, and if yes, to update the representation of the graph. Our approach
relies on maintaining the modular decomposition tree of the graph, which we use for solving the
recognition problem. We prove structural properties of this tree and obtained a fully dynamic
recognition algorithm which handles edge modifications (additions and deletions) in O(1) time
and vertex modifications (additions and deletions) in O(d) time for a vertex of degree d.

With respect to optimality, it is interesting to achieve a constant time algorithm for the
update of the modular decomposition tree in a vertex deletion of a Py-sparse graph. Furthermore,
dynamic algorithms has been proposed which handle edge modifications and vertex modifications
in O(n) time per edge operation and in O(nm) time per vertex modification for chordal graphs.
Based on these results, one can work towards the investigation whether there exist a more efficient
dynamic algorithm for the class of chordal graphs or interval graphs (an edges-only dynamic
algorithm is known for interval graphs which handles each edge modification in O(nlogn) time),

and moreover, for other classes of perfect graphs.

This work lead to publication:
e S.D. Nikolopoulos, L. Palios and C. Papadopoulos, A fully dynamic algorithm for the recog-
nition of Ps-sparse graphs, (submitted for publication) 2005.

Parallel algorithms for the path cover problem
Here we focus on developing an optimal parallel algorithm to find and report the smallest number
of vertex-disjoint paths that cover the vertices (known as the path cover problem) for the class of

vii



Py-sparse graphs. We take advantage of the structure of its modular decomposition tree (and in
fact its prime graphs) and utilize its path trees (a structure that maintains the paths of the path
cover). Specifically, given the modular decomposition tree of a Py-sparse graph G on n vertices,
we use standard tree contraction and bracket matching techniques, and we describe an optimal
parallel algorithm which runs in O(log n) time with O(n/logn) processors on the EREW-PRAM
model. It is interesting to extend this technique to other classes of graphs and, furthermore, to
consider some variants of the problem, such as the terminal path cover, i.e., the problem of finding
the path cover of a graph given a subset of vertices which correspond to the terminal vertices of
the paths of the path cover.

This work lead to publication:

e K. Asdre, S.D. Nikolopoulos and C. Papadopoulos, An optimal solution for the path cov-
er problem on Pj-sparse graphs, Workshop on Graphs and Combinatorial Optimization
(CTW’05), Cologne, Germany, 2005.
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KE®AAAIO 1

EizArQra

1.1 Baoweés 'Evvoieg xaw OpLopol

1.2 Térewa Tpagpruata

1.3 Aevdpwr) Avanopdotaon xar Anoovvbeon T'pagpnudtwy
1.4 m-Anooivleon' o Khdoeic Tpagnudtwy

1.5 Kivntpo Merétng twv Egeuvntixdy Oeudtwv

1.1 Baowég 'Evvoieg xau OgLopotl

Oewpolye nenepacuéva Un-xatevhuvéueva ypapruata ywelc tohariéc axués. 'Eotw éva ypdgnua
G ue alvoro xopupdy V(G) xor olvoro axudy E(G). To unoypdgnua evéc ypaghuatoc G mou
endyetol and £ve UToaivoho S tou cuvdrou xopupdy V (G) avagépetal we G[S]. Tia éva unocivolo
%xopuedyv S Tou ypaghuatoc G, opllovue to ypdgnua G —S := GV (G) — S| xav ypdgovue ue G—wv
0 ypdynua G[V(G) — {v}]. M xAixa (clique) elvar éva olvolo and éha ta Lebyn YELTOVIXOY
%x0pLYOV " éva aveldetnto alvolo (stable set) elvon éva oOvoho and Gha to Ledyn Un-YELTOVIXGY
HORUPEAV.

H yeirovid (neighborhood) N (z) utac xopughic « € V(G) elvor 10 60voho Ghwv TV X0pugly
Tou Ypaghuatoc G mou elvar yettovixéc Pe Ty xopugt| x. H xdetotyf yeitovid (closed neighbor-
hood) g xopugric  oplletar we Nz] := {a} U N(x). O fabudc (degree) utac xopupic & 670
yedonua G, mou ouuPoliletor ue d(z), elvor To0 TARHOC TwY TEOGXEIUEVLY aXUDY TNV XopLYN T
dnhadh d(z) = [N (z)]. Edv d0o xopupéc x xau y elvan yertovxée oe éva ypdgnua G, Bo hMue 6t n
xopuet x BAémet (sees) TNV xopun Y- e8NS Ba Aéue 6T 1) xopugn  ydver (misses) TRV xopuLEN
y. Emextelvouue authv v évvola o olvola xopugpdy: to alvolo xopuedyv V; C V(G) Biréne
(ydvet) o abvolo xopugdy V; C V(G) edv xat ubvo edv xdbe xopugr, x € V; Bhénet (ydvet) xdbe
xopugh y € Vj.

'Eva povondte (path) oe éva yedonua G elvat uta axoloufion oand xopupés vov - - - Vg TETOLES
Hote vi1v; € B(G) v i = 1,2,..., k. "Eva wovondtt ovoudletat andd (simple) edv xaulo and
TLC X0pUPES ToL dev Bploxetal oe autd mapandve and P gopd. 'Eva yovondtt (amhé povondt)

"modular decomposition



v - - - g Elvan évac xtxdoc (cycle) €dv vouy, € E(G). "Eva anhé yovordt (xbxhoc) elva dyogdo
(chordless) €dv v;v; ¢ E(G) yia xdbe 800 Un-cuVeGUEVES XOPLYES V;, U5 TOU UOVOTATLOU (XUXAOL).
e 6An y epyaotia, to dyopdo povordtt (x0xhog) ue k xopugéc cuuBoiiletat ue Py (avtiotolya
Ch). Tuyxexpwéva, éva dyopdo Lovondtt Te60dpnv xopuedy cuuBoliletal ue Py oe éva yovordtt
Py abed, ou xopupéc b, c elvon ou uéoec-xopupéc (midpoints) xat ou xopugéc a,d elvon ta dxpa
(endpoints) tou Pj.

'Eotw éva ypdgnua G ue n xopugéc. Ot axdroubec npotdoels elvol LoOBOVAUES XAl YopaXTh-
ptlouv 1o ypdonua G wc dévtpo:

- To ypdonua G elvar cuvexTiXd xaL dxuXAo.
- To ypdonua G elvar cuvextind o éyet n — 1 axuéc.
- To ypdynuo G elvar dxuxho xat €yet n — 1 axuéc.

- T xdbe Lebyog xopugdy u, v € V(G) undpyet éva uovadind povondtt 6to ypdenuo G uetald
TOV XOPLPDY U XAl V.

"Eotw éva 8évtpo T. O natépac evéc x6ufou z tou dévtpou T ouuBoriletar ue p(x), evd To
oUvoho x6ufwv mou meptéyet ta tadLd Tou xéuBou = oto dévipo T ouuPolileton ue ch(z). Enlong
YuuBoAlilouue ye L; 10 6Uvoro x6uBwy nou meptéyovial oto ¢ eninedo tou dévipou T, yia xdbe
T e YetofAntic ¢ and 0 péypt to Udoc tou dévtpou T

1.1.1  AropiBunorn Xxechetixddv Aévipwy

"Eva oxedetixnd 8évtpo (spanning tree) evéc ouvextixol un-xatevfuvduevou ypapruatoc G elvar
éva (n— 1)-axudy ouvextixd utoypdenud tou. To TARboc TwY OXERETIXEOY dEVTpWY EVOC Ypaphia-
to¢ G, mou xohelta enlong moAvrloxdtyra (complexity) tou yeaghuatoc G [10], xou cuuBoriletat
ue 7(G), elvon éva onuavtixd, eupéns Yvwotd, npdBAnua otny Bewplo ypapnudtoy.

IIpwv mpoywehoouue 610 Oedpnua Ty Hivdxwyv-Aévtpwy Ha Statundoovue évay avadpouixd
ahy6etBuo yia Tov unoloytoud Tou TARHOUC TV GXEAETIXOY SEVTpwY eVog Ypapruatoc. O tpdnog
aUTHC GLVIETATOL OTNY EEYWPELOTH UETENOT] TWV GXEAETIXGOV JEVTIPMV TOU TEQLEYOLY ULX GUYXEXPLUE-
VI OXUT] XL TOV OXERETIXAOY BEVTIPWY TOU BEV TEPLEYOLY ULX GUYXEXPLUEVY UXUT) TOU YEAUPHUATOC.
Xpela{buaoTe TedTa TOV TopaXdTe 0pLeUGS.

'Eotw éva ypdonua G xat ue axur e = uv € E(G). Téte n ovotodsj G- e elvar to ypdgnua nou
TeoXUTTEL Ao TO G AV OVTIXATAGTHGOUUE TLC XOPUPES U XL U ATth ULOL VEX XOPLYY) UE TPOOTNTOUGES
OUUEC OAEC TLC OXUES TANY TN € TOU TRPOOTLNTOUY GTNY XOopUGT| U ¥ GTNY XOopLYY| V.

Ocdenpa 1.1 ([10]). Eorw éva yodpnua G xau pia avbaipety axur e € E(G). Tote:
T(G) =7(G\e)+7(G-e).

To nopandve edpnuo unopel va anoteréoet Ty Bdon evc avadpourxol ahyoptBuou yio Tov utolo-
ytoub tou TARH0UC TV OGXEAETIXGV dEVTpLY EVOC Ypaghuatoc. Enedn oe xdfe BrAua o ahydpibuoc
Oa EeTuhiyel 0o avadpouxéc xAfoelg Tou eautol Tou Uéypl To onuEeio 6mou Sev Ha undpyouv Théoy
oaxuéc 6TO YPdpnua, 0 aptiuds TwY avadpoulx@dy xh\oewy elval 2™, 6tou m 1o TARB0C TOV AXUOY
Tou ypagruatoc G. Avtifeta, dnwe Hu dodue topaxdtw, To Oedpnua tou Ilivaxa-Aévipwy unayo-
peveL évay avtiotolyo ahydptuo mou Baotletat atov unohoyioud e oplloucac evéc nivoxa. Elvo
YVwotéd Twe 1) opllousa evée n X n wivaxa utopel var utoloyioTel oe Aiyétepo and nd Bruata (Yo
ueydho n) (deite entong [27, 28]). 'Etot, 6nwe o Solue otny ouvéyela, o alydplfuoc nou Booile-
TaL 6ToV unoloylouds e opllovoag evdc mivaar elval onuayTixd TayTEPOS Atd TOV avadpoulxo
ahydpetbuo mou Pootletar oto Oedpnua 1.1.



T évav n x n mivaxa M, o ij-eAdoowy (minor) puh etvon n opllouoa tou (n — 1) x (n — 1)
mivaxa mou amoxtdtol and tov mivaxa M dtaypdeovtac Ty yeowuu®h i xat v othkn 5. O -
ouvtedeatc (cofactor) toovton ue pi. Tia évo un-xateubuvéuevo yedgnua G ue n xopugéc, éote
A o rmivaxag yerrviaone xou D o mivaxag Babudy, dSnhadh, o dtaydviog tivaxac e toug Babuoic
TV XopUYAY Tou Ypaghuatog G va Bploxovtat otny xlpta Staydvio. O mivaxas touv Kirchhoff K
, evée ypaghuoatoc G elvar o nivaxac D — A. To Oedpnua tov Mivaxa-Aévipou (enione yvwotd
w¢ Oedenua tou Kirchhoff) elvan éva ané ta mo yvwotd anoteléouata otny Bewplo ypapnudtoy.
Mopéyel évay timo yio 1o TARH0C TwV GXEAETIXGOVY SEVTPpwY evie Ypoaghuatoc G, oe ayéon Ue TOUC
ouvieheotéc (cofactors) tou Kirchhoff Tivaxa.

Ocdpnpa 1.2 (Oedpnua touv IMivaxa-Aévipou, Kirchhoff [10, 47]). [a éva omowodirote
yedpnua G ue tov mivaxa K opiouévo dnwe meonyouuévwe, ot ouvtedeotéc tov mivaxa K €youy
v (Btor T, xaw auty p Twul elvae oy ue to Ajfoc twy oxeletixdy Sévipwy tov yeagriuatoc G.

To Oedpnuo tou Hivaxa-Aévtpou napéyet éva Suvatd epyorelo yia Tov utohoylous Tou TARfoug
T(G) 1wV oxehetxdy dévipwy evidc ypaghuatoc G. Tw autdy tov urtohoyioud, tpdta oynuoti-
Couue tov mivaxa tou Kirchhoff K tou ypaghuatoc G xat anoxtdue tov (n — 1) x (n — 1) nlvaxa
K; ané tov K Swaypdgovtag v -0t yeauuh xat otikn (tuyala), xat téte vnoroyllovue v
optlovoa tou mivaxa K;. H mpdén tne dwypapnic ulac ypauunic xou utac othing and tov mivaxo
K unopel va gaivetar xatd xdnoto tpéno “tuyala”. Hopanéunovue tov avayvoot oto BiBiio [10]
Ylol TEPLOGOTERES AETMTOUEPELES XaL Lol TNV amOdeLEn Tou Bewpruatoc.

To mAiBoc Ty oxeheTxdy dévtpwy evéc ypapruatoc G unopel vo utoloyiotel an’ eubelac (yo-
plc v Sarypagy| omoladinote Ypauuhc B 6TAANG) we tpoc évay nivaxa K’ mapduoto Ue tov mivaxa
tou Kirchhoff K, nou oyetileton ye to ypdgnuo G [103], A, evalhoxtixd, unopel vo unohoylotel o-
pllovtag éva yopaxtnpelotind nohuvdvuuo det (K — ) ndvw otov nivaxa K- 1 teheutala neplntwon
NoBdver unt’ 6dLy Tov utohoyioud Ty WioTwdy Tou Tivaxa K (dette [12, 20, 42, 99, 109]).

1.1.2  Avvauixol AAydbplBuol

Ye éval Suvaixd UETABUANSGUEVO Yed@nuo TEETeL xavelS var SLaTneOEL ULd aAVaTapdeTaoY) TOU Yol
pAuatoc uéoo and uia axohoubla dueowy uetaBohdy (on-line modifications), dnhadh ewoaywyéc
xa Storypaéc xopuedv 1 axudyv. H avomopdotaon neénel va emttpénel va anavinfolv epwth-
OELS TIOU AMAGYONOUY GUYXEXPLUEVES LOLOTNTES TOU dUVAULXOU YPAPHUATOS, YLo Topdderyua, ‘elval
ouvextixd to yedgnuo - . Tétolou eldoug ahydplbuol Tou acyohobvtal Ue aUTd TA TEOBAAUATA
ovoudlovtar Suvauixol adydpifuor (dynamic algorithms) xat xotnyoptonotodvar avdhoya UE TNV
Sradixasta yetaBordy mou unootnellovy. 'Evac avéprixde (avilot. petwtixde) (incremental xon
avtiot. decremental) ) akydpfuoc unootneilel uévo npoabixn (avtiot. agaipeon) xopupdy. 'E-
vaig ovo-tpoafixne (avtiot. uévo-agaipeons) alydptbuoc unootnpiler uévo nposhinn (aviiot.
agatpeon) axudv. ‘Evac udvo-axuée nAfene Suvauixde adydpibuoc (edges-only fully dynamic al-
gorithm) unootnpilel npoohixec xa drarypaéc axudy. "Evac nAfonc Suvauixde adydeibuoc (fully
dynamic algorithm) vnootnpilet tpononoicelc axudy dnwe eTLonNg XL TPOTOTOAGELS XOPUYHDY.

Auth 1 epyaoto aoyoheitar xat Stepeuvd SuvaULXd TEOBARUATA avaYVOELONS GTA OTtolal oL Epw-
Thoelg elval TN Uopgric: ‘To ypdgnuo avixel oe o ouyxexpluévr xhdon I1- 7, 6mou I elvar uLa
x\don yeapnudtwy. 'Evag alydplfuog yia to npdBinua lval ovoryxaouévog va Slatneel uta ovo-
TOEAGTAGY) TOU SUVAULXOU YRUPRUATOC EVOGL TO Yedpnua avixel atny xhdon 11, xau va evionilet
TOTE TO Ypdpnua Tadel va avixel otny xAdon 11

ITIio ouyxexpuuéva, évag mhreng Suvauixog yia uia H-avayvodpion dtatnpel pia dour) Sedouévwy
Yo To oLYXEXpLUEVO Yedenua G € 1T xau vnootneilet tic axdhoubec hettoupyiec.



o mooobixn-axuic(edge-insertion): Sobévtoc dVo xopuedy u,v € V(G) mou dev elval yettovt-
%éc 670 Ypdgnuo G, evuépwate TNV XatdAANAT Sout, dedouévmv edv to ypdgnua GU{uv} € II,
eddMwe extinwoe false:

o Siaypapi-axurc(edge-deletion): dobévtoc utac axuic uv € E(G), eviuéowoe Ty xatdhhnin
doun dedouévwy €dv to Ypdgnua G — {uv} € II, elddhhwe extinwoe false:

o mpooalnxn-xopuprc(vertex-insertion): dofévtog utag véac xopugiic v ¢ V(G) mou yertvid-
(et ue 0, pepiée, 1 GAeC TS X0pUPES Tou Ypaghuatog G, eVNUEPWOE TNV XATEAANAY dour
dedouévwy edv to Ypdgnua G Uw € 11, elddhhwe extinwoe false

o diaypapi-xopupic(vertex-deletion): dofévtog utac xopugric v € V(G), evnuéowoe v xo-
TEANAN Sour| dedouévov edv to ypdonuo G — v € 11, elddiiwg extinwoe false.

Metd v extéheon and onowdinote tétola Aettovpyia, o alydplfuoc elvar €toluog va extehéoet
v enduevn Aettoupyla. Mpogavae (Selte entong [101]), n npochhinn (Sraypapy|) ulac xopuphc dev
avéyeton 610 npdBAnua e mpochixng (Saypapric) Twv Tpooxeluevwy, o autic, axudy. ‘Etot,
Ol TPOTIOTOLAGELS XOPUPADY TIRETEL VoL YElpllovTan EeYwELoTd and TIC TEOTOTOLAGELS UXUOY Ond TOV
Suvaud ahydebuo.

Cevixdtepa, T0 Suvauuxijc-ouvextixdtntas (dynamic-connectivity) npdfinua elvar éva and ta
TLO ONUAVTIXE XAl EUREWS YVWOTA Suvautxd TeoBAfuata Yeapnudtwy oL anotekel To enixevipo
utag evdtagépouoag meployfic. Popuaiiotind, to medlinua embuuel va dtatnpel éva yedenuo Ue
npoxafoptouévo ThRBoc xopuEdY 1 Ue TNV Tpolndheon va txavorolel Tig axdhoubeg hettoupyieg:

- insert(u,v): mpooOixn e axunc (u,v) 6To Ypdpnua.
- delete(u,v): dtoypagh tne axuic (u,v) and to yYpdpnua.

- connected(u, v): éhey&e mdte oL xOPLYES U XL v Bploxovial oTny (BLat GUVEXTLXY GUILGTAHGY.

1.1.3  TIIapdAAniot AXybplbuol

Ye autAv v epyaoia utobetodue to Parallel Random Access Machine yovtého (PRAM, yia
ouvtoula) To onolo anoteheltal and olyypovouc enclepyaotés, Tou o xdbe évac éyel npbdoPuon oe
xowoyenotn uviun. Xe xdbe Briua, ou enelepyactéc exteloly tny (Bl EVIOAY Ue To TARBoC Ty
enelepyaotdV va elval tpoxafoptopévo. Yto wovtého Concurrent Read Concurrent Write PRAM
(CRCW) apxetol enelepyaotéc unopoly Tautéypove Vo TpooTeAdoouy Ty (o Béon uviunc téoo
v ddfocua 660 xat yia ypdduo oe authAv. Yto uovtého Concurrent Read Exclusive Write
PRAM (CREW), i Béon uviunc urnopel vo tpootehaotel tautdypova and nohholc eneepyaotéc
yia SudPooua, ahAd Oyt v yeddiuo otny (S 6éon uviune. Xto yovtého Exclusive Read Exclusive
Write PRAM (EREW), uta Béorn uvAung Sev urnopel va npoonelaotel tauvtdypove and nopandve
and évayv enelepyoaoth elte yia ddPoacua and tnv Béon elte yia ypddwo oe authv v Béon. O
EVOLUPEPOUEVOC avaryVOoTNE UTopel va avagepbel oo BBilo [58] yia tepattépw uerétn twv PRAM
OLXOYEVELOV.

Oewpolye éva TopdAnho alydelbuo mou emthlel éva yopaxtneloTixd medBinua ueyéboug n
oe ypévo T,(n), énou p elvat 1o Thifoc Ty enelepyaotdy nov ypnotuonotel. XuviAbwe, n xOeLa
TOALTAOXOTNTA TTOU UETPAEL TNV EXTIUNOT TS anddoang Tou tapdAiniou akyoptBuou elval 1 epyaoia
(work) W (n), mou extelelton, xou oplletar we to ywduevo p x Tp(n). O akydpibuoc avagpépeta
wc Bédtiotoc-cpyaoiac (work-optimal) edv toyder W(n) € O(T*(n)), énov T*(n) elvon o ypdvoc
ene€epyaoiac Tou YenYopdTeEROU axoloublaxol alyoplBuou yia to Blo mpdBinua. Ilepotaciaxd,
yenotponoteltal uta axdua Loyupdtepn nohunhoxdtnta xat ovoudletal feAtiotdtnra-yedvou (time-
optimality). Tuyxexpuwéva, évac alydpibuoc avagépetal k< BEATLOTOC-YpOVOU OE Eva UOVTENO



edv xovévog o tapdAnhoc akydpetBuoc mou emhdel to (Bto TEdBAnUa xat yenoulonotel evay
ToALWVLULXOU opliud enelepyaoTtdy dev umopel vo Tpé€el Yenyopdtepa 6To (o LovTERD, axdud
xau av elye ot 8dbeot| Tou évay aneptdplato aptbud enclepyaotdy. 'Onwe Ho dolue otn cuVEyELL
oto Kegdhaio 8, o napddinhoc alydptbude uac yio tny enthuoy tou npofriuotoc tne entxdiudng ue
uovordtia o éva Py-sparse ypdgnuo elval tautdypova Bértiotoc-epyaotag xau BérTioToc-ypdvou.

1.2 Télewa T'papruota

O ypwuatixds aptfuéc (chromatic number) x(G) evéc ypaghuatoc G oplleton wC T0 EAdYLOTO
mhifoc ypwudtny mou urnopoly va avatefoly otic xopugéc Tou ypaghuatoc G Ue TéTOLo TEOTO
Oote xdfe (edyog YELTOVXGY X0pUPRY Va TéeouvV dU0 SLUPOLETIXd YpOUATO" O aptiuds xAlxag
(clique number) w(G) tou yeaghuatoc G oplletar we to Yéyloto TARBog YerTovxdy (pairwise)
%x0pLPAY 670 Ypdpnua G. Ilpogavie, o ypwuatixde aptbude xdbe ypapruatoc elvar Touldytotov
looc ue tov aptbBud xhixac tou. O evotabifc aptbudc (stability number) a(G) tou ypaghuatog
G elvar t0 TARBoC TV xopUPKY ot éva aveldptnto alvolo uéylotng mAnudtntac. O apibude
emxdAvgne xAixac (clique cover number) x(G) tou ypagruatog G elvat To uéyehog T uxpdTeEENS
duvarthc xhixag mou xaAdnTeEL TS X0pUPES Tou G.

Ot napoxdto teets ouvhixes opilouy T tédetec bidtyrec (perfection properties) evéc ypan-
uatog G.

(P1) w(Ga) =x(Ga), VACV(G)
(PQ) a(GA) = K(GA), VA C V(G)
(P3) w(Ga)-a(Ga) > |A|l, YVACV(G)

"Eva ypdgnua G ovoudleton téleto (perfect) edv, yia xdfe éva and ta enaydueva unoypoapiuotd
tou G[A4], o ypwuatixde aptBude tou ypaphuatoc G[A] wooltal e to UéyLtoto TARBoC YELTOVXEGY
(pairwise) xopu@®v 610 Ypdonua G[A].

Ocdenpa 1.3 (The Perfect Graph Theorem [9]). I'a éva up-xarevfuvduevo yedgnua G, ot
téletec 1biotntec P1, P2 xoau P3 elvar too8Uvauec.

H axdéhoubn ouvéneta éyet entorne anoderybel oto Bilo [9].

Mépropa 1.1. ‘Eva yodpnua G elvar tédeto edv xaL uévo edv to ouurfewud tou G elvar téleto.

H on7j (hole) eivor évac dyopdog xbxhog ueyéfoug touldytotov técoepar 1 avrionsj (antihole) elvon
TO CUUTATIPOUN EVOS TETOLOU XOXAOU™ OL OTEC XL OL avVTLOTES elval dpTLeC ¥ MEPLTTEC avahoya UE
™y wotwlo tou TARfous Ty xopupdy. Kaula mepitti ond dev elvar téhewa (o aptbBude xhixac
utoc omhc elvar 2 xat 0 ypwpatixdc e aptiude elvor 3) xo xaula TepttTh avtiond dev elvan TENeL
(0 aptBude xhixac utac avtonhc Ue 2k + 1 xopugéc elvar k xar o ypwuatixdc e aptbude elvar
k+1). To 1960, o Berge [9] avaxolvwoe v ewxacto 6t éva ypdonua elvor téAelo gdv (xat uévo
edv) dev meptéyet xaulo tepttth onf xat avtionh. Auth n ewxaota €ytve yvoot we Ioyupr TéAetwy
Toappudtwy Ewxaola(Strong Perfect Graph Conjecture-SPGC). Mropel va enavadiatunwbel e
ehc.

- To ypdonua G elval Téleto dv %ol UGVO €4V DV TEPLEYEL XAVEVI ENOYOUEVO UTOYRAQNUA
LoGUOPPO GE Ula TEQLTTY OTH 1] GE [ial TEQLTTY AVTLOTH.

- To ypdgnua G eivar téheto edv xon ubvo edv xdbe xhxdoc ueyébouc > 5 oto G # oto G
TEPLEYEL ULal YopdT).



Ot Chvatal ot Sbihi oto BiBAio [23] npdtetvay va ovoudlouy éva ypdpnua we Berge yedpnua €4
dev mepLéyel xauto tepLtth onn 1 xaulo tepltth avtionr. Ynd auth tyv oporoyia, n Ioyuer Téleiwv
Coagnudtwy Ewxaota emBefaidver 6t éva ypdgnua elvor téheto edv (xow pévo edv) elvar éva
Berge ypdonuo. Enouévic o eviomiouds tov onohy xot avitondy nopouotdlel UEYLOTO eVLUpEpoY
XL TUYYEVEL apxeTd UEYIANS Tpoooyfic and molholc epeuvntéc [9, 10, 18]. Enuewdvouue étL o
yYenyopdtepoc ahydptbuoc yia to npdBAnua autd éyel npotabel and touc Nixohédmoulo ot Hohid
oty gpyaota [90] tou tpéyer o O(n + m?) ypdvo yio éval Ypdpnuo UE N XOPUPES XAl T oXUEC.

To 2002 ou Chudnovsky xat Seymour avaxolvwoay 4Tt 6 cuvepyaola UE UL TROTYOUUEVT
épeuva Ue toug Robertson xat Thomas etyav ohoxdnpdoel v anddeln v Ioyuer Téhetwv Fpo-
pnudtwy Ewoaola. Ou téooeptc ouyypagelc napovotdlouvy tny extevi anddetln toug (175 oehideq)
oty epyaota [22] xo enouévec to SPGC uetatpdnnxe oe Ioyupd Tédewwy Toapnudtwy Ocdenua
(Strong Perfect Graph Theorem-SPGT).

H »\don twv téhetwv ypopnudtwy emhéyinxe MOy ToV ONUOVTIXGY SOULXOV YUpUXTNELOTL-
OV %o TV ohyoptBuixdy Wothteny tou dtabétouy ta ypaghuota autd, xal oL onolec odnyoly Ge
TOALWVLULXOU Ype6VoUL akyopiBuouc eniiuong TOMGY xhaoxdy TpoBinudtwy Bektiotonolnone, T
omola oty yevixr| nepintwon eivon NP-mhrien. Tétola xhaouxd npoBifuata Bedtiotonoinong elvar
T0 TESBANUA Ypwuatiouol (coloring), emxdiudne ue uovondtia (path cover), n ebpeon dtadpouddy
xat xOxhwv Hamilton, xot tedBinua anaplfunonc oxehetxdyv dévipnv. Ot epupuoyés autdy Twv
TeofAnudtwy Bektiotonolnorng elval TOAATAES, ONUAVTIXES, XAl XAAUTTOUY TOARG Tedla Stapope-
XAV emotnUdY (amd to pabnuatixd éwc Ty guhocopia)[9, 47].

1.3  Aevdpuxr) Avanapdotacy xar Anocivbeon I'oagpnudtmny

H devdpur avamapdotaon yia ewdixd ypopriwota, Uetalld dAAmY Soudy, elvat ouyvd n Bdon yio yer-
yopec AboeLg o akyoplBuixd tpofliruata tou elvon yevixd Sboxoha. IToAléc xhdoelc yoapnudtwy
€youv uLo Lovadixr devdpuxr avanapdotoaoy), nou Bactletol 6e UL YEVIXT OVTLIETONLOT, YVOOTH
wc m-anoolvleon (modular decomposition) ypagnudtwy. Xenowonowdvroc devdpixt, avanapd-
otoo1, TOAMG TpoBAAuatoa avayvépetone, Bektiatonolinone xot anaplfunone unopoly vo emAufoldy
ATOTEAECUATING VLo TOLXIAES HATNYORLEC YRAPNUATWY, OTWS

o quasi-threshold ypagphuata, cographs,
e tree-cographs, Py-sparse ypogruata,
(4,9 —4) ypagrfuata,
chordal ypagpruarta,

o Py-tidy ypagruata,

e permutation ypugruata,

o split-perfect ypagpruota, (Ps, gem)-free ypaghiuata,

e (P5,diamond)-free ypoaghuarta, xolL semi- Py-sparse Ypo@RuaTa.

"Eyouue anodetéet anoteréopata avayvdpeiong, Bedtiotonoinong xat anoptBunong yio yepxés and
TLC TOPATAVEW XAAGELS YRAPNUATODV.

1.3.1 m-Arooctivbeon

'Eva unoctvoro M twv xopugdy evée ypaphuatoc G avagésetol we autotedr-uovdda (module)
Tou ypoaghuatoc G, edv xdbe xopupy extdc tou ouvohou M elvar, elte yeitovin o Ohec TLg
xopuwéc Tou M, elte o xoula and avtéc. To xevéd obvolo, Ta UOVOGUVOA Xl TO GUVONO XOQU-
eV V' Aéyovtal tetpluuéves autoterelc-uovddes xat 6tav to ypdgnua G €yel UGVO TETPLUMEVES
autoterelc-uovddec thte avagépetal we mpdto yedgnua (prime graph # indecomposable). Mo
UN-TETPLUUEVT aUTOTENT-UoVEda ovoudletar entone xat opoyevés obvoho (homogeneous set). Emt-
TAEOV, Ul aUTOTEA-UoVAda M tou ypaghuatoc G ovoudletar toyuplf avtotedf-uovdda (strong
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Tyfua 1.1: (a) "Eva ypdgnua G xo (b) to md-dévtpo tou T'(G).

module) edv yia xdfe plo autotef-uovéda M’ # M tou ypaghuatoc G, elte toyder M' N M = ()
elte oyler M’ C M.

H m-onoctvleon (modular decomposition) evéc ypaghuatoc G avanapiotatal and éva dévipo
T'(G) o onolo ovoudlouvue md-6¢vpo Tou ypaphuatoc G (modular decomposition tree): to gOI
Tou dévtpou T'(G) elval oL xopupés Tou ypagpruatos G evd xdbe ecwtepds x6UPoc t aviiotolyel
o€ ULl Loy UpY| aUToTEA-Uovada tou cuuBoiiletar M (t) xau endyeton and T0 6UVONO TWV X0pU-
PAV/ UMY Tou UTodévipou ue plla tov t. 'Etol to dévtpo T(G) avanaptotd dha Tic LoyUpEc
autoteAelc-povadeg tou ypaghuatoc G. Kdle ecwtepinde wéufoc emypdpetol ue Py nopdA-
ApAn autotehi-uovéda (parallel module), # ue Sy oelpraxyj avtoteri-uovdda (series module),
fi ue N vy yertovixrj autotelfi-uovdda (neighborhood module). H avtotehd-uovddoe mou avti-
otolyel oe évav P-x6ufo endyet éva un-ouvdedeuévo uvnoypdgnua tou yeagruatog G, auth Tou
S-x6ufou endyel éva cLVSESEUEVO LUTOYRAYNUA TOU Ypagruatog G TOU To GUUTAYEWUS Tou elvol
€val Un-ouvBedeuévo unoypdpnua xat autr tou N-xbéufou endyet éva cUVdESEUEVO UTOYPAPTUN TOU
yeagruatog G mou 10 cuuTAfiewud Tou eival eniong éva ouvdedeuévo vnoypdenua. To LyrAua 1.1
delyvel éva ypdgnua xou to md-dévtpo Tou.

'Eotw 61 0 xéuPoc t elval évag eowtepindc xéufioc tou md-8évtpou T(G). Edv o xéuPoc t
€yeL moudd 1, ta, . . ., tp, 10TE 0pilovue T0 avrimpoowreuTixd yedynua G(t) (representative graph)
e axoloVinc:

o V(G(t)) = {tl, tg, ce ,tp}, and

o E(G(t)) = {tﬂfj | ViV € E(G), v; € M(ti) AL Vj € M(tj)}.

Ynuewdvouue 6Tt €€ 0pLoUOU NG QUTOTEAOUC-UOVABAS, €4V Uilal XOpLET TNS AUTOTEAOUC-LOVEdAC
M (t;) elvon yertovuh ue piar AN xopugy e autoteholc-tovddac M (t;) téte xdfe xopuph Tne
autoteholc-uovddac M (t;) elvar yettovixy| ue xdbe xopueh tne avtotehove-uovadac M(t;). 'Etot,
T0 Ypdgnuo G(t) elvat .obuoppo ue to Ypdenua Tov endyeTol and Eva UTOGVVORO NG AUTOTEAOUC-
uovédac M (t) cupplxvidvovtag oe ula xopugh xdbe uéylotn autotehfi-unopovéda tne M(t) oto
dévipo T'(G). Ta toug P-, S-, xar N-xbufouc, to axdrouvfo Muua toylet (Selte entong [18, 40]):

Adupa 1.1, Eotw G éva yodonua, T(G) to md-8évreo tou, xai t évac eowteptxds xdufoc tou
T(G). Tore,

(M.i) to yedpnua G(t) elvar éva ywplc-axuéc yedgnua edy t elvar évac P-xdufoc,
(M.ii) to yedpnua G(t) elvar éva nAfjeec yodpnua edv t elvar évac S-xdufoc, xau

(M.iii) o yedynua G(t) elvar éva mpdto ypdgnua edv t elvar évac N-xdufoc.



To md-8évtpo T'(G) evéc ypaghuatoc G xataoxeudletal avadpouixd we e€Ac: oL TUpdAANAES
autoTeelc-povadec anoouvtifevtal otic cuveEXTES GUVLGTGOES Touc (connected components), ot
OELPLAXES QUTOTEAELC-UOVADES GTLC UN-OUVEXTIXEC GLVLETHOOES Touc (co-connected components), xot
OL YELTOVLXEC aUTOTENELC-LOVASES OTLC Loy LEEC auToTEAElC-UTOUOVASES Toug (strong submodules).
H anoteheouatixr xatooxeur; tou md-dévtpou evic yeagpruatog Exet deybel Tohb ueydin npocoyy.
Yrdpyet éva mahfoc ané O(n*), O(n?), O(mn), xar O(n?) olyopifuouc yia tnv elpeon tou md-
dévtpou, énwe elvar twv Buer xow Mohring [19], Golumbic [43], Habib xoaw Maurer [45], McConnell
[78], Muller xat Spinrad [83], ueptxol and Toug omoloug elval YL GUYXEXPLUEVES 1 YEVIXOTERES
TEPLTTAOELS TOU TpoPBAfuatoc. And to 1994, elvar mAéov Yvwotd e Yol OTOLOdNTOTE Ypdpnua
G 10 md-d¢vipo T(G) eivor Lovadixd w< TPOS TOV LOOUORPLOUS XL UTOPEL VO XUTOOXEVAGTEL
oe ypouuwxd yedévo [30, 33, 79, 80]. Lnuetdvouue 6Tt edv 1o dévipo T(G) dev mepléyel xavéva
eowtepxé N-x6ufo, t6te 10 yedonua G elvon éva cograph (Py-free ypdgnua) xat to dévtpo T'(G)
elvar to avtlotolyo cotree (o P-xéuBot xar ou S-xéufol tou T(G) elvon axpBde ot 0-xbufor xat
1-x6uPot, avtiotolya, Tou cotree).

O Dahlhaus oty epyaocta [31] npdteive évav napdhhnho alydpibuo yio tny m-anoctvleon
evée ypuphuatog tou tpéyer oe O(log®n) ypévo oe éva CRCW-PRAM poviélo ue éva ypoy-
uwéd aplud enelepyaotdy, we mpoc 1o Uéyeboc tou ypagruatoc. H mpocéyyion tou Dahlhaus
(1995) avantiooet avadpoutxd Ty m-anoctvbest 800 enaybUEVLY UTOYRUPNUAT®Y (oL @TLdyVo-
VTOL A6 TS GUVEXTIXEC GUVLGTMOES X0 TLC UN-CUVEXTIXES GUVLOTOOEC WS PO TOUC YEITOVES 1oL
TOUC aVTLYELTOVES, avTioTolya, Ulag TUYOlaS XOpUEPRC TOU YPAPHUNTOS) OL OTOLES OTNY GUVEYEL
oLy ywvebovtal 1oL HOTE v dNULoLpYHoouy TNy m-anoclvieorn ohdxhnpou tou yeagruatos. I
ThnpdTNTa, Tapouatdlovue Tt axéioufa dVo Muuata.

A¥upa 1.2 (Dahlhaus [31]). ‘Eotw éva yedgnua G ue n xopupéc xarm axuéc. Hm-anoodvleon
tou ypapijuatoc G uropel va emteuybel oe O(log®n) yedvo ue O(n + m) enelepyaotéc oe éva
CRCW-PRAM uovtélo.

A¥upa 1.3 (Dahlhaus et al. [33]). Eotww éva yedgnua G ue n xopupéc xar m axuéc. H m-
aroavviean tou yoapiuatoc G unopel va emiteuybel oe O(log® n) yedvo ue O(n+m) enelepyactéc
oe éva EREW-PRAM uovtélo.

Me évav o gopuahiotind Tpdmo xou axohouvbdvtoag Ty onuetoypapia Twv Jamison xou Olariu
oty epyootia [64], oL ecwtepixol x6ufor tou md-dévipou aviiooryoly oe tpelc Tpdielc. ‘Eotw
G1 = (W1, Eq) xou Gy = (Va, E2) 8%o aveldptnta ypaghuota. Téte:

- GGy = (V1 Uy, By UE))

-G DGy = (Vi UVo, By UEy U {aylz € Vi,y € Va}).

Ynuewdvouue 6t autée ot dYo mpdielc avtavaxholy T tpdhtec dVo ouvlixes tou Afuuatoc 1.1
%ol enlonNg TIC EMYPUPES TV ECWTEPXGY xOUPwY evég cotree. Tdpo Uunopolue xau va oploouue
™y @-mpdin mou avtavoxid oty ouviixn (iii) tou Afuuatoc 1.1. Avagépouue bt 1 emtypapn
e npdEng (@) xou byt @ énwe o neplueve xavelc) yivetal clugova Ue TRV ouoyevic anocbvleon
mou fa doldue oty ouvéyeta. 'Eotw H := ({h1,..., i} UV, Ep), G; = (Vi, Ey), vy 1 < i < ¢,
un-tetpruuéva tuyata ypagruata. To ypdonua G = (V, E) Méyetor 6Tt tpoxOntel and to Ypdpnua
H ye tnv B-npd&n edv

B V:UE:OVi

- E=U_,Ei U (EyNVy)U{ijli € Vi, j € Vj xou hih; € Eo} U{vjlv € Vo, j € Vj xou vhy €
Ey}.



Me dhha MéyLo xéfe xopuet, h; Tou ypaphuatoc H avixabiotatat and to yedenua G;. Quuilovue
61t o ypdgnua G; dev umopel var avamaplotd uta wovadixy xopuer. EmmAéov, yio va emitpédovue
Ut povaldxy) avtlotpon Yo Ty @)-nedén npénet va unobécouue bt xdbe yedepnua G; anobnxelet
™Y ETLYpa@T TNS Xopupric hy, N onola Teénel vor avtixataoTabel.

YrevOuuiloupe 6t ue autoldc toug cuufoliouolc xdbe ypdgpnua urnopel va anoxtnbel ue pova-
dxd TpéTo, amd Ta UEYLOTA TP@TA UTOYpQHUATY e Uta Tenepaoiévn axoroubia tpdiewy @), O
xat @) obugwva ue Tnv m-anocbvieon tou ypaghuatoc G. 'Etot 1o md-dévipo T(G) xotaoxeud-
Ceton optlovtde to and tov mpogavh tpémo, dnhady xdfe ecwtepixds xéuBoc tou dévipou T'(G)
avtiotolyel oe pio and Tic Tpele mpdlels Tou Afuuatoc 1.1 xo ta @O Tou dévtpou T(G) elvon
axplBoc oL xopugéc Tou yeagruatog G.

1.3.2 h-Anocivbeon

Ty epyaota [64] o Jamison xou Olariu etofyoryay xow uehétnooy Tny €vvolo Tne p-ouvdeotudTyTag
(p-connectedness). AuTA 1) Wéa Toug 08AYNoE GE UL YEVIX Doun Yo Tuyalol Ypopiuata XoL o€
Evar Uovodixd dévtpo avamapdotaone enextelvovtag Ty m-atocUvbeon. Xe auth tny neplntwon
0 Ypdonua G* anoxtdtal and To ypdenua G ouppxvdvovtac xdbe UEYLoTO OUOYEVES GUVONO
o€ Lol Lovadixh xopupy| xaL ovoudletal T0 yapaxtnetotixs yedenua (characteristic graph) tou
yeagpruatoc G. Hpogavde, to ypdgnua G* elvol éva TedTo Yedgnua.

"Eva ypdonua G = (V, E) elvar Py-ouvextixd, i p-ouvextixd (p-connected) yio cuvtopio, edv
v x80e Swauépion Vi, Vo tou ouvdrou xopuedv V ue un-xevd to obvora Vi, Va, undpyer éva
Py tou ypaghuatoc G ue xopugéc 6to alvolo Vi xar oto alvolo Vi, mou xahelton teuvduevo
(crossing) Py. Elvar edxoho va det xavelc 6t xdbe ypdonuo €yet uta puovadixy dauéplon oe
UEYLOTA EMAYOUEVA P-GUVEXTIXE UTOYPAPHUATI, TOU OVOUSLOVTAL P-OUVEXTIXES OUVIOTHOES, 1) -
OUVLOTAOES Yo GUVTOULN, YOl GTLC XOPUYES TTOU BEV AVAXOUV GE XaVEVAL Py.

M p-ouviotdoa H tou G xoheltar Siaywelowun (separable) edv éyer uwa diauéplon oe un-
xevé obvolo Hy, Hy tétola dote xdfe Py ue xopugéc xaL ota 800 cUvola €yel Tig UEGES XOPUQES
(midpoints) oto Hy xou ta dxpa tou (endpoints) oto Ho. 'Eva ypdgnuo ovoudletat dtyotouloiuo
(split graph) edv undpyet uto SLauépLomn TwWY xoPLYKOY Tou e éva aveZdptnto olvolo (stable set)
%ot o€ évo TApec olvoho (complete set). Lnuetdhvouue 6t auth 1 dapéplon Sev elvar Lovadixy.
H oyéon uetall evic p-ouvextixol ypdpnuatoc XL ToU SLyoToulowo yeu@Ruatog galvetat ond
T0 TapaxdTw Bedpnud.

Ocdpnpa 1.4 (Jamison & Olariu [64]). Mix p-ovvextixy ovviotdoa H elvar Siaywelowun edy
o Uovo edy TO YapAXTNOLOTLXG Yodenua TS p-ouvextixyc ouviotdoas H elvar éva Siyotoulowuo

Yedynua.

H sioaywyr) xau n UEAET) TV dlaywelolUwY P-GUVEXTIXGY YRAPNUATOY SIXOLOVETOL and TO Tpo-
%4t yevixd Bedpnua yia tuyalo YpophHuaTa.

Ocdenpa 1.5 (Aouxd Ocedenpa [64]). o éva onowdiinote yedpnua G, axplfdc uia and tig
napaxdtw ouvlnxes txavornoleital:

(H.i) to yedgnua G eivar ovvdedeuévo,
(H.ii) to yedgnua G elvar ouvdedeuévo,
(H.ii1) to yedynua G elvar p-ouvextixd,

(H.iv) undpyer uta uovadue) xatdAAndn Staywelowun p-ovviotdoa H tou ypapiuatoc G ue uta
Siauéeton (Hy, Hy) tétoia dote xdfe xopuylj extdc tne p-ouviotdoac H elvar yeitovixyj
Ue GAeg TiC xopu@és Tov auvdlou Hy xar un-yettovixsj ue 6Ae¢ Ti¢ xopL@éc Tou ouvoiou Hy.



Baowléuevol oe autd to Bedpnua, ot Jamison xor Olariu épioay tny mpwtdyovy anootvfeon (primeval
decomposition), tou uropel va neptypagel and éva mpwtdyovo Sévtpo (primeval tree) xou vor odn-

YHoEL e anoTEAEGUATIXOUS aAYoplBuoug yiar o modAla TpoBANUAT®Y EGV OL P-GUVEXTIXES GUVL-

othoeg elvar ixavorountixd anhéc. Tia autdy tov oxond dproay otny epyaotia [64] v axdrouin

TpdEN mov avtavaxhd otnv ouvBixn (H.iv) tov Oewphuatog 1.4.

'Eotw G1 = (V1, E1) xaw Go = (Va, Ea) 300 ypaghuate ue Vi () Va = 0 tétola dote to ypdonua
G etvan draywptowuo ue drauépron Vi, V2 xow x8fe Py éyel tic wéoeg xopugéc oto Vit To ypdgnua
ue oUvoho xopuedv Vi UVa xat 60volo axudy E1UE> U{zy|z € Vi y € Va} opiletar wc G1 @) Ga.

'Onwe avagépetar oty epyaocta [64], xdbe yedgnua unopel va anoxtnfel ue uovadixd tpémo
Omd TLC P-OUVEXTIXEC GUVLOTMOES XL TLS XOPUPES TOU BeV avixouv Ge xavéva Py and ulo nene-
pacuévn axoloubio and mpdieic @), D xar @. Emnhéov 1o Oedpnua 1.4 avadetxviet éva dévtpo
Tou ouoyetileton UE To oyiua anocUvBeorc Tou ovoudletal mpwtdyovo Sévtpo (primeval tree). Ot
eowtepXOl XGUPot Tou dévtpou €youy emypagéc Tic axépates Tiéc @ € {0, 1,2} mou aviieToryoly
oug (D) mpdielc ndvew oe ypaphuoata mou oyetiloviol ye to tondid tou xéuBou. Ta @UAka Tou
dévtpou elvor axplBig Ol P-GUVEXTIXEC GUVLGTOOES TOU UTG UEAETY YROQTLITOC.

To enduevo Briua elvar 10 anotélecua g npdéng @ mdve oe GAEC TS P-CUVLOTOOES NG
Tpwtéyovne anoolvieonc. Autd to péoo anotéheopa ovoudletal uecaiwvixy arootvheon (me-
dieval decomposition) xat Zavé xdfe yedonua uropel va amoxtnfel and tic yopaxTneLoTiés p-
ouwloTooeES oL Tic aobevijc xopupéc (weak vertices), dnhadyh Tic xopugéc mou Bev avixouv oe
xauia p-ouvieTdoa, and i tencpaoiuévn axoloubia and npdierc @), D, @ xar @. Tekxd, n ouo-
vevijc anootvbeon Y h-anoodvfeon (homogeneous decomposition) tetuyalveton and Tov oploud Tne
@-mpdEnc mou eapudleTal G GAES TLC YUPAXTNELOTIXES P-CUVLOTMGOES ToU Elvar diywtoulowa ypo-
pAuata xataoxeudlovtac Ty avanapdotaon x Aoy (clique representation-tree) tng ouvioTdoug
fewpdvtac ™V we Terywuxd yedgnua (chordal graph)[64].

Ynuewdote 6Tt yoplloviag 10 YpdpnuUa O P-GUVEXTIXES GUVLGTOOES oL 1 xotaoxeur] tne h-
anooUvieong unopel va enteuyBel axoloublaxd oe ypouuixd Ypdvo w< Tpog To Uéyehog tou Ypo-
pruatog [7]. T vo anoxtioel ¢ p-ouMeTOOES VO Yoa@huaTog, autée 0 ahybetuog exuetah-
hevetat to axdhouvfo AMuua.

Adppa 1.4 (Baumman [7]). Eva yedypgua G anoovvtifevrar and tnpy medén @) edv xat uévo
edv 1o yedgnua G* elvar Siyotoulowo ypdenua ue napandve ané uia Stauepioeis oe aveldptnto
xat mAfjeec ovvolo.

[Mpooéte 6L ot nepintwon mou to ypdenuo G* elvar éva Styotouloluo Yedgnua Ue UOVadIXN
drauéplon oe aveZdptnto abvolo ot Thipec 6Uvolo téte xataoxevdletatl and v tpdéin @. Eno-
UéVe, UE auThH TNV TedEn to axdrouvlo anotéheouo elvar alnbéc.

Mapatienon 1.1. ‘Eva yedpnua G anoouvtifevrar and tny mpdén @) edv xai uévo edv to yedpnua
G* elvar Suyotoulowo yedgnua ue uovadixij Stauéoton oe aveldptnto xat mAfjpec alvolo.

E&’ optouod to yapaxtnetotind yedgpnua G* elvar tpdto yedgnua. 'Etot Sobévtog tou md-dévtpou
T(G) o Baotléuevor o YVOoTéc doutxéc WLOTNTES TwV diyoToulowwy Ypupnudtwy, énetol n
anoteheouaTix? xataoxeur tne h-anoovvbeonc tou, we tpog etoayw YR, Ypapiuatoc.

1.4 m-Arooctvleon o Khdoeig T'pagpnudtmy

Ye yevixée ypaupéc, xdvovtac yerion tne m-anocUvieonc yio Ty entluon evéc alyoptBuixol tpo-
BAAuatoc uropel vo anodetybel apxetd evdiagépoy. ‘Evac tumixde (dalpe-xar-Baciieve) alydpth-
UOC TOU EpELVE TNV mM-amocVViesT éyel oLy VE TV axdlouln Sour: mpdta, o ahydelbuog xato-
oxeudlet 1o md-8évtpo T'(G) tou dobévtog ypuphuatoc G yENOLUOTOLOVTAS VALY Ond TOUS YVw-
otolc ypauuxols alydptbuouc [30, 33, 79] ot ouvéyela, Ue évay and xdtw Tpoc To Tdvw TedTo
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split-perfect

- I extended .
Pys-extendible @ @ superbrittle

] X

Py-extend. extended Py-sparse @
erosraphy -C-free (6,2) Py-reducible (5.1)

-

@ Py-reducible

cographs (Py-free)
(4,0)

Tyhua 1.2: Tuoyétion uetall xhdoewv ypapnudtoy (Hasse diagram).

o akybpfuoc vnohoyilet yio xdfe x6uPo t touv dévipou T(G) v BélTioT TWA Yo T0 UToYpRd-
pnuo G[M (t)] Tou ypaghuatoc G mou endyetal oand 10 GUVOAO GAWY TV QUAAGY TOU UTOBEVTEOU
tou dévtpou T(G) ue ptlwuévo tov x6ufo t. 'Etol o unoloyloude Eextvdet and tnv avdbeon twy
Bértotwv TV ota UAAA. Metd, o akydptbuoc unoroyilel Ty BéAtiotn LU yia %80 eowtept-
%6 ®x6ufo t ynowonoldvtag Tig BEATLOTEC TLWWES amd OAa Ta madid Tou x6ufou t xou ye Bdon Ty
emypag () Tov tmo) tou x6uPou. Tehxd, n Bértoty wuh e pilac tou dévipou T(G) elvor xon
1 Béhtiot W yia To TeéBinua tou dobévtog ypagphuatos G.

Me autév tov 1pdro, yia va xafopicouye évay tétolou eldouc ahydptbuo, Baoiouévou otny m-
arooVvbeon (modular decomposition based algorithm), mpéner uévo va mepiypddovue tov tpdTO
mou xafopilouye Tig TWéC oo QUANA XAt TOLOY TUTO EQAPUGLOLUE 1} ToLo unonpdBAnud enthbou-
ue otouc P-xéufouc, S-xdufoug, xor N-xéufouc yenowuonoldviog we eloodo Tig TLuég GAmY TV
ToudLédy Toue (yia neptoodtepes Aentouépetec delte [18]). Lt ouyxexpulévn epyaota, x8vouue yenh-
on evéc Baoctopévou otny m-anocUvleon akydptbuo yio va emtAboouue tpofifuota arnapibunong,
BeATloTOMOINGNE XOL AVAYVOELONG GE GUYXEXPUUEVES HAJGELS YRUPHUATWY.

1.4.1 Xvprminpoupatixd-nopayoueva I'pagpripata

"Eva yedgnua G ovoudletal ouunAnewuatixd-nagayduevo yedonua (1 cograph A Py-free ypdipnua)
g4y xavévo 6OVoho XxopuPAY Tou Ypagruatoc G endyel éva Py, Ta ypagruato cographs emdéyo-
vton [ta Sevdpter avanapdoTaoy) Hovadixy ¢ TPoS TOV LeoUop@Loud, mou ovoudletal cotree ot
ouuBoliletan ue Teo(G).

'Onwce elvar yvwotd, o Lerchs anédetée 61l tar cographs anoteholy Ty oXOYEVELL TWV YEI-
PNUATOY TOL XUTAGXELALOVTOL OIS Lol LOVAdLXT XOpU@H UTG TNV XAELOTOTNTA TV TREEEWY TNS
EVOON ol Tou cuuThneduatos. Autéc ou mpdletc opllouv povadixd Ui devdpixr avamapdotaoy



Tou avagépetar we cotree. To 3évtpo cotree Tou cograph ypagruatoc G, ye ouUBoioud Teo(G),
elvan éva pllwuévo 8évipo, étolo BoTE:

(1) xdbe eowtepindc x6ufoc, extéc mbavd tne pllog, éxet TouldyLotov 8o ToudLd:

(ii) oL eowtepixol xéuPol éyouyv entypagés elte 0 (0-x6ufot) % 1 (1-x6ufol): ta naudid, mou elvar
eowtepxol xéufol, evée 1-xéuBou (0-xéuBou avtiot.) elvar 0-x6ufor (1-x6ufol avtiot.),

dnhad? ot 1-x6uBot xar 0-xbuor evadrdocovtar Yetall toug o xdfe yovondtt and v pila
UEypt omotovdrinote x6Ufo Tou cotree-

(ili) o @OMAA TOU cotree €xouv PLa-TPOC-Pia avTioToLyla UE TLS X0opUPES Tou Ypaghuatoc G, xou
d00o xopuEc v;,v; Elval YELTOVIXEC 6TO ypdgnua G edv xal UbvVo edv 0 EAIYLOTOS XOLVOC
TPOXTOY0S TV QUAAWY TOU AVTLGOLY0UV GTLS XOPUQES v; ot v; elvan évag 1-xéufog.

O opLoude tou Lerchs amontel 6t n pila evég cotree mpénet va elvar évag 1-xéufBog” mop’ dha autd,
edv mapaheldhouvue autéy Tov teplopgloud xat emttpédouue 1 pila va elvar entong xat évag 0-x6ufog,
téTe malpvouue cotrees ota omola 6AoL oL ecwteptxol xoufBol €youv ToukdytoTtov 8o moudid, xon
oto omolo 1 pilo elvar évac 1-x6uBog edv xat udvo edv to avilotoiyo cograph elvar cuvdedeuévo.

1.4.2 Pjs-sparse I'pagprjuoata

H »\don twv Py-sparse ypagnudtoy elye etoayfel otny didaxtopixd| dtatp3h tov Hodng [52] we n
XAGOT TRV YPAPNUATOVY Lol TNV ontolo xdfe 6UVONO TEVTE X0pUPAHY ETEYEL TO TOAD Evar Py (dnhady
€val 80080 UOVOTETL UfXous TEGoEPX).

Edv 800 xopugéc = xon y elvon yettovixég oe éva ypdgnua G, Oa héue 611 1 xopupy & BAénet
(sees) TNV xopueh y* eWdALS o Mue 6Tl 1) xopueh & ydver (misses) v xopuet y. Enextelvouue
aUTAY TNV €vvola 6e GUVOAA XopLPAY: To 6UVoA0 xopuedy Vi C V(G) BAénel (ydver) To obvoho
xopupdy V; C V(G) edv xon uévo edv xdbe xopuph, = € Vi BAénet (ydver) xdbe xopugh y € V.

"Eva ypdonua ovoudletor apayvoetdéc (spider) edv 1o oOvVORO %0pUYGY TOU EMLTEEREL ULAL
dtauépton ota obvola S, K, xou R tétowa doTe:

(S1) |S| = |K]| > 2, t0 alvoho S elvan éva aveldptnto obvoro (independent set), xat to abvolo
K elvar uta xhixa (clique)-

(S2) to olvvoho xopuedv R Brénet o oVvoho K xat ydver o abvolo S

(S3) umdpyer wa avtiotolyton f 1S — K tétotn dote axpBéc Uta and tic axdroufec dnhdoeie
Loy Vel
(1) yio xéBe xopugfhv e S, Nw)NK ={f(v)}
(ii) vy xdbe xopugphhv € S, N(v)NK =K — {f(v)}.

To tpweprc obvoho (S, K, R) ovoudletar drauépion tov apayvoeidols yoagruatoc (spider parti-
tion). 'Eva ypdonua G elvar éva mpdro apayvoeldéc yedgnua (prime spider) edv to ypdonua G
elvar éva apoyvoedéc ypdpnua ue dwapépon xopuedy (S, K, R) xou 1o oVvoro |R| < 1. Tw ta
TEMTA apay VOELST Ypaghuata, Ue oxond TNy Slaydeton Ty neptttdoewy (i) xou (ii) oty cuvbrhixm
S3, avagepbuoote oe aUTd WS dpald apayvoeldéc yedpnua (thin spider) xou wg Tuxvd apayvoetdéc
yedgnua (thick spider), avtiotouya. Enueidote 6T, o ouuTAfpwua evéc apatold apoyvoetdolc
yoagphuatog elval €vol TUXVO apay VOELSES Ypedgpnua xat aviloTpoga.

Epeuvdvtag tic Soutxéc LLoTnTeS TV Pj-sparse Ypo@nudtwy xol TV apoy VOELSOY Yea@nudTwy,
ot Giakoumakis xor Vanherpe [40] édetlav 6t
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Abppa 1.5. Eotw G éva ypdpnua xat éotw T(G) to md-6évipo tou. To ypdynua G elva
Py-sparse edv xar uévo edv yia xdfe N-xdufo t tou 8évrpov T(G), to yodpnua G(t) elvar éva
apayvoetdéc yodgnua ue Stauéeton (S, K, R) xar xaula xopupy tou ouvdlov S U K Sev elvat
eowtepixde xdufoc oto Sévreo T(G).

Boowlbuevor 610 mponyoluevo anotéhecua, Tpotdhnxe évac ypauuxol yedvou alydpliuog avo-
yvéptone xat Tohhd tpoBifuata Bektiotonolnone enthifnxay oe ypauuixd ypdvo, dnwe elval To
uéytoto uéyeboc xhixac (maximum size clique), to yéytoto uéyeboc aveZdptniou cuvéiou (maxi-
mum size stable set), o ypwuotiouée (minimum coloring), n eAdytotn xhixa entxdiudne (minimum
clique cover), xat 1 ehdytotn tpLlywvonoinoy (eAdyloto TARBog axuoy tou tpénel Vo tpootebel 6To
yedonua G étol Gote to ypdgnuo G va yivelr Tptywvixd — minimum fill-in), yia ty xAdon twy
Py-sparse ypagnudtov (delte [40, 61, 63]).

1.4.3 Ps-tidy Tpapruota

H Rusu ewofiyaye v xAdon auth, énwc galvetoar oty epyooia [39], ue oxond vo epunveloet
(dtevxptvioel) Ty évvola tou Py-domination oe téhela ypagAuota. ‘Eva yedgnua G ovoudleta
Py-tidy edv yia xdbe enayduevo Py, éotw A, to Tohd uta xopugy| and to olvoro V' \ A endyet
éva Py uall ue tpetg xopugéc and 1o A. Ta Cs-free Py-tidy ypaphuata, enione yvootd wg Py-lite
yeoghuata, elvon télewa, agol elvon aobevde tptywvixd ypagphuata (weakly triangulated graphs)
[39]. H Baowr douwxh Widtnra twv Py-tidy ypagpnudtwy gaivetor ond to napaxdte Hedpnua.

Ocdpnua 1.6 (Giakoumakis et al. [39]). Eotw G éva yodgnua xat éotw T(G) to md-6évipo
tou. To yedgnua G elvar Py-tidy edv xat udvo edv yia xdfe N-xdéufo t tou §évrpov T(G), elte

(i) to yedpnua G(t) elvar éva mpdto apayvoetdéc yedpnua ue Stauéeton (S, K, R) xat to modu
uta xopuglj and to ovvoro S U K elvar évac eowtepixds xduPoc ot dévipo T(G), elte

(it) to yedpnua G(t) elvar éva Ps xat xauia xopupy tou yeagiuatoc Py Sev elvar eowrepuxi]
xopuyj oto 6évipo T(G), elte

(iii) to yodpnua G(t) elvar éva Ps xar xaula xopupl tou yeapfuatoc Ps Sev elvar eowtepixif
xopuyj oto 6évipo T(G), elte

(i) to yedgnua G(t) elvar éva Cs xar xaula xopup) tov yeagiuatoc Cs Sev elvar eowtepixi)
xopugl) oto 6évipo T(G).

"Evog ypauuixdg ahydetbuog avayvoetong yior auth Ty xAdon €yel TopouclacTel oty epyaota
[39]. Enione ta nporiuata tou aptBuot xhixac (clique number), tou euotafy) aptbuot (stability
number), tou ypwuatxod aplfuod (chromatic number), tou aptBuol enxdivdne ue povormdtia
(path cover number) xar Tov Hamiltonian povonatiol éyouvy emhubel o ypouuixd ypdévo. Ilo
oLYXEXPLUEVA, Yo évar Py-tidy yedgnuo G ue n xopugéc xal m oxUES To TUEATAVEL TEOBAAUATA
emthbovtat oe O(n + m) ypdvo, evéd dobévtoc tou md-8évipouv T(G) oL ouyxexpluévol akydpliuol
Tpéyouv ot O(n) ypbvo [39]. Erntone, to npdéfBinua tou uéyiotou tarpidouatoc’ (maximum match-
ing), dobévtoc Tov md-Sévtpou T(G) emhbetan ae O(n) ypdvo [36], evd oe napdhhnho neplBdiloy
10 (8o TpdPAnua emthbetan oe O(logn) ypdvo yenowonowdvioc O(n/logn) EREW enelepyaotéc
[97].

2Taipiaoua M evég ypapriuatog G eival éva UTOGUVOND TV axu®Y Tou Ypaghuutos G tétolo Gote Vo uny
undpyouy dVo axués oto olvoro M ue xowvy xopugy. To uéyloto Talpiaoua elval n edpeon evig tapLdouatog M
oto ypdpnua G ue puéyiotn tAndixdtnTa.
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1.4.4 (q,q—4) Tpagphupata

Ot Babel o Olariu oty epyooia [5] mpdtetvay vy yevur avtindn tov (¢,t) yeapnudtwy. e
EVal TETOLO YPAPNLA XAVEVH GUVORO UE TO TOAD g XOPUPEC TEQLEYEL TORATAV®L antd ¢ SLUPOPETLXE Fy.
H edw neplntwon tétowwy ypagnudtony, tou cuuBorilovtar e (g, q —4) ypaphuata endéyovtot
onuoavtxéc doutxéc WLdtniee dnwe galvetor oty epyaoio [4]. Enueidvouue ot ta (¢,q — 4)
yeoghuarta elvar brittle yoapjuata yia ¢ < 8 [5] (o Chvétal 6ploe éva ypdonuo G va Méyetan brittle
edv xdbe enayduevo unoypdenuo H tou ypagruatoc G neptéyel wia xopupt mou dev elvar yéon-
X0pUYT GE Xavéva Py alld 00Te xau dxpo oe xavéva Py). 'Onwe npoxdntet €€’ optouol to cographs
elvar axpBée ta (4,0) ypagruata xar ta Py-sparse ypagriuato eunintouy ue ta (5, 1) ypogphuata.
Enione, ta Aeybueva Cs-free Py-extendible ypagrhuata elvor axpBde ta (6,2) ypagphuata.

To Baowd yopaxtnplotuxd otouyelo twv (q,q — 4) ypagpnudtwy elvor Tt emdéyovtal uia Uo-
vadu 8evdpuxd| avamapdotaon [5]. Lt dui uac onuetoroyia n Sour twv (g,q — 4) ypapnudteny
unopet va meplypagel wg axohoving.

Ocedpnua 1.7 (Babel xow Olariu [5]). Eotw éva yedgnua G nov eivat (q,q—4) yedynua. Tore,
xdfe mpdro ypdpnua otny m-anooivleon tov ypapiuatos G eival elte éva mpdto apayvoeLdES
yedpnua, 1 éva yedgnua ue ALyotepes and q xopupEs.

Baowlduevol oto mponyoluevo anotéheoua, ToAld meolAfuata Beltiotonolnone o xuptapylac
(domination problems) (6nwc elvor 1 T8EN T0V xopuEGY (vertex ranking)?, n emxdhudn ue yovo-
néria (path cover), n Mota ypoudtov (list coloring)? xTA.) umopolv va emhubodv oe ypouuixé
Xpbvo yla Ty xhdon Ty (g, g —4) yeapnudtev yia tpoxaboptouévn Tt g [4].

1.4.5 Split-perfect I'paprjuota

H »\don tov split-perfect ypagpnudtwy éyet etoayfel and toug Brandstadt xaw Le otny epyaocta [16].
Ao ypaghuata G xow H Ue 1o {8to 6ivolo xopugdy ovoudlovtat Py-toduoppa(Py-isomorphic) edv
x4be téooepic xopugéc {a,b,c,d} CV endyouv éva Py oto ypdgnuo G edv xor uévo edv endyouy
éva Py oto H. 'Eva ypdgnua ovoudletar split-perfect yodonua edv elvar Py-toduopgo ue éva
duyotoutowo yedgnua (split graph). Enuetdvovue bt éva Styotoulowuo yedgnua to cvufoiilovue
ue G = (@, S, E), 6mou 10 abvolo @ Teptéyel TS xopupés Tne xAixag, To oUvoho S meptéyeL Tne
%0pUPES TOL aVeEdPTNTOL GLVOAOL Xat To 6UVoAo E mepéyel Ohec Tic axués tou G.

Axohoubdvtog v onuetoloyia twv Brandstadt xou Le, éva ypdgnua ovoudletar double-
split ypdpnua €dv urnopel va anoxtniel and dVo un-xowd (tbavd xevd) Suyotoulowa ypaphuata
Gr = (Qr,SL,EL), Gr = (Qr, Sk, Er) »ou éva enayduevo povorndtt P = Plxp,xpg], nbavd
%evé, pochétovtag dheg TiC axpéc UETAED TNC XOPUPHC T XL TOV XOPUPKOY TOU GUVOAOU Q)
%ol OAEC T axUéc UeTall NS XOPUPAS TR XAl TV XOPUPKY ToU ouvohou Qr. H xhdon twv
double-split ypagnudtwy yevixedouy ta Styotouiowa ypaphiuata Xt €Youy TewTapyxd pdho GTOV
yapoxtneloud tov split-perfect ypogpnudtov.

Ynuewdvouue btL xdbe diyotouiowo yedenua elvar éva double-split ypdonua oAl to avi-
otpogo dev toylel. Ttny epyoaoia [16] éxer Sobel évac ypauuxde ahydptBuoc avayvdpelone yLa

3'Eotw G éva ypdgnua xau t évag axépatog. H t-18En TV x0opupdy elval yio aptunon twv xopugdy ¢ : V. —
{1,...,t} tétowx dote xdfe Ledyog xopupdy x xar y ue c(xz) = c(y) xoL Yo xdbe uovondtt uetadld TwY x0pUEHY
x %oy, URdpYEL ULa x0puyy z oto wovordtt ue ¢(z) > c(z). To npdfhnua tng Téd&ng Twv xopuPdY elvar n edpeon
g uxpbdtepng TS ¢ yla TV onola To Ypdgnua G emdéyetal t-1d&n Twv xopuedy. Xnueidvouue 4TL N TEEN TV
x0pLYGY elvoL Evac XATIAANAOS YPWUATLOUAS TOU YEAPHUATOC.

4 Aobévtoc evée ypagripatog G xau yia xdfe xopugd Tou v, wia Aota L(v) ané embupntd ypduato yie Ty
cuyxexpLluévn xopugy, T6te To Yedygnua G xaleltal ypwuaticlo and Aoto edv GTIS X0pUQES TOU YPOPHUATOS
G urnopolue va avabécouue ypduota and ) Alota Toug €T6L GOTE oL YELTOVIXES XOPUYES VA TEPOUV dLaPOopeTLXd
Yeduata.
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ta double-split ypapAuato xat yia To GUUTANEGOUATS Touc. Autd 0dHYNoE GTNV avay vOELGT TWVY
split-perfect ypagnudtwv xabdec Boaoiletar oto enduevo (Souixd) fedpnua mou yopaxtnellel v
¥Adon auty.

Ocdpnua 1.8 (Ocdpnua 5.2 [16]). 'Eva yedgnua G eivar split-perfect edv xau uévo edv xdfe
Ut and e p-ouvextixés ovviotdoec H tou yeagiuatoc G éyet tic axdrovbec tbidtnrec: (i) xdfe
ouoyevéc advodo (homogeneous set) otny ovviotdoa H endyer éva Py-free yodgnua, xau (i) to

xeeaxtnototixs yedpnua H* elvar éva double-split yodgnua 7 to ovunAijewua evéc double-split
yeapruatoc.

Aev elvar dboxolo va det xavelc 6tL 10 mponyoluevo Bedpnua endyel évo ypouuxd oahyodplbuo
avayvoplone Tne xAdone twy split-perfect ypagpnudtwy édnwc gaivetar otny epyaocto [16]. E€aptdton
xuploe and (1) tov ypauuwxd akydelBuo xataoxevic tne m-unoolvbeone [30, 79, 80, 33], (ii)
TOV YpouUixd ahydptBuo €UpEOTC TWV P-GUVEXTIXOV GUVLOTWOKOY EVGC Yeaghuatog [7], (iii) tov
Yoouuxd ahybetfuo avayviptons twy cographs [29] xou (iv) tov ypauuxd ahybelbuo avayvodpelong
twv double-split ypagpnudtov xat Twy cuurinpwudtwy Toug [16].

1.4.6 Superbrittle I'pagripoata

Mo puoxn utoxAdon twy split-perfect ypagnudtwy, Yvootd we superbrittle , elvor axpBog exeiva
To ypaguata yio o omota xauta xopugy) Sev elvat dxpo evég Py 670 Ypdonua xat Toutdyeova SeV
elvon Uéon-xopugt| evoc Py 6to ypdgnua. Ta dtyotoulowa ypagpruata elvat superbrittle ypaghuota
xafdg ot éva dtyotouiowo ypdonuo xdbe uéon-xopuet evig Py Beloxetor otnv xAixa xat xdbe dxpo
evoc Py Bploxetan oto aveldptnto abvoro. Tny epyaoctia [16] 866nxe évac douxde yapaxtnetoude
Twv superbrittle ypagpnudtwy mou od¥ynoe og évay ypauuixd akydetbuo avayvodptong. Acetyvouue
T0 axéhoubo Bedpnua yia Ty xhdon twv superbrittle ypopnudtwy.

Ocdenpa 1.9 (Oedenue 5.5 [16]). Eva ypdpnua G elvar superbrittle edy xau udvo edv xdbe
Ut and e p-ouvextixés ouviotdoec H tou yeagiuatoc G éyet tic axdrovlbec tbidtnrec: (i) xdfe
ouoyevéc olvodo (homogeneous set) otny ovviotdoa H endyer éva Py-free yodgnua, xat (ii) to
xepoxtnototixd yedenua H* elvar éva Siyotoulowuo yedgnua.

1.5 Kivnteo Merétng towv Egeuvntixdy Ospdtov

'Onwe avaQépaUE TPONYOUUEVKS, Ol XAAOELS TV YEAUPNUATOY TOU UEAETAUE AVAXOUY GTNY OLXOYE-
VELX TV TEAELWY Ypapnudtwy. H xAdon twy téhetnv ypagpnudtoy emhéyinxe Aoyw twv onuavtixdy
SOULXODV YUPAXTNPLETIXGY XAl TV aAYopLtButxdy BLothtwy Tou dtabétouvy ta ypagphuata autd, xot
ot omoleg 0dnyolv 6e TOAVKYLUIXOU Ypbvou aiyoplBuouc eniluong TOAGY XAAGXGY TEOBANUATLY
BeAtotonoinong, ta onola oty vevixr nepintwon elvar NP-mirien. Tétola xhaoixd mpofBiiuota
Behtiotonoinong elvat to TedBAnua ypwuatiopot (coloring), emtxdiudng ue povondtia (path cov-
er), 1 ebpean Stadpoudyv xow xUxhewv Hamilton, xat tpdBinua anaplBunonc oxehetxdy dévipwy. Ot
EQUPUOYES AUTGV TV TEoBANUATWY BeATioToTolnong elvol TOMATAES, ONUAVTIXES, Xl XUAOTTOUY
Tohhd medlor dtapopetindy entotnUdY (and ta pabnuatixd éoc Ty prthocopia)(9, 47].

Enlong, n devdpwn| avanoapdotaon yia eldixd ypagruota, UETHE) AWy doudy, anoteel ouyvd
Vv Bdomn v yeriyopec Aioelg o akyoptBuixd mpolAfuato mou elval, TNy YEVIXY TOUS UoppT,
dvoxoha. TTohkéc xhdoelc ypagpnudtwy éyouv ula Lovadixr Sevdpxr avanapdatac, tou Bactletot
OE Lo YEVIXY QVTLUETOMLON, YVWoTH w¢ m-anooivbeon (modular decomposition) ypagnudtwy.
Xenowwonoldvtag Sevdplny| avanapdoTao), ToAE tpolAfuata avayvoelorne, BeATioTotolneng o
amaplBunonc uropoly va emtAufoldy anotehecuatixd yio TOMES XUTNYORlES YRUPNUITWY.
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ITwo ouyxexpluéva, yia Tic YAJOELS TOY YRUPNUITWY TOU UEAETAUE €Y oLV EntALBEL TOAAS TPOBAR-
uato 6nwe: To uéytoto uéyeboc xhixoc (maximum size clique), to uéytoto uéyeboc aveZdptntou
ouvéhou (maximum size stable set), o ypwuotioués (minimum coloring), n eAdytotn xhixa emxd-
Audne (minimum clique cover), n eNdytotn tpLywvonolinoy (eAdytoto nThifloc axudy tou Tpénet va
mpootelel oto Ypdgnua G €tol dote To Ypdynua G vo yiver Tptywvixé — minimum fill-in) (deite
[40, 61, 63]), o aptbudc emxdhudne e uovondtia (path cover number) [39], n 14&N TV x0pUPGY
(vertex ranking) xou n Mota ypwudtwyv (list coloring) [4].

Emmiéov, énwe delyvouue otnv ocuvéyela, ota Kegpdhota 2-6, evlloagpepduacte yio TNy eUpeo
ULV Yl 10 TAR00C TV GXEAETIXGY dévTpwY oe éva Ypdenua G. To mhifog Twv oxeheTixdy dé-
vIpwy evég ypaghuatos G, mou ouuBoliletat ue T7(G), elvon pio onuoavtid xat ue Waltepn uekétn,
noobtnTa oty Bewpla Ypapnudtwy xat eugaviletar oe towiiec egapuoyéc. Ou mo afioonueln-
TeC TEPLOYES TWY EQupUoYKY Tne elvar 1 altomiotion dixtiwy (network reliability)[25, 84, 99], n
anoplBunon cuyxexpluévey ynuixdy otolyelwy (enumerating certain chemical isomers) [20], xot
n anopifunon twv Eulerian x0xhov (circuits) oe éva ypdonua [47]. Enlone, unopel xaveic va
ueleThoEL ToV P60 Tou cuvdéetat N toodtnTa T(G) xat, o cuyxexpluéva, 1 uebBodoloyia Tou
unoloyilouue tny tocdtnta 7(G) ue Ty Terywvornoinoy (minimal triangulation) evée ypaghuatog
[37, 98, 49] xar pe npofBifuata Tou eugavilovial 6TV TEpLoy T TS oyedlaone ypupnudtwy (graph
drawing) [44, 48, 81].

Ennpéobeta, oto Kegdhato 7 napovotdlouue évoyv mhiipn Suvouixd ahydptBuo avayvhplong tov
Py-sparse ypagnudtov. To xivtpo ueAétng twv Suvauixdy akyopibuwy npoépyetal and Ty QUGLXA
avanapdotaorn tou DNA (physical mapping of DNA) [21, 50] xat and tnv uehétn npoAnudtwy
oe éva aolpuato (Suvouixd uetaBaribuevo) dixtuo unoloyiotdv [34, 51, 56, 101]. Téhog oto
Kegdhato 8 emhbouye ue évay BEATLOTO TpoT0 TO TRGBANUA TN emxdALYNC Ue UovomdTia Yo TNV
*AGom TV YpupNUdTLY ot éva Topdhhnho tepBdihov. H avagopd tng emxdiudne ue wovomdtia
€yel uehetnBel and nohholc epeuvntéc (delte [58, 72, 73, 85, 88]), xabdc anotelel yevixeuorn tou
npoBhuatoc tne edpeong evog Hamilton povoratiod evég yeagpruatoc.
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KE®AAAIO 2

ATIAPIOMHEH Y KEAETIKON
AENTPON QUASI-THRESHOLD
I'PA®HMATON

2.1 Ewaywyt
2.2 Quasi-threshold I'pagriuota
2.3 To II\Afoc 1wy Exeretndv Aévipwv twv Quasi-Threshold Fpogpnudtwy

2.4 Yuurepdouota

2.1 Ewoayowy

Oewpolye tenepacuéva Un-xateufuvéueva ypagruota ywpelc tohhaniéc axuée. 'Eotw éva tétolo
yedonua G ue n xopugéc. 'Eva oxedetixd 8évtpo (spanning tree) tou ypaghuatoc G elvar éva
dxuxho (n — 1)-axudyv cuvextixd unoyedgnud tou. To mpdéBinue vtohoyiouol tou ThRfous TV
OXENETIXDY BEVTPWY Elval éva onUavTind eVpEng YVnotéd tedlfinua otny fewpla ypagpnudtwy. H
eZaywyh uabnuotiedy TOTwY Yo dtagopeTixolc TUTOUS Ypapnudteny unopel va anodetybel ypriowun
Yo TOV TPOGBLOPLOUS EXELVODV TWV YRUPNUITWY TOU TERLEYOLY To UEYLETO TANHOC OXENETIXGY
dévipwv. Tétowou eldouc uehétn éyel mpaxtixés egapuoyéc otny aflontotior SxTiwy UTOAOYLOTAOY
(network reliability) [84, 99].

Enopévoe, 1600 yia Bewpnuxolc 660 xat yio mpaxtixolc AGYous, EVOLUPEROUUCTE Yo TNHY
eCaywyh TOMeY Lo T0 TAR00C oXEAETIXGY BEVipwy ot xhdoelg Ypagpnudtov. IToAéc nepintdoetg
€youv eletaotel avdloya Ue Ty tepintwon Tou yeapruoatoc G. 'Eyel uehetnfel 6tav to yedgnua
G elvar éva emtypagiouevo Uoptaxd yedonua (labelled molecular graph) [20], étav to ypdonua G
elvar éva mAfipec mohuuepy| ypdgnuo (complete multipartite graph) [107], étav to ypdonua G
elvar éva xuxhixd yedgnuo (circulant graph) [109], 6tav 1o ypdonua G elvar évag xufxds xat
teTpadindc xOxhoc (cubic-quadruple cycle graph) [108], 6tav to ypdonua G eivor éva threshold
yedonua [46] xou dhhec mohhéc mepintdhoels (Selte to Pihio tou Berge [9] yio uia éxbeon twy
Baowdv anoteheoudtnv: delte enlong [24, 67, 93, 91, 94, 100, 106, 107]).

17



O oxondc e ouyxexpluévne evotntag elvon va UEAETAGEL T TpdBAnua edpeanc tou TARfoug
TWV OXEAETIXOY BEVTpWY GTNV xAdon Twv quasi-threshold yeagnudtov. nueidvouue edd 6t éva
yedgnua G ovoudletar quasi-threshold yedgnuo edv Sev nepLéyel xovéva enay@GUEVO UTOYEEPNUA
Loolopexd ue éva Py 1) Cy [43, 86, 91]. 'Eva quasi-threshold ypdgnua G €yet uio wovadixn Sevdpuxi
avanapdotaon Te(G) mou ovoudZeton cent-8évtpo (cent-tree). Ou anodeileic wag Paoilovta oe éva
XAUOWXS ATOTENEGU, YVOOTO we T0 Oedpnua tou Hivaxa-Aévrpou, Kirchhoff, (Kirchhoff Matrix
Tree Theorem) [10, 47], nou exgpdlel to TAAHOC TwV GXERETIXGY SEVTpwY Tou Ypaghuatoc G we
uta suvdptnon g optloucag evéc mivaxo (Kirchhoff Iivaxa) o onolog unopel va xataoxevaotel
ebxola and v oyéon yerrviaone (nlvaxac yertviaong, Mota yertviaone, xTh.) Tou ypa@Huatog
G. O vnoloytoude e optlovoac tou Kirchhoff Iivaxa gaivetar 6t elvor Ui ToAAG-unoayduevn
%aTeVHLYOT) YLOL TOV UTOAOYLOUG TV OXERETXAOV dEVTpWY GE owxoYEveles ypagnudtoy (delte [9,
24, 41, 93, 107]). Zwnv neplntwory vog unoloyilovue 10 TARBOC TwWV OXEAETIXGY dEVTPWY VS
quasi-threshold ypagruatog G, yenoluonoldvTag xhaoxés TeEYVIXEC and Ty ypouuxr dAyeBpa
xat Ty Bewpla mvdxwy. Ou Wdéeg uac xat ot teyvixéc uac Ba datunwboldy ot Ha dieuxpiviotoldy
OTNV GUVEYEL.

To xepdhato elvor opyaveuévo we e€hic. Ltny deltepn evOTNTA EDPULBGVOUUE TNV GNUELOYpapla
xat TRV ogohoyla Uog o Topouctdlovue Tponyoluevo anotehéouata. SUYXEXPLUEVA, SElYVOUUE
douwxéc WLotntee twv quasi-threshold ypagnudtwy xa optlovue uia uovaduxr Sevdeixr avarnoped-
otoon oe €tolou eldoug yeagruata. Ytnv tpitn evétnta napoustdlouue Tov TUTO oL utoloyilel
70 TAAB0C TV OXERETIXGY déVTpwY evdc quasi-threshold ypaghuatoc. Téhog, otny tétaptn evétnta
ouvoilouue to xe@dhato xat napabétovue mbavéc uehhovTIXES ETEXTAOELC.

2.2  Quasi-threshold T'pagpruota

"Eva ypdonua G ovoudletar quasi-threshold ypdonua , /| QT-yedpnua yio cuvtoula, edv To ypden-
ua G dev €yel xavéva enayOUEVO UTOYpdQNUa Loopop@xd UE éva Py 1 ue éva Cy [43, 86, 91]. X
OLVEYELX TIOPADETOUUE YopaxTNELorols xat doutxés Widtniec Twv QT-ypagpnudtwy xat delyvovue
6TL éva Tétolo Ypdpnuo Exel uta uovadixy| Sevdpuxt, avamopdotaoy. To axdroubo AMuua énetat an’
euBelac and to yeyovic étL yia xdfe vnoclvoro S C V(G) xon yia xdBe xopugt, u € S, éyouue ot
Ngpgilu] = Nu] NS xa to yedgnua G[V(G) — S] elvon éva enayduevo unoypdgnua.

Adupa 2.1 ([66]). Edv to yedpnua G elvar éva QT-ypedgnua, téte yia xdbe vrootvolo S C
V(Q), xau ta 8o yeapiuara G[S] xat G[V(G) — S| elvar exione QT-ypapiuara.

To axdéhovBo Bedpnua mapéyet onuavtixés Wotntes yo Ty xhdon tov QT-ypagnudtwv. T
euxohia, optloupe to axdhouvfo clvoro we,

cent(G) ={x € V(G) | Njz] = V(G)}.
Ocdpnpa 2.1 ([66, 86]). O axdrovlbec tpeic dpidaoceic toyvouy.

(i) 'Eva yodpnua G elvar éva QT-yedgnua edv xat udvo edv yia xdbe ouvextixd urnoypdpnua
G[5], S C V(G), wavoroteltar cent(G[S]) # 0.

(it) ‘Eva yedpnua G elvar éva QT-yedgnua edv xar udvo edv to yedpnua G[V(G) — cent(G)]
elvar éva QT-yedpnua.

(iii) 'Eotw G éva ovvextixd QT-yedynua. Edv woydet V(G) — cent(G) # 0, téte 1o yedynua
GV (GQ) — cent(G)] meptéyer tovddyiotoy dVo ouvextixés ouvioTdoes.
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'Eotw éva ypdonua G vo elvar éva ouvextixd QT-ypdgnua. Téte 1o olvoro Vi := cent(G) dev
elvat xevé and 1o Oedpnua 2.1. BOéoe Gy := G, xow GV (G) - V1] = GoUG3U. . .UG,, érou 0 G;
elva uLa ouvex Ty suvtetHoo Tou Yeagruatoc GV (G)—Vi] xouw r > 3. Tére, epboov xdbe éva G;
elvon éva emayduevo umoyedgnua Tou yeagruatog G, To yedgnua G elvar entoneg éva QT-ypdgnua,
xa enouévec éotw V; = cent(G;) # 0 yia 2 < i < r. Egbdoov xdfe uta cuvextixy cuvotdoo
Tou ypaphuatoc G;[V(G;) — cent(G;)] elvan entone éva QT-ypdgnua, unopolue va ouveyloovue
NV oLuYxexpLUévn dtadixacia émg 6Tou va tdpouue éva xevéd yedgnua. Téte unopodue teAxd va
AmOXTHOOLUE TNV axéhouln dlauéptan Tov auvélou xopupdyv V(G).

VG)=Vi+Va+ ...+ Vi, énouV; = cent(Gy).
Entnhéov unogotue vo oploovue uta pepxd 8udtadn < oto abvoro {Vi, Va, ..., Vi } wq e&fc:
Vi 2V edv V; = cent(G;) xa V; CV(Gy).

Eivar edxoho va Solue étu n mponyoluevy dauéplon Tou 6uVOAoL xopLeKV V(G) xatéyel Tic
axdhovbec dtotntee.

Tyfua 2.1: To cent-8évtpo T.(Q) evée QT-yoagriuatoc ue 12 xopupéc.

Ocdpnpa 2.2 ([66, 86]). Eotw G éva ovvextixnd QT-yodopnua, xa éotw V(G) = Vi+Va+. . +Vj
va elvar uia Siquéeion optouévy dnwc mponyouuéves: ouyxexpitéva, Vi := cent(G). Tote, auty
n Srauépron xar n uepixic dudtaln ouvédov ({Vi}, <) éyouv tic axdlovbec (didTyrec:

(P1) Edv toydet V; = V;, t6te xdfe xopup) touv ouvdlou Vi xar xdbe xopuyrj tou ouvdlov V;
evovovrar uetaél toug ue uta axul tou yeapiuatoc G.

(P2) I xdfe obvolo Vj, toyvet cent(G{UV; | Vi X V;}]) =Vj.

(P3) I'a xdbe 8o ovvora Vi xar Vi téroia dote Vi 2 Vi, GH{UV; | Vi XV, X Vi}] elvar éva
mAfjpec yedgnua. EmmAéov, yia xdbe uéyioto cowyelo Vi touv ouvdlov ({Vi}, <), G[{UV; |
Vi 2 Vi 2 Vi}] elvar éva uéyioto mAjeec unoypdgnua tou yeapiuatoc G.

To anoteréouata Tou Oewpuatog 2.2 Topéyouy Sopés BLETNTES Yia TNV ¥Adon Twv QT-ypapnudtov.
O avagepduacTe 6TNY Sour| Tou teavorotel TiC WLETNTES Tou Bewpuatoc 2.2 we cent-8€vTpo Tou
yeaghuatoc G xou Bu to ouuBorilovue we Te(G). To cent-dévtpo elvar éva pllwuévo dévipo ue
plla to Vi %dbe xéufoc V; tou 8évtpou T.(G) elvan elte @OMo 1 Exer Touhdytotoy dvo Toudid. E-
munhéov, Vs = V4 edv xat uévo edv V; eivan évac npdyovoc tou Vy ato dévipo T.(G). Edd, optlovue

to ch(V;) va elvar To alvoho nou teptéyet Ta tandd tou x6uBou Vi € To(G): Ha yenoluonolthcouue

t0 obvoho ch(i) yo va avagepduaote oto abvoro ch(V;), 1 < i < k.
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Y10 Eyfua 2.1 napoustdlovye éva cent-dévtpo evic QT-ypagpruatoc ue 12 xopupéc. Ou xduPot
Vi xan Vi meptéyouv 800 xopugéc, evéd 6hot oL utdholrot tepLéyouy uta xopueh ch(Vs) = {V7, Vs}
xau ch(Vig) = 0. Enuetdote o Babude utac xopuphic otov xéufo Vs elvon 4.

2.3 To ITA%00g Tty Yxehetix®dv Aévipwy Twv Quasi-Threshold I'pagpnud-
TV

Ye autAv Vv evétnra egdyovue éva timo yio o mARBoC twv oxeletxdv Sévipwy evog QT-
yeaghuatoc G- and €36 xou oto e€fic, T(G) dAdVeL To TARHOC TV GHEAETIXGOY dEVTPWV TOU
yeaghuatoc G.

'Eotw éva QT-ypdonua G ue n xopueéc xau éotw Vi, Vo, ..., Vi oL x6ufolL tou cent-dévtpou
T.(G) mou eptéyouy Ny, Na, . . ., Nk, XOpUYES, avtioTolya” dnAadh, n = ny + ng + ... + ng. 'Eotw
d; vo dnhover tov Babud utac tuyatac xopupnc Tou xéuPou V;. YrevBuuilouue 6t dhec oL xopupéc
u € V(G) evéc x6uPou V; €youv tov (8to Babud.

'Eotww V1, Va, ..., Vi ou xéufot tou cent-dévipou T,(G) evéc QT-ypaghipatoc ue n xopugéc. Luu-
Bohilovyue ue L; 10 60volo Tou epLéyEL Toug x6uBouc Tou i emnédou Tou dévtpou To(G), 1 <i < h
© dnhadi,

Lo = {W},

Ll = {‘/23‘/3;--"‘/7‘}3
Lh—l = {‘/;a‘/;-‘t-la"')w—l}a

L, = {w;w-‘rla"-avk}-

2.3.1 O Tdurog

Y1 ouvéyewa oynuatilovue tov Kirhhoff nivaxa K yio to QT-ypdgnua G Baclbuevor otny Soun
Tou cent-dévipov T.(G).

'Eotw G éva QT-ypdgnua ue n xopugéc xau é6tw Vi, .., Ve, ..., Vo1, Vo, .., Vi va elvon oL
x6ufoL Tou cent-8évtpou Te(G). Téte, emypdpovue Tic xopuéc Tou ypaghuatoc G and 1 uéypt n
o¢ e€hg: TeATA, ETLYPAPOLUE TIS X0PUPES ToU xOUPBou Vi, and 1 uéypl ny o1 UVEYELY, ETLYPAQOLUE
TS X0pUPES TOU Vi1 amd ny + 1 uéypl ny + np—1° TEh0C, ETMLYPEPOLUE TS X0pUPES Tou xbuBou V).

Téte, xataoxeudlouue tov nivaxa K tou QT-ypapruatog G, }pnoLlonoldvTog Thy Tpoavopep-
Oeloa emtypapr TwV x0pUPHOY Tou YeaEruaTog G, XL EMXEVTPOVOUNGTE aTNY 0pilouca Tou Tivaxa
Ky mou anoxtdtat and tov nivaxo K Storypdeovtag Ty TeAeuTaia Ypouur xoL Ty TeEAeutalo oTh-
An. Eivaw edxoho vo det xavele 61t o mivaxog Ky, elvar évac (n—1) x (n— 1) rlvaxoac xou €yet y
oaxdhovln uopen:

My,

M,
My

M,y
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6mou M; elvon évag n; X n; umonivaxag Te Lop@hc

di —1 - -1

1 d - -1
Mi = )

1 -1 - d

vy 2 < i < k xor My ebvan évac (ng — 1) x (np — 1) unonivaxac tne dtac popghic. 'Okec ot
draydvieg Béoelc tou mivaxo M; éyouv tnv Bl Ty d; mou toovtol Ye tov Babud ulag tuyalog
%x0puehic Tov x6uBou V; € T,.(G)" ta otouyeio [—1];; xan [—1]j; twv un-Siaydviwy Bécewv (i, j) xou
(4,7) avtiotoryoly o€ n; X nj %ol n; X n; UTonlvaxec Ue Gha ta ototyela toug —1 €dv o xéufoc
V; elva évag andyovog tou xéufou Vi oto dévtpo T,.(G) xor 6ha ta vndloina ototyeta toug 0,
2 <i, j <k tootoygela [—1]q; xou [—1];,1 otic un-draydvieg Béoeig (1, 5) xou (j, 1) aviiotoryoly
oe (n1 — 1) x n; xou n; x (ng — 1) unonivaxec we 6ha ta otoyela Toug —1 epdooy xdbe xéufoc V;
elvar andyovoc tne pllac Vi tou cent-dévipov T.(G).

Me oxond va utohoyicouvue Ty opilouca tou mivaxa Ky, teoto anionololue T 0pllouces TwVY

nwvéxov M;, 2 <i <k, xat Ha éyouue:

d; +1
d; +1
det(M;) = . = (di +1)" 7 Hdi — (i — 1)),

o

det(Ml) = (dl + 1)”1_2(d1 — (n1 — 2))

Tdhpa emapxel Vo AVTIXATAGTAGOVUE TLC TORATAVGD TLUES oTny opllouca tou mivoxa Ky,. Tnuetd-
YOUUE 6Tt UETE TNy amhonolnon twv opllovo®dy Ty mvdxey M; udvo ot diaydvies Béoelc xat 1
teleutalo ypauur and xdbe nivaxa M; éyouv un-undevixéc twéc. 'Etot, Ba éyouue:

k
det(Knp) = (n1 — 1)(dy + 1) =2 - [ [ ma(di + 1)™ " - det(Bn), (2.2)

=2

6ToL
o -
(=1)ji
of
Or—1

By = (2.3)

Os

(=1)ij

01

di—(n;—1) . _di—(n1—-2),
TYLO(2SZSI€,XO(LO’1—T

ta ototyela (—1);; tov un-dtaydvioy Bécewv (i, j) elvor —1 €dv o xéuBoc V; elvan évac andyovocg

elvan évac k X k mivaxag ue dtaydvia ototyela o; =

Tou x6uBou V; 610 8évtpo T.(G) xau 0 oe xdfe dAAn neplntwon,.
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H éo tdpa elvar va utoloyioovue vy optlovoa tou k x k nivaxa Byy,. Xe autd to onueto, npdhta
epapubélovue Tig axdhoubeg mpdlelc ot xdbe ypouur i = 1,2,. ..,k tou nivaxa Byy:

o Bploxouue tov eNdytoto delxtn j yia tov onolo woybouv i < j < k xou Bpyli,j] # 0, xou
0TE

o nolManmhaotdlovue Ty othAn j ue —1 xau v npochétouue oty otikn £ €8V Bp,li, ] =
Bunli, j] wou j+1 <€ <F.

Y11 ouvéyela, egapudlovue apduoleg tpdielc oe xdfe oAk j = 1,2,. ..,k Tou ivaxa Bpp:
o Bploxouue tov ehdyloto deixtn i yio Tov omolo toybouy 1 < j < i xot Bpy[i, j] # 0, xou té1e

o nolanhaotdlouvue TNy ypouun ¢ ue —1 xat tny npochétouue oty yYpouun £ €dv Buy(l, ] =
Bunli, jl v i+ 1<t <k.

"Etot, Ba éyoupe:

det(By,y,) = det(Ann), (2.4)
6mou
s -
()i
as
Gp—1
Appn = ) (2.5)
as
(V)i
L al -
elvae évoc k X k mlvaxocg ol
o edv V; elvar UM o tou dévtpou T.(G),
a; = (2.6)
o + Z (0j +2) o,
Jj€ch(i)
jdev eivan @A
xol
-1 edv Vj € ch(V;) o Vj elvan pOiho tou dévtpou Te(G),
(V)ij = —(0:+1) if V; € ch(V;) and V; Sev elvon pidho tou dévipou T.(G), (2.7)

0 AANLOC.
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Yrevhuuilouvue bt

d, _ P
i~ (ni—2) edvi=1
o; = (2.8)
(g —1
d=(i=1) e
Uz

Ty neplntwon mou xdfe xéuBoc tou cent-3évipou T.(G) meptéyel uta Lovadixh xopupy), T6Te Ha
€youue 6T 0; = d; Yo x8Be i = 2,3,..., k" onuetdvouue 6Tl i > 2, eQOGOV BLorypdPOUUE TNV
tehevutata ypauur xal 6TAAT Tou mivaa K.

Y1 ouvéyeta optlovue v axdroun cuvdptnon ¢ mdvew otouc xéuBou tou cent-dévipou evée
QT-ypagruatog G:

a; gdv V; elvan pOAho tou dévtpou T (G),

¢(l) = 2
a; — | Zh(.) % AAALGS,

6mou a; xau (77)i; éxouv oplotel ot EClodoeic (2.6) xou (2.7), avilotoiya. Ovoudlouue tny
ouvdptnom @(i) cent-ouvdetnon Tou xéuBou Vi and 36 xat oo eZFg, Ypnotuonololue Ty opoloyla
@i YL vo dnhdoouue (i), 1 <i < k.

Appa 2.2. Eotw Vi, Va, ..., Vi ot xduPor tou cent-0évtpou To(GQ) evde QT-yeapjuatoc G xat
éotw ¢(i) n cent-ovvdptnon tov xdufouv Vi, 1 < i < k. Tore,

k

[ ¢6) = det(Ann),

i=1
onov Apy elvar o k X k nivaxac opiouévoc otny EE. (2.5).

Ardbeién. Me oxond tov unoloyioud tne opilovoac det(Ayy), Zextvdue tolarhaotdloviac xéhe
othin 4, 1 <14 < £, tou mivaxa A, ue —(7)ij/a; xau ty npochétoupe oty otihn J €dv ()i # 0
(1 < j < k). Me autév tov 1610, xdvouue OAec T auoTned dvw dtaydvies Béoels (7)i;, Ue @ < j,

va éyouv undevixég tiéc. Tohpa avantbocouue we tpog tig ypauués 1,2, ..., ¢, tetuyaivovtag
Je—r
¢ (V)i ¢
det(Ann) = []oi - fe = J[¢ - det(Dnn),
1=1 . i=1
Qo
f
6moL

¢ = a;, v 1 <1 < £, agol oL xéuPor 1,2, ..., L elvaw UM 670 dévtpo T.(G), xat

)2
fi=a;— Z M, v l+1<t<k.
icch(t) ¢1

1<i<t
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Hopoatneolue 6t o (k—£€) x (k — £) nivaxac Dy, éxer doun napduolo Ue Tov apyixd Tivaxo Ay,
deite EZ. 2.5. "Etot, yia tov unohoytoud tne opilovsdc tou det(Dyy, ), axohovbolue ulo tapduota
amhonoinon® dnhadt, Zexwvdue nolanhaoidlovtag xdbe otiin i, 1 < i <5, tou nivaxa Dy, Ue
—(7)ij/ fj »or v mpooBétouue otny otiAn § €dv (v)i; # 0, vy s < j < k. 'Etot, ouveyllovtoc
Ue tov (dlo TpéTo unopolue tehxd va del&ovue 4T

k
det(Dnn) = H ¢ia
1=1

6mou ¢; elvar n cent-cuvdptnon tou xéufou V; € T.(G) xou k elvar to mhhflog twv x6uBwy tou
cent-dévtpov Te(G). 1

Baowléuevor otic EZ. (2.2), (2.4) xau oto Afuua 2.2 UnopoVuE Vo anoxTHooUUE évay TUTo YLo To
TAffoc Ty oxeheTxdy dévipwy T(G) evée quasi-threshold ypaghuatoc G. Enouévwe, xatohh-
Youue 670 axéAoubo anoTéAecud.

Ocedenua 2.3. Eorw G éva quasi-threshold ypodgnua ue n xopuvpéc xar éotw Vi, Va, ..., Vi ot
xdéubor tov cent-0évtpou To(G) ue pila tov xéufo V. Tore,

k
ny — 1 1
(G :*IInd_i_lnl - s,
( ) nl(d1+1) bt l( 4 ) ¢Z
énov n; elvar 1o mAffoc eV xopupdy tov xdufou Vi, d; elvar o Babudc uiac tuyaiag xopugrc
ané tov xoufo Vi xar ¢; elvar 1y cent-ouvdptnon tov xoufov Vi, 1 <i < k.

Snueiwon 2.1. Baowlduevol ato nponyoluevo anotéhecua, Teotelvouue évay ypauuxd ahydptbuo
urohoyLouoU Tou TARBoUS TwV oxeheTxdY dévipny evic QT-ypaghuatos doulevet we e€hc: TpdhTa
xatooxevdlet 1o cent-3évtpo T, (G) tou quasi-threshold ypaghuatoc éotw V1, Va, ..., Vi o xéuBot
tou cent-dévtpou T,(G). Téte unoloyilel v cent-cuvdptnon ¢; yia xdbe x6ufo V; € T.(G)
1 < i < k, xou, tehxd, unoloyilel o mARfoc twv oxehetxdyv dévipwy evéc quasi-threshold

Y

YoaPpHUATOC cLUPWVOL UE Tov TUTo Tou Oewpriuatog 2.3.

Ynuetdvouue 6t 1o TARB0C TwV oxeheTxdY dévipwv evic QT-ypagphuoatoc G Ue n XOPUPES
xow m axpéc unopel vo unoloyiotel oe O(n + m) ypdévo. H xataoxeut evéc cent-dévtpou T.(G)
xeewdletar O(n +m) ypévo yenotuonoidvtoc pia DES Sidoyion oto ouyxexpiuévo QT-ypdonua.
Emnéov, o unoloytoudc 6hwyv tov cent-cuvapthoeny ¢;, 1 < i < k, unopel va exterestel oe O(n)
Xpbvo, agol 1o mhifoc Twy x6uPwv tou cent-dévipou T.(G) elvar k < n. 'Etol, o npotetvéuevog
akybpliuog tpéyet oe O(n + m) ypévo.

H nolunhoxdtnra ypdvou xplvetat oluguvo Ue 10 ouotduoppo xptthplo x66tous (uniform
cost criterion). Kdtw anéd auvtd to xpitipio xdbe eviohf ypetdletol uta uovéda ypdvou xat xdbe
xatoywenthc yeetdletar ula uovdda ydpou. Ilupd to yeyovdc 6t ov aptBuntixée mpdlels unopet
vl EUTAEXOUY UEYENOL Urixoug Tuyatous axépatoug aptiuole, uetpdue xdfe Tpdén we éva xat ubvo
Briua (to TARBoc Twv oxeRETXGOY déVTpwY eVic Yeagruatos G UE N x0pLEES UTopel va elvat To
ToAG n™ 2 1o TApec yedgnua K, éxel n"? oxeletixd dévipa). O

2.4 XYuurnepdoyota

Ye autéd to xepdhato éyoupe e€dyel Evay TOno yia To TANHOC TV OXEAETIXAOY déVTpwY eVEC quasi-
threshold ypagruatog yenowonoidviac 1o Oedenua tou Iivaxa-Aévtpou, Kirchhoff xat enwepe-
hovuevol and Tig Soutxés WETNTEC Tou cent-3évTtpou evéc quasi-threshold ypagruatoc.
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Mot dAAY %Adon TEAELWY YRAPNUATWY, YVWOTH OC CLUUTANOOUATIXE-TULOYDUEVA YEAPHUTA
(cographs) , etvor axplBoe exelva ta ypoghRuaTe oL dev TEpLEYOUY XaVEVa &y 0pdo UovoTdtt Tteo-
oGpwv xopuPdv (cuuBoriletal we Py). Lnv epyaoctia [92] xat oto enduevo xepdlato, Bo delfovue
Evay Ypouxd ohydetbuo tou utohoyilel o Thifoc Twv oXEAETIXGY dévTpwy Tou Bactletal oe éva
uovadind pllwuévo dévtpo, Tou ovoudletal cotree.

ITio yevixéc xAdoelg TERELWY Ypapnudtny onwe elvar oL xhdoelg Twv Py-reducible xou twv Py-
sparse ypo@nudtev, emdéyovtat extong uta povadixy| devdpuxt| avanapdotacy. "Etot, elvar hoyixd
Xt ETOUEVO VoL avapwTniel xavelc edv oL Souxéc LGTNTES AUTAY TV SEVIPLXADY AVATIPUGTACEWY
unopoLy va Bonbricouy oty eaywyt Tney tou ayetilovtal Ue 10 TAHHOC TV OGXERETIXGY SEVTPWY
touc. Ilpog auth v xatevbuven oyedidotnxe o akydptbuog tou Selyvouue oto Kepdhoto 4.

'Eyet anodeuytel étt éva uetabetd (permutation) ypdgnuo Glm|, uia evpéws YVwoth xAdon
TEAELOV YPAUPNUATODY, UTOPElL VA UETAOYNUATIOTEL GE €val XATEVOUVOUEVD dxuxho Ypdpnuo XL,
énetta, oe éva pllouévo dévtpo eZetdlovtac Ty avilotpoyn oyéon Twy oTtolyelny e Uetdbeonc
7 [87]. Baowlbuevoc xavelc oe autd ta anoteréopata, Unopel va epeuvniel €dv 1 xAdon Ttwy
UETABETOY Ypagnudtwy GT] avAXeL 6TNV OLXOYEVELL TWY YEUPNUATOY ToU EMLSEYOVTAL TUTOUS YLa
10 TAR00C TV OXERETIXGOY BEVTPLY TOUC.
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KE®AAAIO 3

YIIOAOTIZMOY. TOY IIAHOOYXE TON
Y KEAETIKON AENTPQON TON

D YMIIAHPOMATIKA-ITAPATOMENQN
['PA®HMATON

3.1 Ewaywyt
3.2 Yuumhnewuatxd-Tlapaydueva lpagruata — Cographs
3.3 O AkyépiBuoc Yrnoloyiouot tou IThifouc twv Bxehetindv Aévtpwy

3.4 Yuurepdouota

3.1 Ewoayowyn

Oewpolye tenepacuéva Un-xateufuvéueva ypagruota ywplc tohhaniéc axuée. 'Eotw éva tétolo
yedonua G ue n xopugéc. 'Eva oxedetixd 8évtpo (spanning tree) tou ypaghuatoc G elvar éva
Sxuxho (n — 1)-oxudv ouvexuxd unoypdgnud touv. To mhiboc Twv oxehetxdy dévipwy evég
yeaghuatoc (duxtdou) G, xakeltaw entone nodunloxdrnra (complexity) tou ypagruatoc G [10],
elvat éva oNUavTIXG, EVREWS YVWOTO, TEGBANUa otny Dewplo ypapnudtwy o eupaviletar oe éva
mAffoc epoapuoydv. Ou o alloonueintes neployéc epapuoYdy elvon 1 altomtotio dixtiwy (ot éva
dixTtuo mou Uovtelomoteltal and éva ypdenua, 1 evdoentxotvwvia UETaE) GAwV TV XOUBKY Tou
duxtlou endyel 6Tl TO Ypd@NUA TEENEL Vo TEPLEYEL EVOL GXEAETIXG BEVTEO® €TaL, 1) UEYLOTOTOINGT) TOU
ThABouc TV oxeReTdV dEVTpwy elval To xAewdl yia TV ueytotonolnon e altomtotioc) [84, 99],
0 unoloyLoude e ouvohuic avtiotaone uetall utac axuic oe éva nhextpixd dixtuo (electrical
network) [13], anaplfunon cuyxexpwuévey ynuixdy otovyelwy [20], xou anapifunorn twy Eulerian
xOxhwv (circuits) oe éva ypdonua [47].

Enopévoe, 1600 yio Gewpniixolc 660 xat yio mpaxtixolc oxonols, EVOLAPEROUACTE YLol THY
eCaywyy) uadnuatixdy TOnwy yia Tov UTOAOYLOUG TOL TARBOUS TV GXERETLXGY SEVIpWY EVOC Ypa-
puatoc G, 6nwe entong xou yLa 1o Ky-ouuniipoua (K,-complement) tou ypaghuatoc G €dv to
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yedgpnua G elvar éva utoypd@nua Tou TAeeS Ypuphuatog Ky, T6Te 10 K, -cuumhipwuo ToU Ypd-
phuatog G, nou cuufoiiletan ue K, — G, opiletar og 10 Ypd@nua mou anoxtdtal and To yedenuo
K, Staypdgpoviac Tic axuéc tou ypagphuatoc G (onuetdote 6L, edv to ypdognua G €xeL 1 x0pUYEC,
t61€ 10 YpPdonua K, — G ouunintet ue 1o ypdonua G, Snh. To cuunhfpwud Tou yeagruatoc G).
[Tol\éc mepintdoeis €youv uehetnbel tou e€aptdvtar and v emhoyy tou ypaghuatoc G. "'Eyet
ueketnfel dtav To ypdonua G elvor éva entypagduevo woptaxd ypdenuo (labelled molecular graph)
[20], 6tav to ypdgnua G elvon éva mhfipes mohuuepy| Ypdpnua (complete multipartite graph) [107],
6tay o ypdonua G elvor évor xuxhixd yedenua (circulant graph) [42, 109], 6tav to yedonua G elvat
€vac xuPde xau teTpadixde xOxhog (cubic-quadruple cycle graph) [108], étav to yedonua G elvor
éva threshold ypdgnua [46], dtav to ypdonua G elvar éva quasi-threshold ypdonua [91] xow dAhec
nohkéc nepintdoel (delte to BiBAlo tou Berge [9] yia uia éxbeon twv Baoixdy onotereoUdtwy”
dette entone [24, 67, 93, 91, 94, 100, 106, 107]).

O oxondc tng ouyxexpluévng evétntag elvol va UEAETAGEL TO TROBANUO TNg EVEEGNC TOU TATY-
fouc TwY oXEAETIXAY SEVTPWY GTNV XAAON TWV CUUTANOWUATIXA-THpa Y GUEVLY YouPNUdT®wY (com-
plement reducible), yvwotd we cographs. To ypaghuata cographs elvat opiouéva vc 1 xAdon twy
Yeupnudtny mov xataoxevdloviol and Pio Lovadixh Xopu@r UG TNV XAELGTOTNTA TV TREEEWY
e évwong xat Tou cuutAneoduatoc. o ouyxexpluéva, 1 xAdon Twv yeagnudtwv cographs opt-
Ceton avadpoulxd we eZfc: (1) uta uovadixr, xopuet elval éva cograph- (ii) n un-xowvi évwon tov
cographs elvat éva cograph- (iil) to cuunhipwua evéc cograph elvon éva cograph.

H »hdon v ypagnudtwy cographs etye ewoaybel tic apyéc tou 1970 and tov Lerchs [70] nou
uerétnoe g douxés o Tic ohyoptBuiés toug Widtntee. Metall dAwv Blothtwy, o Lerchs
€dele 6T 1 xAdon Twv cographs cuunintel Ye Y xAEoN TV Py anayopeELTIXAY YRaPNUATWY, Yot
6T Ta cographs emdéyovtal Uta Uovadixr, we TEOC TOV LooUop(LoUS, SevBpLxt| avatapdoTacT Tou
ovoudZetar cotree. To cographs elvar téhetor ypagruato xoL TNy npayuotixdTnto oynuatilovy uLo
XATAAANAT, UTOXALOY TOV EUPEDS YVWOTOV UETAOETOV Ypagpnudtov xat tov distance hereditary
yoapnuUdTmy © TEGLEYOLY TNV xAdon Twv quasi-threshold ypagnudtov xat, emouévwe, v xhdon
twv threshold ypagpnudtwy [18, 43]. Axdua mepiocdtepo, o cographs elvor axpBdc exelva o
YeophRuato Tor onolo 8EV TEPLEYOUY XAVEVH ETAYOUEVO UTOYPAPNUY tedpopgo UE éva Py (dyopdo
UOVOTATL TEGGAPWY X0pLYAHY), ot oyetilovtat Ue TNV xAdon twv series-parallel xotevbuvbuevwy
yeopnudtov [105].

Ye autd 10 xePENALO EMLILGHOVUE VU ESPAULOGOUUE LOLOTNTES AL YAEAXTNELGUOUS Lo TNV XAdoT
Twv cographs mou Oa uag odnyroouy oe ula anoteheouoTixd eniAuon Tou TEolARuNTOC TNS edpe-
one tou TAHBoUC TV oxeEAETIXGY Toug dévipwy. Ilpotelvouue mpdiels oulxpuvone (Ualéuatoc)
emdvew ota dévtpa xat delyvouue GtL mpoavapepléy mpdBinua utopel va emtAubel anotehecuaTind
eQapu6lovtoag xatdhhnia auTéS TLC TEGEELS ENAVL OTO cotree TOU GUYXEXpPLUEVOU cograph.

Suyxexpuéva, napouctdlovue évay ypauuxd alydpliuo mou xabopilel o TARfoc Twy oxele-
XAV dévipwv evée ypagruatoc cograph: yio to 800év cograph G ue n xopugéc xal m axuéc o
ahybpliude pag xataoxevdlel ntpdta 1o cotree T, (G) tou ypaghAuatoc G, xaL oTn GUVEYELA UTO-
hovilel to mhRfoc Twv oxeletindy Sévipwy tou ypaghAuatos G oe O(n + m) ypdvo xat yoeo. O
ahyopetbuoc Baotletar oe npdlelc ouixpuvone mou egupudlovial UE cuaTnuatixd Tedéno €ToL Gote
var peTatpédouy 10 d3Evtpo Teo(G) ot éva uovadixd x6ufo, eved Ty (Bo oTLyur|, cuyxexpuévol To-
POUETEOL EVIUECHVOVTOL XATIAANAA" EQOGOY TO cotree TOU YPUPAUATOC UTOPEL VO XUATAGHEUNOTEL
o€ Ypévo xou YHpo yeauuixd g meog to péyeboc tou ypugphuatog [29], xat epboov xdbe mpdin
oulxpuvone yeetdletor ypbvo Ypauuixd we tpoc to Uéyeboc Tou enelepyaoUEVOU XOUUATION TOU
dévtpou, 1 dvw urohoyloude ypedletal ypdvo xat yHeo Yeauuxd we tpoc to uéyefoc tou ypo-
phuatoc G. 1o téhog, to TARog TV GXEAETIXOY dEVTpLY Tou Ypaphuatoc G amoxTtdtol kS TO
YLvouevo xdmotwy n — 1 aptbudy, 6mou n elvan o TARHoC Twv xopLEOY Tou Yeaghuatog G auThH 1
eneZepyaota ypewdletor O(n) ypbévo und T0 ouotduopEo x6oTous xpLtfplo (uniform cost criterion)
[3, 96].
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H ophétnta tou ahyopibuou uoc Boaotletor oe éva evpéwe Yvwotd anotéhecun, 10 Qedpnua
tou Iivaxa-Aévrpou, Kirchhoff (Kirchhoff Matrix Tree Theorem) [10, 47], mou exppdlet to Thh-
foc Twv oxeheTixdy dévtpwy Tou ypagruatog G wg ula cuvdptnon g opllovcag evédg mivaxa
(Kirchhoff ivaxa) o onolog unopetl va xataoxevaotel edxoha and v oyéon yertviaone (rlvaxoc
yetwviaoneg, Mota yettvioong, xth.) tou ypagruatoc G. AZilel vaonueldooupe 4Tt 0 UTOAOYLOUOC
e opllovoac tou Kirchhoff Hivaxa gaivetor 6t elvan uta toANd-vooyduevn xatedbuvon yio Tov
UTONOYLOUG TV GHEAETIXOV DEVIPWV OF OLXOYEVELEC Ypapnudtwy (deite [9, 24, 41, 93, 107]), ahhd
anartel O(n?) ypbvo xar O(n?) yodpo. Tinv neplntwoth uac yenoruonotodue tov Kirchhoff ivaxa
uali ue xhaowxéc Teyvixéc and TNV Yo dhyelpa xat v fewpla TVAXOY 1S €V XATAUGHEVO-
ox6 epyalelo yia vo anodel&ovue Ty 0pBTNTA TWY ATOTEAEGUATOV UaC.

To xepdhato elvar opyovouévo we e€hc. Ltnv deltepn evOTNTA EJPAULMVOUNE TNV GNUELOYEO-
pla xau v opoloyia wog xat Topouctdlovue TponyYoUUeva anotehéouata. LNy Teltn evotnTa
npotelvouue évav ypauulxd alybdetbuo tou xabopilet To ThRfoc Twv oxeleTx®dY SEVTpwY EVOC co-
graph, evéd oty tétoptn evétnta cuvodilovue To xepdlaio xar tapabétovue mbavéc uehhovTIXES
eneEXTAOELC.

3.2 Yvurinpopatixd-Iapgaydueva T'oagriuata — Cographs

'Onwe avagephixoaue nponyouuéves, o Lerchs anédeie 6t ta cographs elvat 1 owoyévela tov
YeuPNUATOVY TOU XaTaoXEVELovTaL o Piol LoVadIX Xopu@T UG TNV XAELGTOTATA TV TEAEEMY NS
EVeoNg ol Tou cuuthneduatog. Autéc ol mpdlelg opllouv yovadixd Ui Sevdpixt avamopdoTtaoy
oL avagepbuaoTe oe aUTAY we éva cotree. To cotree evéc cograph G, mou ouuBoiiletat ue Teo(G),

elvan éva pllowuévo dévipo tétolo HoTe:
(1) xdbe eowtepindc x6uPoc, ue mhavi ealpeon v pila, €xel TovAdyLoTOY 800 ToNdLd

(ii) oL eowtepixol x6uPol Eyouy emtypagéc elte 0 (0-x6ufor) 1 (1-x6uPor): to moudid, mou elvon
eowtepxol x6ufot, evoc 1-xéuBou (0-xéuBou avtiot.) elvor 0-x6uPor (1-x6ufol avtiot.),
dnhad? ot 1-x6uBot xar 0-xbuor evadrdocovta Yetall toug o xdfe yovondtt and v pila
uéypl onotovdrinote x6ufo tou cotree:

(ili) o @OAAA TOU cotree €youV ULA-TIPOC-ULA AVTLOTOLYLN UE TLC XOPUPES Tou Ypaghuatos G, xou
d00o xopuEc v;,v; Elval YELTOVIXEC 6TO ypdgnuo G edv xal UbvVo edv 0 EAIYLOTOS XOLVGC
TEOXATOYOC TWV PUAAWY TOU AVTLOOLYOVLY GTLC XOPUPES U; xat v elvan évag 1-xéufoc.

O opLoude tou Lerchs amontel 6t n pilo evée cotree mpénet va elva évag 1-xéufBog” mop’ dha autd,
edv mapakeldhovue autédy Tov teploptoud xat emttpédouue N plla va elvar entong xat évac 0-xéufoc,
té1e malpvouue cotrees ota omola 6Aol oL ecwteptxol xoufBol €youv Toukdytotov 8o moudid, xon
oto omola 7 plla elvar évag 1-x6ufog edv xou uévo dv to avtioTtolyo cograph elval cuvdedeuévo
(delte Tyfua 3.1).

'Eotw G éva ouvextixd cograph, xot éotw T,0(G) to aviiotoiyo cotree. Ogilouue ta axdrouba
x6UBwV/%0puPdY civoha Tévw oto cotree Teo(G):

o L;, mou glvar 10 6Uvoho TV xOUBwy/xopupdy Tou Beloxovial oto i eninedo Tou dEvipou
Teo(G), xou

o ch(u;), mou elvat To 6volo Ty TadLOY ToU x6UBou u; € Teo(G).

O natépac evéc xéuBou/xopuehic w 6to dévigo Teo(G) ouuBoriletar ue p(w). To Tydua 3.1
avanoptotd éva cotree Teo(G) ue ta avtioolya ovvoha emnédwy. 'Eva abvolo S twv gpOAAwY Tou
3évtpou Teo(G), 1, Loodlvaua, éva utooivolo twv xopuedy S C V(G), xakelto
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U1

V2 Ve

V3 U7

Vg Us

(a) (b)

Tyfua 3.1: (a) 'Eva cograph ue 7 xopugéc xau (b) to avtiotolyo cotree.

o toyupd block (strong block) edv éhec oL xopugéc oto cbvoho S Eyouv Tov (8lo Tatépa u 6To
dévtpo Teo(G), xat toylet ch(u) = S.

And ed6 xat 610 Zhc, ypnoluonolobue to p(S) yia vor SNAOVOLUE TOV TATEPO TWY XOPUPHY TOU
toyvpol block S, mou tov ovoudlouue toyupd xduPo(strong node): onuetdote 61, o xéuBog p(S)
elvar évoc xéufoc tou dévtpou Teo(G). Tto TyAua 3.1, to povadixd toyupd blocks tou 8évtpou
Teo(G) €youv oynuatiotel and touc xGUPBouc g, us XL Uz oL x6UPol uq xaL ug elvor Loyupol
1-x6uPoL, evéd o x6ufoc us elvar évag Loyvpde 0-xéufoc.

Baowlduevol otic Souixéc Wtétntec evic cograph G xat tou avtiotouyou cotree Teo(G), elvan
ebxolo va det xavele 6t to axdhovbo Muuo Loy veL.

Adpua 3.1. ‘Eva cograph G repiéyel touddyiatoy éva toyuved block.

3.3 O Alyoépibuog Yrohoyioupot tou ITA¥Boug Ty Xxeletindv Aévipwy

'Eotw éva cograph G ue n xopugéc xor m axuéc xa €otw 1o cotree T,,(G) tou. Me oxond tov
UTOAOYLGUG TOU TARTOUC TV OXEAETIXGY dEVTpwY Tou Yeagpruatoc G yenowwonololue 1o Oeben-
ua 1.2° Snhad¥, Starypdpoupe uta tuyata xopueh « tou cuvéhou V(G) xou Gheg i, TpooxelUeves
oty xopuen x, axuéc. Tdpa to alvolo xopupdv tou cograph G — z, mou €yel mpoxiet, éyet
uéyehoc n — 1.

3.3.1 O A\ydpBuocg

O¢touue emtypagéc s(v) 1= dy yia xdbe xopueh v € V(G)—{x}, énou d, eivar o Babude tne xopupric
U OTO OUYXEXPUEVO Ypdgnuo G* ovoudlovue oUTES TLC ENLYPUPES TWY XOPLYAY S-ETLypapéc (s-
labels).

O alydelbuog SOUEVEL GUEELXVHOVOVTAS UE EVAY GUGTNUATIXG TEOTO TOUS Loy upols xéuBouc
Tou cotree Tou ypoagruatog G — x xat avabfétovrac ota PUALL Tou Bévipou mou Eyouv mopaydet
ue tov udnhéTEPD delxTn XopUPRS Tou Yeaghuatoc G mou elvar tawdl evég Loyupol xéufou (deite
Tyfua 3.2). Ou ouppixvéoele TeETuyaivovTon LT TNy EVvoLa ULac oUVEpTNoNS, Tou ovoudletot, Up-
date_Replace( ), n onolo ToapdANAG EVIUERGVEL TLS S-ETLYPAPES TV TOUdLOY/XOPLUPAY TOL LoYUEOY
x6uBou. Ynueldvouue 6Tl oL s-emypagéc Bewpolviol we xabohixéc uetaf3Antés tou alyopifuou
uac.
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'Eotw u évac woyupdc xéuBoc tou 8évtpou Teo(G), xou éotw ch(u) = {vi,ve,...,v,}. H
ouvdptnon Update_Replace eqopudleton otov x6ufo u, xor Soukevel ug e&ng:

o avinoe g s-emtypawéc s(v1), s(ve), ..., s(vp) xatd 1, oty teplntwon mou o xéufoc u elvar
évac 1-xéufoc:

1

R 1

s(v)

O EVNUEPWOE TLC S-ETLYPUPES S(Up—1) XL S(Vp) TV XOPUPRY Up_1 AL Up, YENOULOTOLOVTAS THY

o UTOAGYLOE TNV TOPIUETPO e(u) :=

i=1

napduetpo e(u)

o dLéypade TS XOPUPES V1, V2, . . ., Up—1 A6 TO JEVTEO Teo(G), ot avuxatéotnoe tov x6ufo u
ME TNV XOPLYY| Vp.

@ (b)

Tyfua 3.2: Egapuoyy| tne ouvdptnone Update_Replace(ur, Teo(G)).

To Eyhuoa 3.2 napovoidler ty eqopuoyr e ouvdptnone Update_Replace ndvw otov x6ufo
ur € Teo(G). Hpdrta, unoloyiler e s-emypagéc s(v1), s(va), s(vz) xar v Topduetpo e(uq),
ot ouvéyelo emavounoloyilel g Twés s(va), s(v3), xoL TEAXE DlAYPAPEL TLC XOPUYES V1 XL Vg,
xo oavTixaflotd tov Loyupd x6Ufo w1 Ue TNV xopugr vs. H tumix meplypagr tng cuvdptnong
Update_Replace divetar otov AlyéptBuo 1.

Y1 ouvéyela mepLtypdgpouue tov alydelbuo Number_Spanning_Trees mou umohoyilel to mArfoc
TOV OXEAETIXGV dEVTpwY evic cograph G- Soulelel we e€nc: mpdta unohoyilel Toug Babuoic
d; v xdfe wa xopueh v; € V(G) xou avabéter emypagéc s(v;) == di, 1 < i < n. Metd,
unoloyiler 1o ypdonua G = G — vy, 6mou v, € V(G), xou xataoxevdlel to avtiotolyo cotree
Teo(G) " onuetdote 6L, 1 xopueh v; elvar YUARO 6710 dévipo Teo(G), 1 <i < n — 1. T1n ovvéyewa,
epapubélet enavainntind Ty ouvdptnon Update_Replace( ) oe xdfe toyupd x6ufo u, xat utohoyilet

Tie S-EMLYpaPEC $(v1), S(V2), ..., S(Up_1) TV x0pLPGY TOU dEVTPOL Tro(G). Tekixd, urohoyilet
10 Tifog Ty oxeletndy Sévipwv T(G) = [[1 s(vi). H tumxd neptypaph ToU Tapamdve

ahyoplBuou divetar otov Alybetbuo 2.
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Update_Replace(u, T

1. Yroléyioe to alvoro xopugdy ch(u) = {v1, va, ..., vp};

2. edv uelvar 1-x6ufoc téTE
yioe %dbe xopupy| v; € ch(u) extéheoe  s(v;) = s(v;) + 1;

p—1
1
3.  Ynoléyioe v mopduetpo e(u) == Z m;
=1 T\

4. Evnuépwoe tny s-emtypagn s(vp—1) wg eZhc:
s(vp-1) 7= s(vp-1) - (1 + s(vp) - e(u));

5. Evnuépwoe v s-entypagh s(vp) wc elhc:

5(vp)
, (o O-cd , — P
edv u etvon 0-xéuBoc t6te  s(vp) 5 s(uy) - e()
s(p)
AL = P —1;
o Lwdg S(Up) 1 + S(’Up) ] e(u) 3
6. Aéypade Tic x0pLYES V1,2, .. ., Vp—1 ATd TO dévipo T, xau

OVTLXATEGTNOE TOV XOUBO U UE TNV XORUYT| Up;

7. Enéotpede 1o dévtpo mou éxet npoxle;

AlyépiBuoc 1: Update_Replace

3.3.2 OpbB6tnta Tou AlyopiBuou

H opfétnra tou ahyoplfuov Number_Spanning_Trees edpatdvetar péoa and to Odenua Tou
mivaxo-Sévtpou, Kirchhoff (Oedpnua 1.2), nov endyet 61t 10 TARHOC TV OXEAETIEOY SEVTPWY EVOC
yoaghuatoc G Leobtal Ue onotovdhnote and toug ouvieheotéc tou Kirchhoff nivonca.

"Eot G éva cograph ue n xopupéc xar m axuée xon €6tw Teo(G) va elvar To cotree Tou ypopha-
toc G nou TepLéyel n xopupEc (@i xat k xéuBouc (ecwtepixolc xéufBouc). ‘Eotw Lo, Ly, ..., Ly,
o oOvoha emEdwY ToL dévTpou Tpo(G) o éotw S = {v1,va,...,vp} Vo elvan éva toyupd block:
ONUELGOTE OTL V1, V2, . .., Up € Lp. Tynuotilouye tov Kirhhoff nivaxa K tou cograph G, nou elvan
évoc 1 X n nivaxog, xat ot ouvéyela unoloyilouue tov n ouvteheotr tou mivaxa K. Ynuetdote
WS 0 N GUVTEAESTHC Tou mivoxa K wooltar ue tov (n — 1) tédéne ehdoowy upy, Snhad, ue ty
optlouca tou (n — 1) x (n — 1) nivoxa K, mou anoxtdtor and tov nivaxo K yetd v daypaen
™me Yeouuhc n xal tng othing n. Avuxafiotdvtag tig nuéc s(v;) = d;, 1 < i < n —1, o nivaxag
Kopn UeTOTRETETOL

- s(on) -

s(vp)
Knn = S (varl ) ;
s(Up+2)

L s(vp-1) |
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Number_Spanning_Trees

Eicodog: 'Eva cograph G ue n x0pu@éc v1, Vg, . . ., Uy XAL T OXUES;

"E€o8og: To mAffloc Ty oxeletixdy dévtpwy 7(G) tou cograph G;

Ynohéyioe toug Babuoic d; yio xdbe xopuet, v; € V(G);
O¢oe s(v;) :==d;, yra 1 <i <

Yroléyioe G := G — v, 6mou v, € V(G);

Kataoxebaoe o cotree T := T,,(G) tou cograph G;

Yroléyiee ta aUvora Lo, Ly, ..., Ly_1;

(=~ B, S VU VU

v i =h—1uéypt 10 0 extéleoe
vy xdfe x6ufo u € L; extéheoe T := Update_Replace(u,T);

n—1

7. Yrnoléyioe 7(G) = H s(vi

AlyépiBuog 2: Number_Spanning_Trees

6mou, olugwva Ue Tov optoud tou Kirchhoff nivaxa, n entypagh s(v;) oodtar pe tov Babud tne
%x0puYHc v; 0To Yedgnua G xal ta ototyelo (—1);; xou (—1);; twv un-dtaywviey Béoewy (7, j) xot
(4,7) elvae xat ta 800 —1 €8V oL xopuPés v; xaL v; elval YELTOVIXES 6TO Ypdgnua G ol LoolvTol Ue
0 oddg, 1 <4, j<n-—1.

O nivaxac Ky, aviiotoiyel o éva cograph G ue n — 1 XOpLQES V1, V2, ..., Up_1, OTOU 1 X380E
Xx0pUQH v; Exel o s-emypagh s(v;) = d;, 1 < i < n—1. Ounpdtec p ypouués tou nivaxa Ky,
aVTLOTOLYOUY OTLS P XOPUYES U1, V2, . . ., Up TOU toyupol block S+ oL enduevec (n — 1) — p ypopuéc
OVTLOTOLYOUY OTLS XOPUWES Vpi1, Upt2, - - -, Un—1. AvaxoholVue 6ti, GAEC oL x0pUPES TOU LoYUEOL
block S éyouv xowé natépa p(S) xat, entong, tov do Babud oto yedgnua G. Anhadi, Loylet
d; = dj, yio xd0e v, v; € S.

Y1 ouVEyELL EMXEVTPOVOUUE TO EVBLAQEPOY Uac 6TOV UTohoyloud tne opiloucas tou mivaxa
Ky, 090l 6noe gatvetal and to Oedpnua tou nivaxa-dévtpou, Kirchhoff (deite Oedpnua 1.2) 6t

7(G) = det(Kpy). (3.1)

Me oxoné va vrnoloyloouye v opllovoa det(K,y,), Eextvdue eoTidlovTac TNV TpocoyY LS OTLC
TPOTES P YpolUéS xat p 6TARES ToU Ttivaa Ky, o Soukebouue we e€fic: Tpdta, todanhactdlovue
™y Ypouy p Tou Tivaxa K, ue -1 xat tny tpochétovye otig ypouuée 1,2, ..., p—1. Hopatnpolue
6L oTIC TpdTES p — 1 ypauués tou mivaxa Ky, un-undevixéc tiwéc Beloxovtal uévo ot Béoelg
(2,4) xou (,p), 1 <@ < p—1, xau éyouy Twwée s(v;) xat —s(vp), avtiotolya. Metd, ouyxevipdvouue
NV TPOcoY R udc otny un-undevixéc Béoetc (i, p) Tou mivroxa Ky, 1 <@ < p— 1, xot exteholue

ta axéhovbo: edv o matépac p(S) Tou toyupol block S = {vy,vs,...,v,} elvar évac 1-xéufoc,
té1e TOAATAAGLELOVUE TNV OTANY j UE SEU”gL xat Ty TpochéTovue 6TV GTHAN pr aANLOS, TOA-

hamAaotdlovue Ty oTHAN j UE zEZj) xat v mpocbétovue otny otiAn p, 1 < j <p—1. Tdpa otig

TpdteS p — 1 ypaupéc Tou tivoxa Ky, pévo ol Siaydviec Béoeig (7,1) €youv un-undevixée tuuéc.
Emnpdobeta, n p ypauur nopauével oetdfBAnTn, xat oho tor Un-undevixd ototyelo twv Hécewy
(i,p) e oTiANe p, Y i = p+ L,p+ 2,...,n — 1, ta onola elyav 'ctw'] ton ue —1 otov apywd
mivaxo Kpy,, thpa €xouy my Bo twh k= —(1 + (s(vp) +a) - Zl 1 s(v1)+a>’ 6mov a = 1 edv o
natépoc p(S) elvon évac 1-xbufoc, xat a = 0 adlde. Tehwnd, nodanhaotdlovue Ty 6TAAY p UE
— % xou Ty ot p — 1 ue —k.
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Elvat onuoavtind va entonudvouue 6t ot topoandve npdielc dev ahidlouy vy Tiuy) e opilovscog
tou Tivaxa Ky, Emniéov, yio tov mivaxa mou npoxdntel uetd and autés Tic mpdlels, éyovue Otu:

i) é6ha o un-draydvia otolyela Twv Béoewy (i,5), 1 <i<pxu 1 <j<n—1, elva toa ye 0,
Sl X H

(ii) o un-daydvia otowyela twv Béocwy (4,7), p <4, 7 < n — 1, £xouv TIc apyxéc TOUC TUEC,
dnhadn, Tic TLUég Tou elyay oTov apyxd mivaxa K, xou

(iii) o Staydwia ototyeia Twv Béoewy (i,1), 1 <i < p, éyouv Twwéc ' (v;) ot onolec elvar loec ve:

s'(vi) = s(w)+1, 1<i<p-2
s'(vp-1) = (s(vp-1) +1) - (L + (s(vp) + 1) - e(u))
' s(vp) +1
-1
R EA TN ESVR )
edv 0 x6uBoc u elvar évac 1-xéuPoc, émou e(u) = S -} ST X

sSvi) = s(v), 1<i<p-—2
Sopr) = s(opo1) - (1+ (o) - e(w)

/ B S(Up)

s(wp) = 14+ s(vp) - e(u)

gdv o x6ufoc u elvan évag 0-x6ufoc, émou e(u) = Zf;ll S(})i).

'Etot, avantbooovtag we npog ¢ mpdteg p — 1 ypauués, Bploxovue 6tL n optlovoa tou mivoxa
Ky UETATRETETAL OE

s’ (vp)
p-1 $(Up+1) (=1)ji
det(Knn) = | [[s'@)]- s(vp+2)
= (=1
$(vp—1)
= s'(v) | - det(K"),

émou o nivaxag K’ elvar évag (n—p) x (n—p) nlvaxag napduotac Sourc ue tov apyixd nivaxo Ky,
OTN TEAYUATIXOTNTA, E(VOL TAVOUOLOTUTOS UE TOV LTOTILVAX X TOU apytxoU wivaxa Ky, mou optletat
and tic ypauuéc rows p,p+ 1,...,n — 1 xou and u¢ otihec p,p+ 1,...,n — 1, ye v yovadixy
Stapopd va utdpyer oty A s’ (vp) ToL Sapépet and TV Ty s(vp). Enueldvouue 6T, o Tivaxag
K' avuotowyel oe éva cograph G’ ue n — p xopugéc, %o, ETOUEVLS, TEPLEYEL TOUNAYLOTOV €Vl
toyued block (deite Lemma 3.1).

'Etot, edv unobéoovue (ue évav emaywyxd tpémo) 6t n opllovoa tou mivaxa K’ unopel
var expaoTel We T YLVOUEVO XATEMNALY TWdY " (vp), 8" (Vpt1)s - -+, 8" (Vn=1), T6TE M 0pllou-
oo tou apyxol mivaxa K, tooltal UE TO YLWOUEVO aUTOV TwV TWOV Tolarhactalduevo Ue
TO YWOUEVO TV TWOY §'(v1), 8 (v2), ..., 8" (vp=1), Onwe axpBdc unohoyilet o alydplbuoc Span-
ning_Trees_Number ypnotuonoidvtac vy ouvdptnon Update_Replace(). Auté amodetxviet tnv
opfdTnTa Tou ahydElBuol uag oL UE QUTOY TOV TPOTO UTOPOVUE Vo BLTUTOGEOLUE 10 axdloubo
ATOTENEGUA.
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Adppo 3.2, O aldydeibuoc Number_Spanning-Trees opfd vroloyilet to nArifoc twv oxeletixdy
Sévtpwy evic cograph G.

3.3.3 TITolumhoxdtnta Xpdvou xal Xdpou

Y11 ouvéyela utoroyilouue TNV TOAUTAOXSTNTA YEGVOL XaL YHEou Tou alyopibuou Number_Spanning_Trees.
Anodeviouue 10 axdéhouvbo AMHuua.

Adupa 3.3. O adydeifuoc Number_Spanning_Trees exteleltar oe O(n+m) ypdvo, émov n elvat
t0 mAfoc twv xopupdy xar m elvar to TAjfoc twy axudy tou Sobévroc cograph.

Ardbeién. H xataoxevr tou cotree Tp,(G) evéc cograph G ue n xopugéc xat m axuéc unopel va
mpayuatonowfel ue tohumhoxdtnta yeévou O(n +m) [29]. O vroroyioudc TwY cUVOAWY ETLTESOU
Li,Ls,...,Ly tou cotree T,,(G) oto Bua 5 tou alyoplfuou Number_Spanning Trees unoget
va extereotel oe O(n) ypdvo, epboov to cotree T,(G) meptéyer O(n) x6uPouc. Emnpdobeta, n
ouvéptnon Update_Replace epapuéletal oe xaféva and toug xéufouc tou cotree T := T,,(G), xot
btav egapuéletar oe évay x6uPo u, urnopel va exteheotel oe O(|ch(u)|) xpdvo, énou |ch(u)| elvor
N TANBXXGTNTA TOL GLYOROL TV TLdLGVTOL XGuUBou u oto dévipo T'. Aobévtoc 61t To TARHog Twy
%x6uBwv tou dévtpou T elvar O(n), to BAua 6 tou akyoplfuou Number_Spanning Trees omoutet
> wer lch(u)| yedvo. Tehnd, to Briua 7 naipver O(n) xpbévo und T0 0uoLOUOEPO XELTHELO XEGTOUC
(uniform cost criterion), olugpwva ue to onolo xdbe npdln anaitel Yo Lovdda ypdvou xat xdbe
ATOUYWENTAS Aol TeL Utal (hovdda ydpou, mou endyel 6T, aveldptnta and to ndéco Ueydlol elvat
ot aptbuol, uta aplBuntixol mpdln mou eunhéxovian k apBuol yeetdletar O(k) ypdvo xar ydpo.
Enouévog, o ahyéelfuoc Number_Spanning_Trees nalpver O(n + m) ypévo. 1

Sueiwon 3.1. H mohumhoxdtnta ypdvou xou y&peou tou adyoelfuod uac uetplétol alugmvo
uo To ouoLbuop®o xplthplto x6otouc. Ynd To xpLthpto autd xdbe enelepyacia 6To Uovtélo Uog
omottel Yo wovada ypdvou xat xdfbe xataywentic tia yovada yoeou. Ilupd to veyovée 6t o
aptbuntixéc mpdelc eunepéyouv Ueydhou ueyébouc tuyalouc aptuolc, uetpdue xdfe TEdn we
éva Bhua. Tty dud pac tepintwon 1o ouolbuop@o x6ctog elvon mpayuatixd (realistic) edv uta

n—2

&N tou umoloylot) unopel va amofnxeloel évay axépato ueyéhouc to mohd n"T, énou n to

TAR0C TV x0puEdY eVi Ypuphuatog (to TARHoS TwV oxeleTix®y Sévtpwy evée yYpaghuatoc G ue

n—2

n xopugéc elvar To TOAO N2 to Thfpec Ypdonua K, éyeL n OXENETIXG DEVTpa). LNUELDHOTE

y 2 Iy ’ , n—=2
el Sl autd 6TL edy 7] T[OO'OTT]TO( n

elvan ueyahitepn and authy mou unopel vo arnofnxeutel
o€ uta MZn tou unohoyloTy, ToTE axdua xat To Aoyapliuixd XpLthpto x66TouS (T0 UOVTEND aUTh
houBdver un’ édiv to to mepLoplopévo uéyeboc ulag mparyuotixic Béong (AEng) uvAung, mou elvat
hovapLBuu oe oyéon ue Tov aplfud Tou anobnxelel) elvar xatd xdroLo Tpéno Un-peakloTixnd, apold
Bewpel 6T dlo axéparor aplBuol i xat j utopolv va tolanhactactody oe yedvo O(log(i) +log(j)),
o onoloc dev elvan yvwotde 6T elvan nparypatonotfowoc (8ette [3, 96]). O

Aev glave doxolo va det xavelc 6Tl 0 yopoc tou ypeetdletal o ahybpiBuoc Number_Spanning_Trees
elvar O(n +m). Tnuewdote 6tt, To cotree evic cograph ue n xopugéc xow m axuéc unopel eniong
VoL XAUTOOXEVAGTEL OE Ypauuxd ypévo xat yoeo [29]. 'Etol, ta anotehéouata tng evoTnTog authc
ouvodilovtar ato axdhoubo Bedpnua.

Ocedenua 3.1. To nArfoc twv oxeletixdy Sévipwy evic cograph G ue n xopupés xar m axués
urnopel va vrodoyiotel oe O(n 4+ m) ypdvo xau ydpeo.
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3.4 Xvuurepdoupato

ITio yevixéc Adoelc TEAELwV YpapnudTwy Onwe elvar ol xAhdoelc Twv Py-reducible xou twv Py-
sparse ypo@nudtev, emdéyovtat extong uta povadixy| devdpuxt| avanapdotacy. "Etot, elvar hoyixd
XL ETOUEVO VoL avapwTniel xavelc edv oL Bouxéc LBGTNTES AUTAY TV SEVSPIXOY AVATILUGTACEWY
unopoLy va Bonbricouy otny eaywy Tney nou ayetilovtal ue 10 TAHHOC TV OGXERETIXGY SEVTPWY
touc. Ilpog auth v xatevbuvor oyedidotnxe o ahydptbuoc tou delyvouue oto Kegpdhoto 4.

'Eyet anodevytel 6t éva uetabetd (permutation) ypdgpnuo Glr|, uia evpéws YVwoth xAdon
TENELOY YPAUPNUATOY, UTopel Vo UETOOYNUATIOTEL GE éva XaTteUBUVOUEVOD dxuxAo Ypdpnuo o,
énetta, oe éva pllouévo dévtpo eZetdlovtac Ty avilotpoyn oyéon Twy oTolyelwy e Uetdbeonc
7 [87]. Baowlbuevoc xavelc o autd ta anoteréopata, Unopel va epeuvniel €dv 1 xAdon twy
UETABETOVY Ypagpnudtoy G[T] avAXEL 0TNY OLXOYEVELY TWV YPAPNUET®Y ToU ETSEYOVTAUL TUTOUC YLo
10 TAR00C TV oXERETIXGY dEvTpwy Toug. To mopabétovue wg éva avolytd npdBinua.
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KE®AAAIO 4

YTIIOAOTIEMOY. TOY IIAHOOYX TON
Y KEAETIKON AENTPON
XPHIIMOIIOIONTAY M-AIIOXYNOEXH

4.1 Ewoayoyh

4.2 (m)-AnoocGvleon xou Zuppixviouuo Yrodévipa

4.3 O AhyépiBuoc

4.4 Opbétnta Tou Ahyopifuou

4.5 Tlohumhoxétnta Xpdvou

4.6 Ynoloytopde tou IIABouc twv Exeletxdv Aévipwy o Fpouuixd Xebdvo

4.7 Yuyurepdouata

4.1 Ewoayoyn

"Eva oxedetind 8évtpo (spanning tree) evéc ouvextxol un-xatevfuvduevou ypaphuatoc G elvar
éva (n — 1)-oxudy ouvextixd unoypdenud tou. To mARBoc TV OXEAETXOY DEVTpwY EVOC Ypa-
puatoc (dixtbou) G, xakettat entone moAurdoxdtyra (complexity) tou ypagruatog G [10], elvor
EVOL ONUAVTIXG, EUPEWS YVWOTS, TEdBANUA oty fewpla yoapnudteov xat eugoviletar og évo TAf-
fBoc egopuoydv. O mo alloonueintes neployéc egoapuoydy elvar 1 adlomiotio Sixtbwy [84, 99],
0 UnoloyLoude e ouvohuic avtiotaone uetall utac axuic oe éva nhextpixd dixtuo (electrical
network) [13], anaplfunon ouyxexpwévey ynuixdy otovyelwy [20], xou anapifunorn twy Eulerian
x0xhwv (circuits) oe éva ypdgnua [47]. Tuyxexpuuéva, 1 anaplbunon oxeletixdy dévipwy elvor éva
0UGLIOTIXG BriUo 08 TOAAEC TEXYVIXES YL TOV UTONOYLOUS, TNV 0pLoBéTnom xal TNy TpoGEYYLOTXN
agtomotia Sixtvwy [25]° o€ éva dixTtuo Tou UYovtehonoteital and éva ypdnua, 1 EVEOETIXOLYWYL
ueTall GAwV TV ®6UPwV Tou dixtlou ENdYEL GTL TO YPdENUO TEETEL Vo TEPLEYEL EVO GXENETIXG
OEVTPO AL, EMOUEVKS, 1) UEYLOTOTOINGT ToU TARB0US TV OXEAETIXOY SEVTpwY Elval évag Tponog
Yo TV Ueylotonoinon g aflomotiog.
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Enopévoe, 1600 yio Bewpniixolc 660 xat yio mpaxtixolc oxonols, EVOLAPEROUACTE YLol THY
eCaywyy uadnuatixdy TOnwy yia Tov UTOAOYLOUG TOL TARBOUC TV GXERETLXGY SEVIpWY EVOC Ypa-
puatoc G, 6nwe entong xau yLa 1o Kyp-ouuniipous (K,-complement) tou ypaghuatoc G €dv to
yedgpnua G elvar éva utoypdenua Tou TAeeS Ypuphuatog Ky, T6Te 10 K, -ouumhipwuo ToU Ypd-
phuatoc G, mou cuufohiletan ue K, — G, opiletar v T0 ypd@nua mou anoxtdtal and To yedenuo
K, dwrypdpoviac tic axuéc Tou ypaghuatoc G (onueldote 6T, €dv To ypdonua G €yl n x0pugES,
161 10 Ypdopnua K, — G ouunintel ue To ypdonua G, Snh. To cuuthfpwua Tou Yeapruatoc G).
[MoA\éc mepintdoeic éyouv uehetniel tou egaptdvtar and tnv emhoyy tou ypagruoatoc G. "'Eyet
ueketnfel Gtav To ypdonua G elvor éva entypagduevo woptaxd ypdgnuo (labelled molecular graph)
[20], 6tav To ypdgnua G elvon éva mhipec Tohuuepy| Ypdonua (complete multipartite graph) [107],
btay 1o ypdonua G elvor évor xuxhixd yedenua (circulant graph) [42, 109], dtav to yedonua G elvat
€vac xuPxég ol tetpadixde xUxhog (cubic-quadruple cycle graph) [108], étav to yedgnua G elvat
éva threshold ypdonua [46], étav to ypdgnua G elvar éva quasi-threshold ypdonuo [91] xow dAheg
Tohkéc mepntdoeie (delte to BiBilo tou Berge [9] yio wia éxbBeon twv Baoixdy anoteeoUdTwY "
delte enlone [24, 67, 93, 91, 94, 100, 106, 107]).

O oxomnde g ouyxexpluévou xegalatou elvol vo UEAETAOEL To YeVxd TEdBANUA TN edpeaTg
ToU TAABOUC TV GXEAETIXGY BEVTPWY EVOC GUYXEXELUEVOL Ypaghuatos. Hapadootaxd, to nthiboc
TV OXEAETIXAY SEVTPWY EVAC YpapriuaTog utohoyiletal UTS TNV Evvola Tou xAaoixol Oewpruatos
tou mivaxa-8évtpou, Kirchhoff (Kirchhoff matrix tree theorem) [10, 47], mou exppdlet to nhibocg
TV OXEAETIXAY dEVTPWY eVhC Ypaghuatog G oe ayéon ue v opilovoa evée cofactor tou Kirchhoff
mivaxo (enlone yvwotéd we Laplacian nivaxa) mou unopel va xatooxevaotel edxoha and ) oyéon
yetwviaong (mivaxog yertviaone, Alota yertviaone, x.T.A.) and to ypdynua G. 'Etol n anaplBunon
TV OXENETIXAY SEVTpWY amhoroteltal oTov unohoyLtoud tne opllovoac evéc ((n — 1) x (n — 1))-
ueyéboug mivaxa, 6nou n elval 10 TARHOC TWY XOPUEDY TOU GUYXEXEWEVOU Ypaphuatog. Auth
N mpocEyyLan Exet ypnotdomotnfel yioa TRy amaplBunon Twy dévipwy 6e OOYEVELES YPAPNUATDY
(delze [9, 41, 93, 107]), adhd amoutel O(n?370) apiBuntixéc mpdleic otic Tuéc Tou Tvoxo xou
O(n?) ydpeo [27]" otny mpayLaTXdTNTY, AUTEC 0 ahybptiuog TOU ETLTUYYAVEL THY GUYXEXPLUEWY
TOALTAOXOTNTA Y EGVOU XoL YGpou eupavilel vav ueydhou ueyéfouc otabepd napdyovta étol Gote
Yo T oV oLVBUAGTIX0UC LTOAOYLELOUC 0 anhdc O(n?)-ypbdvou ahydbpiuoc anodetxvieTtol 1
npogavic Aon. A&ilel vo onuetnbel enlong, étt oe uepiréc edixéc nepintdoel 1 optlovoa unopet
vo. unohoytotel o O(nl®) ypdvo, yenoiworotdviac To eninedo Saywpotind Bedenua [74]. Te
Ayeg neptntddoeLg, 10 TAN00S TV OXERETIXOY EVTPOY EVHS YRUPRUATOC EYEL UTOAOYLOTEL Ywelg TNV
anotiunon utag opllouvoag. Ou Colbourn et al. otny egyaotia [26] éyouv mpotelvel évay akydpliuo
mou tpéyet o O(n?) ypdvo Yo éval n-xopuedy eninedo ypdgnua. O ohybebude Touc Baciletor
0€ XAMOLOUS GLYXEXPLUEVOUC UeTaoynuatiouole (Yvwotol we delta wye teyvixi) Tou unopody va
e@apuooToly ot entneda YpapRuata: SUOTUYAOS, elval SUOXOAO Vo UEAETAGEL XaVELC TETOWC 1) dAAOU
eldoug uetaoynuatiouols ot Yevixd ypaghuoata (tépa Tov eTinedny youpnudtwy).

Me oxond TNy andxTnoy Uldc amoTeEAEcUATIXC ETLAUOTC Yol To TEOBANUC, EXUETAAEUOUACTE
v m-anocUvheon (évac Tpdnoc anocUvieonc tou YpaghRuaTtoc nou cucyetilel To Ypdgnua Ue To
uéylota oudoyev obvoha-maximal homogeneous sets) tou cuyxexpluévou ypaghuatoc G xaL ou-
yxexpluéva i Widtnteg Tou md-dévipou tou. O ahydptbude uac otnplletat ot Tpdielc GUOTONDY
v oe dévipa (tree contraction operations) mou egopudlovtal Ue €vay cLGTNUUTIXG TEoTO and
%*4TW TEOC TA TAVW EToL AOTE Vo GupEXVKOoEL To md-3évipo Tou Ypagruatog G oe éva uovadixd
%x6uBo, EVG TAVTOY POV GUYXEXPLUEVOL TAPAUETEOL EVIUESGVOVTOL XATIAANAAL 1) EVIUEPWOY) OUGLO-
o TRAYUATOTOLEL UETAOY NUATIONOUS TdVw otoug ouvieheaté tou Kirchhoff Ilivaxa mpog v
anotiunon e opllovouc. Axdua, To YEYOovoc 6Tl aoyololUaoTE Ue auToTEAElc-Hovadec—modules
(dnhadny, xdbe xopueh extéc e autoteholc-uovddoc elvar yertovixt elte oe dhec elte oe xaula
and TS xopLYES Tou Bploxovtal UEcH TNV AUTOTEAA-UOVADA) UoC ETLTEENEL Vo XEEDLOOLUE TNV
rohumhoxétnta Ypdvou O(n370) yia modkéc mepntdoeic ypagnudtoy. 1o téhog, to mhfoc
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TV OXENETIXAY dEVTpWY TOL ypaphuatoc G amoxtdtar wg To yivéuevo n aplBudy, étou n elvar
T0 TARBoC TV XopUPRY Tou Ypaghuatog G autds o mohhamhaotaouds anattel O(n) ypdévo und
10 ouolduoppo xbatoug xpLthpto (uniform cost criterion) [3, 96]. O alydplbudc poc elval ebxoha
TpayHaTonotioLuog 1) 0pBdTNTd Tou edpatdveTal UE TOV TpOTO TOU OEwERUATOS TOU Tivaxa-3EVTpou,
Kirchhoff, uall ue xhaowée teyvinée and v ypouuwxr dhyeBpa xou Ty Bewpla mvdxwy.

Mo oLYXEXELUEVY, VLo OPLOUEVES XAAOELS YPoPNUATKY, 1) doul Twv md-3évTpwy Touc (Xat 6Tny
TEAYLATIXOTATA TOV TPOTWY YPagnudTteny toug) pac entBeButdver 6t xdbe xduBoc tou dévtpou
unopel va enelepyaotel o ypoauuxd ypdévo g mpog 1o UéyeBoc Tou cLEEVWUEVOL UEpoUC TOU
dévtpou: €tot, epdooy 10 md-8EVTEo EVAC YRUPHULITOC UTOPEL VO XUTAOXEVAGTEL GE YPOVO XAl Y(HEO
Yoo we tpocg to uéyeboc tou ypagruatoc [30, 80], n eneZepyactia oAdxAnpeou Tou md-8évtpou
xat GLUVETOS To TARHOC TV OXENETIXDY SEVTRPWY TalpVEL YPOVO YRoUUIXS Xal YOPO YPUUULXE WS
mpoc to Uéyeboc Tou cuyxexpluévou ypapruatoc. Tétoiec ¥Adoelc elvan oL xAdoelc Twv tree-
cographs, (q,q — 4)-ypagpnudtov yio otabepd ¢, xor Py-tidy ypagnudtwy, pall ue e mowxiiec
LTOXAAOELS TOUS, dTwC elval, Ta cographs, ta Py-reducible, ta extended Py-reducible, ta Py-sparse,
ta Py-lite, o Py-extendible, xou ta extended Py-sparse ypagriuoto. Autéc ol xhdoelg yeapnudtoy
€youv ueketnbel and moholc ouyypageic oto napehddv (delte [5, 35, 39, 59, 62]), tou €Byaulay
oTny emtpdveta TLg dopixéc xat ahyoptBuixéc touc Widtntec. To xivntpd épyetal and to yeyovde ot
QUTEC OL XAAOELS TV YPAPNUATOV EYOLV ALy dy0pda LOVOTETLY TEGGAPWY X0pUPAOV(YVWOTE WS
Py), mou tic xdvet va eugavilovtal o€ TOMES TpayUATIXES EYOPUOYES, Y., OE YPOVOSLAYPGUUNTO
(deite [6]).

To xepdhato elvon opyaveuévo we e€hig. Xty Seltepn evOTNTA ESPAULGVOUUE TNV GNUELOYpAPLdL
XL TNY 0pohoYLol oS xo TopoUGLALOUUE TEONYOUUEVA ATOTEAEGUATO. TNV TelTn eVOTNTA TEpLYpd-
pouue Tov ahy6pLiuo mou xabopilel To TARBoc TV axeEAETIXOY DEVTpWY EVAC TUYAlOU YpaPUATOC.
Yy tétoptn evétnta anodetxvioude TNV opBétntd Tou, evd otny méunty evétnta unoloyilouye
TNV TOAUTAOXGTITA YpOVOU XaL YGpou. Xtnv éxtn evétnta delyvouue 6Tt T0 TARBog TwV oxeleTL-
XDV SEVTRPOV YLl UEPIXES XAJOELS TEAELWY YPAPNUATWY UTOREL VoL UTOROYLGTEL GE YpaUUIXO YPOVO.
Téhoc oty €BBoun evétnta, cuvodilovue 1o xepdhato xat topabétovue mhavéc enextdoetc.

4.2 m-Anoclvleor xou Xuppevdoltua Yrodéviea

"Eva unoolvolo M twv xopuedv evéc ypaphuatoc G avagépetar we autoteA-uovdda (mod-
ule) tou ypaghuoatoc G, edv xdbe xopugr extde Tou cuvérou M elvar, elte yertovixr oe dhec
g xopu@éc tou M, elte o xoplo and autéc. To xevéd olvolo, ta UovoGivola oL To GUVOAO
%xopupdy V' Aéyoviol tetpiuuévec autotehelc-uovddec xal dtav to Ypdpnua G éyel ubvo TeTpLU-
uévec autotelelc-uovédes téte avagépetal ws mpdto yedynua (prime graph ¥ indecomposable).
Mo un-tetpruévn autotehi-uovéda ovoudletar enlone xat ouoyevéc ovvoho (homogeneous set).
"Eva npdto apayvoeldée ypdgnua elvar éva mpdto yedgnua, ool Sev meptéyel xaula TETEUUUEVN
autoteA-uovdda. Emonudvouue 6t éva dyopdo uovondtt ue n > 4 xopupéc xaL évag dyopdog
%x0xhog Ue n > b xopugég elvon mpdta ypapruata. Emnmiéov, uta autotehr-uovada M tou ypapr-
uatoc G ovoudletal toyvel autotedr-uovdda (strong module) edv yia xdbe ula avtotelh-uovdda
M’ # M tou ypaghuatoc G, elte woyder M’ N M = ) elte woyder M’ C M.

H m-onoctvleon (modular decomposition) evéc ypaghuatos G avanapiotatal and éva dvipo
T'(G) o onolo ovoudlouue md-6¢vpo Tou ypaghuatoc G (modular decomposition tree): to UM
Tou dévtpou T(G) elvar oL xopupéc Tou ypaghuatoc G evé xdbe ecwtepixdc x6UPocg t avtioTolyel
OE ULal LoYUpY) AUTOTEAA-UOVAda mou cuufBoiiletar M (t) xat endyeton ond 0 6UVONO TWV XOpU-
PAV/ UMY tou utodévipou ue plla tov t. 'Etol to 8évtpo T(G) avamoptotd dha Tic Loy UpES
autoteAelc-povadeg tou ypaghuatoc G. Kdle eocwtepinde wéufoc emypdpetol ue Py nopdA-
ApAn autotehi-uovdda (parallel module), % ue S yua oeipraxij avtoteri-uovdda (series module),
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V14 V13 V3 V4 Vg Vg V11 V12 V13 V14 V15

(a) (b)

Tyhua 4.1: (a) éva ypdonua xau (b) to md-3évtpo Tou.

f ue N yio yertovixrj avtotelf-uovdda (neighborhood module). H autoteld-uovddo mou avti-
otouyel oe évav P-x6ufo endyel éva un-cuvdedeuévo unoypdgnua tou yeagruatoc G, auth Tou
S-x6ufou endyel éva cLVSEdEUEVO LTOYRAYNUA TOU Ypagruatog G TOU To GUUTAYEWUE Tou elvol
éva Un-ouvdedeuévo unoypdgnua xat auth Tou N-xéuPou endyel éva cLVBESEUEVO UTOYPAPTUA TOU
yoaghuatoc G oL To GUUTANEWUE Tou elvan enlong éva cuVSedeuévo utoyedgnua. To YyAua 4.1
delyvel éva ypdgnua xol to md-8évtpo Tou.

Mo ouyxexpLuéva, €oTw t évac eowtepixdc x6uPoc Tov md-dévtpov T'(G). Edv o xéufoc t éye
woudLd t1, ta, . .., tp, téTE Opllovue o avumpoowneuTixd yodynua G(t) (representative graph) wc
axohoVbwe:

o V(G(t)) = {t1,t, ... t,}, and

9] E(G(t)) = {titj | V; Vg S E(G), v; € M(tz) pidedn Uj S M(tj)}

Ynuetdvouue 6t €€ 0ptouol TNg aUTOTEAOUC-UOVAdAC, €4V [ia XopueT TNe aUTOTEAOUC-LOVEdAC
M (t;) elvon yertovuxr ue piar dhhn xopugy tne autoteholc-uovadag M (t;) téte xdfe xopugh tne
autoteholc-uovddoc M (t;) elvar yettoviny| ue xdbe xopugh tne avtoterotc-uovadac M(t;). 'Etot,
T0 ypdonuo G(t) elvar loduoppo Ue To Ypdenua Tov EndyeTal and éva UTooOVONO TNc aUToTEAOUC-
uovédac M(t) ouppxvivovtac oe o xopueth x&fe uéyiotn autotehic-unouovdda tne M (t) oto
dévtpo T'(G). Téte: (i) edv o xéuPoc t elvan évac P-xéufoc, To yedonua G(t) elvan éva yoplc-axpéc
yedonua, (i) edv o xéuBoc t elvon évag S-x6ufoc, To ypdenua G(t) elvar évor TAREES Ypdpnua, xot
(iii) edv o xéuPoc t elvar N-x6uBoc, 1o ypdpnua G(t) elvar éva npdto ypdpnua.

To md-8évtpo T'(G) evéc ypaghuatoc G xataoxeudletal avadpouixd we e&Ac: oL TUPIAANAES
autoTeAElc-povEdec anoouvtifevtal otic cuveEXTXES GUVLGTGOES Touc (connected components), ot
oeLpLaxéc AUTOTENELC-LOVEBES OTLC UN-CUVEXTIXEC GUVLOTOOES Toug (co-connected components), xot
OL YELTOVLXEC aUTOTENELC-OVASES OTLC Loy LEEC auToTEAElC-UTOUOVASES Toug (strong submodules).
H anoteheoyotixnd xataoxeut; tou md-3évtpou evég yeagpruatog Exel dey el Tohd ueydin npocoy.
Yrdpyet éva thhfoc and O(n*), O(n?), O(mn), xar O(n?) ayopifuouc yia tnv elpeon tou md-
dévtpou, énwc elvar twv Buer xor Mohring [19], Golumbic [43], Habib xow Maurer [45], McConnell
[78], Muller xou Spinrad [83], uepixol and Touc omoloug elvar yio ouYXEXPLWEVES i YEVLXOTERES
TEPLTTAOELS TOU TpoPBAfuatoc. And to 1994, elvar mAéov Yvwotd e Yol OTOLOdATOTE Ypdpnua
G 10 md-dévtpo T(G) elvor yovadixd w< TEOS TOV LOOUOPPLOUS XL UTOEEL Vo XUTOGXEVAGTEL
oe ypapuxd yeévo [30, 33, 79, 80]. Enueidvouue 6Tl edv 1o dévipo T(G) dev meptéyel xavéva
eowtepxé N-x6ufo, t6te 10 yedonua G elvon éva cograph (Py-free ypdgnua) xat to dévtpo T'(G)
elvar To avtlotouyo cotree (o1 P-xéuBot xar ou S-xéufol tou T(G) elvon axpBde ov 0-xdufor xon
1-x6uPot, avtiotolya, Tou cotree).
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"Eotw o x6ufoc t va elvar évog N-xéuBoc. Mropolue va det&ouue 61t edv T0 TpdhTo Yed@nua
G(t) avixeL oe ula owxoyévelo F and ypagruato t6te 1 eneiepyaoio tou malpvel ypévo ypauuixd
wc mpoc to péyeboc tou ypaghuatoc G(t) - autd cuunepalvel dTL eV Ghal Ta TEGOTO YEAPHUATA
evée ypagphuatog G aviixouv oty owoyéveln F 16Te 1o TAR00g TwV OXERETIXOV BEVTP®Y TOU
yeagruatoc G unopel va utohoylotel oe ypdvo yeauuxd we mpoc To uéyeboc tou yeaguatog
G. H owoyévela F mepléyet apold apoyVoeldés ypagruota, Tpdta Sévipa, dyopdous xOxAoug, XL
ToL GLUTANEGUATE Toug" ovoudlouue autd ta yYeaghuata Saotxd yeagruata (basic graphs). "Eva
TpGTo Yedgnua mou Sev Bploxetal otny owoyéveta F ovoudletol un-faotxd yedpnua (non-basic
graph).

Y1 ouvEYEL, ELGAYOLUE TOUS 0pLEUOUS TwV UN-Bacixol x66Toug VS YPUPHUATOS XAl TNV
EVVOLAL TOVY GUPELXVACLUGY UTOdEVTpwY Tou md-dévtpou ta ool Ha ypnotuonoticouue otov ahyd-
ptBud uac.

Opiopée 4.1. 'Eotw F va elvan 1 ouxoyévela Tov Baotxdy ypagnudtwy, G éva yedenua, T(G) to
md-3évtpo tou, xa éotw a(G) = {t1,ta,...,ty} va elvar 10 6UVORO TV N-x6uBwv Tou dévtpou
T(G) térow Gote 1o avunpoowneutixd ypaphuota G(t1), G(t2),. .., G(ts) va unv elval otny ot-
xovévewor F. Optlovue to up-facixd xéoroc (non-basic cost) tou ypagAuatos G we Ty TN
(G) = Dica(a) [V (Gy)|?376 = 2 tea(@) |ch(2)[>376, émou ch(t) dnhdver To oOvoho TV ToudLdY
T0L X6UPou t oo dévipo T(G).

Aev elvor dGoxolo va deL xavelc 6T yLa éva n-xopupdy Yedgnua G, éyouue 6t ¢(G) = O(n?379)
vyl éva n-xopupdy cograph G éyouue ¢(G) = 0.

Ye yevixéc ypauués, xdvovtac yeron tne m-anocVvieong yia tny enthuvon evég alyoplful-
%00 mpoffuatoc unopel vo anodelyBel apxetd evdiapépoy. 'Evac tunixde (Siadpet-xoai-Baciieve)
ahydptbuoc mou epeuvd Ty m-anocUvieon éyel ouyvd TV axdroudn dour: medTa, o akybdptBuoc
xatooxevdlel to md-8évipo T(G) tou dobévtog ypuphuatos G YenoLuotoLdvTog évay and Toug
Yvwotols ypouulxols alyéptBuoug [30, 33, 79]° otn ouvéyela, Ue évay omd xdTw TEOS T TV
Tp6m0 0 ahybplBuoc vroloyilet yio xdbe xéuBo t Tou dévipou T(G) v BéATLOTN TWH YLo TO
urnoyedgnua GIM (t)] Tou yeaghuatoc G mou endyetar and 10 6OVONO GAWY TwY YOMNGY TOU UTo-
dévtpou tou dévipou T(G) ue pila Tov x6uPo t. "Etol o vnoloyioude Eexwvder and v avdfeon
TV BEATLOTOV TWOV ota UANN. Metd, o alydptbuog unoloyilel tny BéAtiotn T Yo xdbe ecw-
Tepxd x6UPo t ynotuonoldvtac g BéATLoTES TLWéS and dha o todLd tou xéulBou t xou ue Bdon
v entypagt () Tov TOno) tou xéuPou. Tehxd, n Bértot tuh e pllac tou dévtpou T'(G) elvan
xat 1 BEATLOTN TWA Y To TpéBAnua tou dobévtog ypaghuatos G.

Me autév tov tpémo, yia va xafopicouye évay tétolou eldoug ahydptbuo, Baoltouévou otny m-
anooVvbeon (modular decomposition based algorithm), npéner uévo va mepiypddovue tov tpdTO
mou xabopllouue Tic TLéS ot POMAA Xat Tolov TUTo e@apudéloupe B Toto uTonpdBAnua ETAVOUUE
otoug P-xéuPoug, S-xdéufoug, xar N-xéufouc yenouonoldviac we eloodo Tig TWWéC AWV TV
ToudLdy toug (yia meptoobtepec Aentouépeteg delte [18]).

Oploudg 4.2. 'Eoctw éva dévtpo 1. 'Eva unodévipo ue pila évav xéufo ¢ tou dévtpou T  elvon
ovpptxvdoio urodévteo (contractible subtree) edv xat udvo edv dha to Tadid Tou x6uUPou ¢ elvan
@UAKa Tou dévtpou 1.

Baowléuevor otic dopixéc Widtntec tou md-dévipouv T'(G) evée ypaghuatoc G, elval edxoho va
dolue 6t T0 Ypdpnua G €YEL TOUALYLGTOV EVa GUPRLXVAOGLUO UTOBEVTEO.
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4.3 O A\yépeBuog

Me oxoné tov unoloyioud tou TABoUC TV GXEAETIXOY dEVTPWY eVOC Ypughuatoc G UE x0pUpéc
V1,02, ..., Up, YeNotdonoolue to Oedpnua 1.2: Swrypdpouue wia tuyala xopugh v, € V(G) xou
OAES TLC TPOOXEIUEVES GE AUTAY axUES, ouoyeti{ovue xdbe uia and TLC UTONOLTIES XORUPES UE ULAL
s-Tiuij 1 onola apyLxomoLeital 6Toug Bafuoic Twv xopLEAY oTo Yedenua G, xuu xataoxeudlovue
0 md-3évtpo Tou ypaghHuatoc G — vy, 6TN CLUVEYELD, UE €vay amd *4Tw TEog ToV Tdvw TedTo,
enelepyalbpoaote xdbe éva and To oLPEXYGOLUA UTOBEVTEA TOU BEVTPOU %Ol To GUPELXVOVOUUE
oe éval pUMo-%x6ufio ou avtiotolyel otov uPnhdtepn Selxtn xopuPhc/PUAROL, EVE TAUTOYEOVA
EVNUELOVOUUE TLC S-TLUES TV XOPUPKY/PUAAWY" EVTELEL, OAGXANPO TO SEVTPO UETATEENETAL GE ULYL
uovadLxh x0puEhH/QUANO, XL T0 TABOC TwV OXEAETIXAOY dEVTPWY Tou Ypaphuatoc G toodtal UE To
YLVOUEVO TV TEMXADY TWAY TV S-TLUGY and OAeS Tic X0puPEc Tou ouvéhov V(G) — {v, }.

Kdéfe ouvdptnon, mou cuppixvdvel 1o unodévipo ue pila tov x6uPo t, amoteheitol and Tig
axéhoufec tpete Baoixée pdoelc:

> ®don vnoloytouol @ utohoyilel Tig s-TLWES TV TodLdY Tou x6uBou t, UE évay xatdAAnio
Tpéno mou e€aptdtar and Tov TUno tou xéufou t xat to yedonua G(t) (deite Brua 2 tne
ouvéptnone Contract-Parallel Series).

> ®don evnuépwonc: otn cuVEYEL, o€ éva deVTEpO Bra, EPupUGLETOL UL EVNUEPWOT TOVY -
TWAY TV 300 VPNAOTERKY BEXTOV TWY X0PUPKY, YeENoLoToLdVTS éva xaTtdAAnio dgotapa
TWY S-TLOV TS @dong unohoylouot (dette BAua 3 tne ouvdptnone Contract-Parallel Series).

> ®don cuotohfc: TENXE, CUPELXVAVEL GE Uta UoVadXh Xopu@n v, To uTodévipo ue plla Tov
x6ufo t (dette BAua 4 tne ouvdptnone Contract-Parallel Series).

Kololue autol tou eldouc tic ouvapthoels ouvaptijoelc ouotoldrc (contraction functions). O
ahyopetbuoc mou unohoyiler to mARBoc TwV oxeheTXdY dévipwy evic ypaphuatoc G Sivetar Ue
Aemtouépeta otov Ahydptbuo 3° to ouyxexpévo yedonua G Bewpelton dtL elvar ouvexTixd (oh-
e Bev €yel xavéva oxehetxd dévipo). Emniéov, onuetdvouvue 6t ot s-tuée elvar xofohixéc
uetaBAntéc.

OL ouppnvdoetc yivovton ue Ty Borfela dVo cuvapthicewv: g ouvdptnong Contract-Parallel_Series,
mou egopudletal o évay oupptevioluo P-xoufo 1 S-xéuBo, xat tng cuvdptnone Handle-N_node,
mou egopubdletar oe éva ouppxvdhollo N-x6uBo. Apywd n ouvdptnon auidver Tic s-TWWES TWVY
HOPUYAY V1, V2, ..., Up xoT& 1, TNV TepinTwoy mov o ecwtepnds x6uBog t elvar évag S-xoéufoc.
Téte unohoyilel éva oUYXEXELWEVO AOROLOUN TOV S-TLUAY TV X0PLEEY oL oYeTI{OVTAL UE TO TolL-
3L/ UAAeL ToL X6UPoU, TOU YENOLUOTOLELTAL YLa TNV EVUEPWON TOVY S-TWAOY TV 300 LYNASTECWY
SETMY XORUPKY, Vp—1 Xl Up. TeAxde, oLppXVOVEL TO UTOBEVTEPO Tou ptldveTar otov P-xéufo
1) S-x6ufo t 6Ny xopueY, v,. H tumued meptypagn) tng ouvdptnong Contract-Parallel Series Sivetol
TUEAXATE:

'Eotw t évac N-x6ufoc mou elvon n pilo evée ouppixviouou utodévipou. 'Onng npoavagéphnxe,
€dv o avunpoowreuTixd Ypdgnuo G(t) etvar éva Baowxd yedonua (dnhadn, avixel oty oxoyéveLa
F) t61€ UnopolUe v YELpLo0TOUE TNV TEPITTWON AUTH OE XpéVo Ypauuixd ks Tpoc To uéyefoc Tou
yeaghuatoc G(t). Edv to ypdonua G(t) elvar éva un-Baoixd yedenua, eZaxoloufoldue vo cup-
ELXVOVOUUE TO UTodEVTEO (o€ Umép-yYpouuxd ahhd toluwvuuxd ypévo). H axdlouln ocuvdptnon
xeelletar auth Ty nepintwon.

4.3.1 Enelepyacia twv Baowody N-xo6ubwv

'Eotow t évag N-xbéufoc tou dévipou T(G) xat toylel Gy € F. Ilpdra, yperalbuaote va avayvopt-
OOUUE GE Tota ¥Adon g owoyévelas F o yedonuo G(t) avixet. Tlo tumxd,
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Spanning_Trees-Number

FEioodoc:'Eva ouvextixd ypdgpnua G Ue n XOPUQES U1, V2, . . ., Up XL 1T AXUES.

'E¢odoc: To nhifoc twv oxehetxdv dévipwy T7(G) tou ypagruatoc G.

1. yw xdbe xopuen v, 1 <i<n—1, extéleoe
unohéytoe tov Babué d(v;) oto ypdonua G;
s(vi) — d(vi);

2. T «— o md-dévtpo T tou ypaghruatoc G — vy,
3. Ynoléyioe ta abvola x6uPBwy Lo, L, ..., Ly twv emnédwy 0,1, ..., h tou dévtpou T

4. vy i =h—1uéypt 100 extéhece {ro unodévrpo ue pila tov xdufo t elvar ouoTtodixd}
v xdfe eowtepind x6uBo t € L; extéleoe
4.1 edv o xo6uPoc t elvon évac P-xéuBoc % évag S-xéulog
4.2 <éte T « Contract-Parallel_Series(t,T);
4.3 olkdg T «— Handle-N_node(t,T);

n—1

5. 7(Q) « H s(v;);

i=1

Alyépibuog 3: Spanning_Trees-Number

Yuvdptnon Contract-Parallel_Series(t,T')

1. r—0;
gdv o x6ufoc t elvar évag S-xoufog
t6te  {éoTw v1,v2,...,Vp 0L X0opLPES Tov oyetilovtar ue ta naudid Tou xduPou t}
v xdbe xopugr v;, 1 <i <p extéleoe
s(vi) < s(v;) + 1;

3

"
2. QHZS(W)'
i=1

3. Evnuépwoe Tic s-TLWES TWV XOPUPAY Up_1 XAl Up S EERC:

s(vp—1) = s(vp-1) - s(vp) - a3 s(vp) — o )

4. Avtuxatéotnoe to unodévipo ue plla Tov x6ufo t ue to @OAo/xbuBo tou oyetiletal ue TNV
HOPUON) Vp;
enéotpee T0 TPOXUTTOV DEVTPO;

AlyébpBuoc 4: Contract-Parallel_Series
o cdv o ypdonua G(t) elvan éva apatd apayvoeldée ypdonua téte xaroVue I «— Contract-Spider(t, T, —1)

o cdv o Ypdonua G(t) elvar éva npdto dévipo t6te xaholue T «— Contract-Tree(t, T, —1)-

o cdv 1o ypdonuo G(t) elvon évac dyopdog xixhog téte xahobue T' «— Contract-Cycle(t, T, —1)

42



Yuvdptnon Handle-N_node(t,T')

€dv  TO avUnpoowreLTXd Ypdynua G(t) avixel otny owxoyéveta F
t6te T «— Handle-Basic-N_node(t,T);
aAdg T «— Contract-NonBasic-N_node(t, T);

Alyépibuoc 5: Handle-N_node

o cdv 10 Ypdynua G(t) elvar To cuuTApwua evic apatol apayVoeELdolS YPUPHUNTOS, EVOC
O TOL BEVTPOoU, 1) Evag dyopdoc xUxAog ToTE XANOUUE
T « Handle-Complement-N_node(t,T).

AZilel va onuewwbel 611 N TapdueTEoc —1 TV GUVAPTAGE®Y YL TNV GUEEIXVKGT EVOS dpAloy apa-
Yvoedolc ypaphuatog, evog TedTou 3EVTpou, 1) evog dyopdou xUxAou elval yio va 6NUaTodOTHGEL
6Tl TO OUYXEXPWEVO Ypdgnua elval éva apotd apayVoeSEC ypdgpnua, éva TedTo 3évipo 1 évag
dyopdog xUxhog xar Gyt To cLUTAHPWUS Toug. Edv autéc ol GUVOPTACELS EQUEUOGTOUY GTA GU-
UTANE@UATA EVOS Apalol dpdy VOELS0US YeaPAUATOS, EVOS TPGTOL SEVTEOU, 1 VOIS dy0pdou xUxAou,
téte auth N Topduetpog elvon 1 (delte tny ouvdptnon Handle-Complement).

Enelepyacioa twv N-x6uBwv Apayvoetdols I'pagpruatog

e authy y neplntwon, to yedonua G(t) elvar éva mpdto apayvoewdée ypdonua. H ouvdptn-
on Contract-Spider(t, T, r) npdta vroloyllet ty Swauépion (S, K, R) tou ypagphuoatog G(t) edv
r = —1 (oe authv TV Teplntwon o Ypdgnuo G(t) elvat éva apatd apayvoeldés Ypdenua), etdE-
Aoc, utohoyiler Ty dapéplon Tou GUUTANEGOUNTOS ToL Ypaghuatos G(t) (o auth Ty nepinTwon
T0 ypdonua G(t) elvar v muxvé apayvoeldéc ypdonua). Tdte ovoyetilet xdbe xopupy| v; ToL Ypo-
phuatoc G(t) ue dvo twée: b; xou ¢;. Mo ouvyxexpuuéva, n ouvdptnon Contract-Spider-N_node
epapubletal wg efhe.

O UTOXOYLOUGS TWV S-TLUAY TWY XOPUPERY TETUYALVETOL GUUPWYA UE OPLOUEVES TopaUETEoUS. 'Onwe
UE x8&0e GUGTOAXT GUVEETNOT, ULa EVNUERKOT TWY S-TLUGOY atd V0 x0pUPéS EQapUOLETAL, TOU MR
eZoptdton and Ty Unapén, B un, Tou cuvorou R edv elvar xevd. Enueidote OtL, o avtiotolyla
UE TLC TPELS PAOGELC ULag YEVIXTS OUOTOAXAC cuvdptnone, ta Bruata 1-5 avixouv otnv @dorn
umoloytouol evéd ta BAuota 6-7 avixouv otnyv @dorn evnuéowong xat to Brua 8 avixel otny
tehevutata @don ocupplnvwonc.
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Yuvdptnon Contract-Spider(t, T, r)

1. Edv r = —1 téte unohdyloe ta olvora S, K, xar R tou ypagphAuatoc G(t), alhide, €dv
= 1 unoAbyLoe autd ta olvola oto yedonua Gy éotw S = {vi,ve,..., vk} xu K =
{Vks1,.. . 02k} (onuewdote 6t edv R # ) 16t 0 oOvoro R meptéyer ubvo Ut xopupn,

Skadt, R = {var41})

Ae < 0; Ap — 0; As — 0;

v 1 =1,2,...,2k extéleoe
— -1 bj — —1;

2. Evnuépwoe Tic s-TLUES TV x0pupdy Tou ouvélou K wc elrc:
oo xdfe xopupy| v; € K {va,} extéheoe
() —slo) ~ gy —r e T SRS b bt iy

EVNUEPWOE TNV S-TLWY TNS X0pLYHC V2 € K g EEY']Q'

s(var) « s(var) — ﬁ Cok = C2k + 5oy bar = bar + 55y

3. edv R#0
t6te {10 olvodo R nepiéyer udvo uia xopvpr, Snady, R = {vaks1}}
EVNUEPWOE TNV S-TLUTH TNS XopUPRC vakt+1 € R we e
S(Uzk+1) — S(U2k+1) -

T .
C2k+1 = T 5o
bop4+1 — —1;
UToAGYLoE T axdAovBoug TapaETPOUC:
Cokt1l baky1 1 .
Ac s(vak+1)’ Ap s(var41)’ As s(vak+1)’

4. Ynohéyioe tic axdhoufec napauétpous:

2h—1
CzkHbsz'<)‘+Z )

Z

=k+1
2k—1
bop, < bap — (T — S(’ng <>\b =+ Z >
1= k+1 l

5. Ewvnuépwoe v st g xopueic va, € K o EET']CI

2k—1
s(vag) — s(vag) — r(r — s(vag)) (A + Z i) )

= k+1

Poeib
6_ K2 3
[P Dy
i=1
7. Evnuépwoe Tig s-TLUEC TV XOpLUPRY Uy XaL Vo S EEAC:
s(vk) — s(ox) - s(var) - v s(var) < 1/7;

8. Avtxatéotnoe 1o unodévtpo ue pllo Tov x6ufo t ue Tov YUARO/x6ufo tou oyetiletal Ue TNV
HOPUPT Vok;
enéotpee t0 eneepyaoUEVO DEVTRO;

A)yébpiBuoc 6: Contract-Spider

Enegepyacioa twv N-x6uBwv Aévtpou

'Eotow 61t 1o ypdonuo G(t) elvan éva tpdto dévipo. Baotlbuevol oto 6lvola Emnédmv EVOS TEHTOL
dévtpou, unoloyilouue UE évay ond ®ETw TEOC TO TEVL TEOTO TLC S-TLWES TV xopuedY. Kdbe s-tium
utac xopu@hc utohoyiletat GUUPOV UE TLS S-TULES TWV TABLAY NG, EVE GUYXEXPUEVOL TOREUETPOL
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evnuep®vovTal Ue Tapbduoto tpémo. Tehwnd, uto pdorn evnuépwanc xot aLpplxveneng epapudletal Ue
Tov avdhoyo teono. Ed& onuetdvouue dtu auth n teyviny Baoiletat oe évay tino mou éyel dwbet
oty epyaota [91]. Tnuetdote entong dtL n napduetpoc r tng ouvdptnong eZuptdtat and To edv o
yedonua G(t) elvar éva tpdto dévtpo B 10 cuuTMipwud Tou elvar éva TpdhTo dévipo.

Yuvdptnon Contract-Tree(t, T, r)

1. Edv r = —1 t6te unoldyloe 1o oUvoha x6ufBwy Lo, L1, ..., Ly tov emtnédwy 0,1,...,h tou
Youghuatoc Sévtpou G(t), alhiie, edv 7 = 1 unoldyLoe auTd To oUVOIa 670 Ypdonua Gy
vy 1 =1,2,...,p extéheoe

C; < -1

2. Me évay and xd1e TEog To TAVL TEOTO, EVAUEPWOE TLC S-TLUES TWY XOPUPDY U1, V2, . . ., Up O
elnc:
v i =1,2,...,p extéleoe
2.1 s(v;) — s(v;) — E
j€ch(i)

2.2 Ci+Ci—T- Z ;

jEch(i) s(vj) - ¢

3. 5HZS(C;) :

i=1 v

4. Evnuépwoe Tig $-X0pUPOY TV XOpUPKOY Up_1 Xl Up OS EENC:
s(vp—1) = s(vp-1) - 5(vp) - - s(vp) — 1/6°

5. Avtxatéotnoe 1o vnodévtpo ue plla tov xéufo t ue To @iiho/xéufBo mou oyetiletal ue TNV

XOPUPT vy’
enéotpede to enelepyaouévo dévipo:

Ay ébpBuoc 7: Contract-Tree

Ta BAuata 1-2 exteholv Ty @don unoloylouoy, ta Bruata 3—4 extelolyv TNV @aoT eVNUEpON
xot to Bua 5 extelel v @don cupplnvworng.

Enelepyacio twv N-x6ulwv Kixlou

'Eotw 611 10 ypdonua G(t) elvar évac dyopdoc x0xhoc xa €0Tw v1v2 -+ - v Vo Elval 0 dyopdoc
x0xhoc. O UTOAOYLOUAC TOV S-TLUGOY TOV XopuUPAHY epupudletal UE Evay celptaxd tpéno. Kdbe s-
TLWT ULog ©0pugric utoloyileTol GUUPWYA UE TNV S-TLUT TNS TEOTYOVUEVNS X0pu@Tic aTny axoloubia
Tou x0xhou. Ty Bta otiyur), 1 s-TLdi g xopuEnc Ue tov uPnidtepo deixtn unoloyileto. 'Onwg
Xal 6TNV TEONYOUUEVY GLVAPTNOY, N TapdueTpoc T UTdpyet Yo va xafopioel néte 1 cuvdptnon
epopubéletar oe évay dyopdo xUXho ¥, 6T0 GUUTAEKUS Tou.
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Yuvdptnon Contract-Cycle(t, T, 1)

1. Edvr = —1 t6te unordyLoe tnv axoloubia Towv x0pupdy tétola GoTe 1 axoloubia vivs - - - vy
va oymuatilet évay dyopdo xOxho oto yedonua G(t), allde, edv r = 1 unohdyioe Pt Tétola
axohouvbio oo ypdgnuo Gy;

€<,
v i =1,2,...,p extéhece
ci +— —1;
2. Evnuépwoe Tig s-TLWES TWV XOPUPAY U1, V2, . .., Up—1 WS EEAC:
vy i =2,3...,p—1 extéheoe {anadowpij evdc oyedov-tpidiaydviov nivaxa}
2
r
21 s(vi) < s(vi) — —=;
( ’L) ( ’L) S('Ui—l),
Ci
2.2 ciHcZ—fWZil;
S(’Ui_l)
e
2.3 s(vy) «— s(v,) — ——;
( P) ( P) S(Ui—l)
€-Ci—1
2.4 Cp— Cp — —F—;
P P S(’Uifl)
2.5 € —;
S(’Uifl)

3. Evnuépwoe tny s-Tiun Tne xopugic v, g eig:
3.1 e«—e+r;

o2
32 sv,) — <>—ﬁ
3.3 Cp — Cp — m;

P2
4. — ; swy)

5. Evnuépwoe Tig s-TLWUES TWV XOPUPAY Up_1 XAl Uy G EENRC:

s$(vp—1) < s(vp-1) - 8(vp) - 0; s(vp) < 1/0;

6. Avtixatéotnoe 1o unodévipo ue plla tov x6ufo t ue 1o POINO/%buBo Tou cuoyetiletal Ue

TNV XOPUYT Vp;
enéotpee T0 eneepyaOUEVO DEVTRO;

AlyépiBuog 8: Contract-Cycle

H enelepyaoio ota Bruoata 2 xou 3 unopel va Gewpnlel wc pia anahoipn evéc cuuuetpixold oyeddy
TpWtaydviov Thvaxa ueyéhoug p X p. 'Evac oyeddév tpdtaydviog (tridiagonal) mivaxac elvar évog
TedLaydviog mhvaxac! ue S0o emmhéov un-undevixd otolyelo: ta dtorydvior oToryela Tou Thvaxa
€youy Ty $(v;), T TEVL omb TNV SLoYDVLO XaL To X4Tw and TNV Slaydvio oTolyela €youv TN
r xou otic Béoec (1,p) xou (p, 1) undpyer n tuh e. 'Etor, 1o BAuata 2 xau 3 uetaoynuotilouvy
TOV Tvoxo 6E €Voy SLUYOVLO TLVaXal, EVE) OL GUYXEXCLUEVES TAPIUETOOL ¢; EVIUEPOYVOVTAL XAUTd TNV
SLAPHELA TOV UETACY NUATLOUMY.

L "Evac tpidiaydviog(tridiagonal) mivaxag elvar évac tetpaywvixde mivoxec e un-undevixés Tigéc uévo otny
xlpla SLaydvlo xal 0Tl TpdTeg Slaywvioug xdTw xal Tdve and v xlpla diaydvio.
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Enelepracioa twv N-x6uSwv Yuunhneoudtony

'Eotow 1o yedonua G(t) va elvat éva apatd apay voeldés ypdgnua, 1 éva tpdto 8évtpo 1 évag dyopdog
x0xhoc. Te authv v neplntwon, n ouvdptnon Handle-Complement-N_node(t, T") elvor unedhuvn
Yol TO XGAECUA TWV AVTLGTOLY WY GUVAPTACEWY Guppixvwaong, dniadt, Contract-Spider, Contract-
Tree, 1; Contract-Cycle, ue » = 1. H tumun nepiypag?, tng ouvdpetnone Handle-Complement-
N_node divetar mapaxdto:

Yuvdptnon Handle-Complement-N_node(t, 1)

1. v xdbe xopuen v;, 1 <i <p, extéleoe
s(vi) < s(v;) + 1;

r <« 1;

2. gdv 10 oLUTAAPLUL TOU AVTLTPOCWTELTIXOY Ypaghuatos G(t) elvat éva apatd apayvoeldés
Yedonua
t6te T «— Contract-Spider-N_node(t, T, 1);
AANLDS €AV TO CUUTAFEWUN TOU AVTLTPOOWTEUTLX0Y Ypaghuatoc G(t) elvan éva dévtpo
t6te T « Contract-Tree-N_node(t, T, 1);
oAty T «— Contract-Cycle-N_node(t, T, 1);

3. Evnuépwoe v s-tiun tng xopughic v, wg e€hic: s(vp) «— s(vp) — 1;
enéotpee 10 enelepYaOUEVO DEVTRO;

Alyépibuoc 9: Handle-Complement-N_node

4.3.2 Enelepyacia twv Mn-Bacixady N-xo6uSwv

'Eotw 10 aviinpoowneutixd yedonuo G(t) va elvar éva ypdonua to onolo dev elvar éva Baoxd
yedonua. Téte, exuetadievduaote 1o Oedpnua tou tivaxa-dévipou, Kirchhoff (8eite Evétnta 4.4
yLo Aemtouépetc) xat egapuélovue pio Gauss-Jordan Baotouévn teyvixd. H tumind neptypagi authc
e ouvdptnone Contract-NonBasic-Nnode(t,T'), nou ehéyyer autiAv v tepintwo, elvar 1 e€ic:

Eivar edxoho va mapatnerioet xavelg to BAuata tng ouvdetnone Contract-NonBasic-N_node oe
oyéon Ue T TpeC @doelg uLag ouvdptnong ouppixvwone. Ta mpdta 8o BrAuata elvar 1 @don
unoloytouoy, to BAuata 3-4 avixouv otnv @don evnuépwonc xat to BAua 5 avixel otnv @don
oupplnvworng.
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Yuvdptnon Contract-NonBasic-N_node(t,T')

1. Kataoxebooe twv p x p Kirchhoff nivaxa B tou ypaghuatog G(t), 6mov vy, v, ..., v, elvat
oL xopugéc/Tadd Tou x6ufou ¢
vy 1 =1,2,...,p extéheoe
Bli,i] < s(v;);

ci +— —1;

2. yua i=1,2,...,p—1 extéleoe {Gauss-Jordan araroipi}

21 vy j=i+1,i+2,...,p extéleoe
r— Blj,il/B[i,i];
CjCj —T-C;
vy k=1d,i+1,...,p extéheoe

Blj, k] — Blj.k] - - Bli, k]
2.2 enavélaBe to BAua 2.1 ue evadhayh TwV Ypauuoy xot Twv oTnAoy otov tivaxa B, |,
€10l Hote
va ohoxhnewbel 1 Gauss-Jordan anohoign;

3
YTk

i=1
4. Evnuépwoe Tl s-TWES TV XOPUPKY U1, V2, . . ., Up WS EEAC:
v i =1,2,...,p— 2 extéheoce
s(v;) < Bli,i];
s(vp—1) < Blp—1,p—1]- Blp,p] - 5; s(vp) < 1/B;

5. Avtixatéotnoe 1o unodévipo ue plla tov x6ufo ¢ pe 1o pOINo/%buBo Tou cuoyetiletal Ue

TNV XOPUYT Vp;
enéotpee 10 eneepYATUEVO DEVTRO;

Alyé6piBuog 10: Contract-NonBasic-N_node

4.4 OpbB6tnta Tou AlyopiBuou

H anddelén e opbdtnrac tou akyopibuou Spanning Trees-Number Bociletar 610 Oedpnua tou
nivaxa-dévtpou, Kirchhoff+ delyvovue 6t n ) mou emotpéper o ahydptbuoc Spanning_Trees-
Number oot ue Tov ouvteheoth p tou Kirchhoff nivaxa tou ouyxexpluévou ypagruatoc. To
Theovéxtnua tne Kebddou uac oe oyéon Ue Tov utohoyloud tne optlovoac Tou GUVTEAESTH elvat
6Tl YALTOVOLUE Ypévo (o y®po) enelepydloviac autotehelc-uovddee, epbdoov xdbe xopuph £€w
and v autotehi-uovada eite BAEneL GAeC TS XOPUPES NG AUTOTEAOUC-UOVABAS 1) Ydvel Gheg Tig
HOPUPEC.

To Oedpnua tou nivaxa-dévtpou, Kirchhoff (Oedpnuo 1.2) endyet 61t 1o TAABOC TV OXENETIXOY
dévtpwy Tou Yeagruatog G tooltal Ue €vay omolovdrnote and Toug cuvieheotéc tou Kirchhoff
mivaxo K énwc oplotnxe oty evétnta 1.1.1, xau étor, ue v opllovoa touv (n — 1) x (n — 1)
uronivaxa M tou nivaxo K mou oynuotiltat and Tig mpidteg n — 1 Ypouués xat TS Teoteg n — 1
othkec. Xpetalduaote vo Gewprioouue TNy enclepyaoia TwV GUGTOAXGY UTOBEVTPWY Ue plla évay
a P-x6ufo, évav S-xéufo, xau évav N-xéuBo (évav Baowxd N-x6ufo A évav un-Bacixé N-xéuBo).
"Eotw éva ypdonuo G Ue 1 XOpUEES XaL EGTW OL P XOPUYES V1, V2, . . . Up TOU 0pLLoUY ULX QUTOTEAT
uovéda oto yedgnua G. e oyéon UE aUTAV TNV aUTOTEA-LoVESa, 1 wop@t Tou mivaxa M elvat 1
e€ric:

48



(~D)pern (~Dpsrp i d(vps)
M = )
(=15
(*1)%1 d(”ﬂ)
: (~1)y
(~Dp-11 o (Dnoip d(vp—-1)

(4.1)

6mou d(v;), 1 < i < n—1, elvar o Bafude e xopughc v; oto ypdgnuoa G. H onuetoypagplio
(—1)i,; yiot T un-drarydovia (4, j)-otouyela exppdlet 6t ta otolyelo elvia loo ue —1 edv ol xopugés
v; %o v, elvon yettovixée oto ypdgnua G xou elvia loec pe 0 adlde. Tapduoia, ta otouyeta (i, )
xau (7,4") (aviiot. ta otowyeta (4,5") xow (47,4)) elvar xa to 8o —1 €dv oL XopUPES vy XaL v,
(avtiot. v; xau vyr) elvon yettovixée oto ypdonua G xat elvon loec pe 0 adhde, 1 < i/ < p (avtiot.
p+1<j <n-—1). Enueidvouue 6tL, Tt Un-Staydvia otolyelo 0TS TPDTEC P YPAUUES KoL P
othkec Tou mivaxa M efaptdvrat and tov tno tne autotelolc-uovadac tou oynuatiletal and
TLC XOPUYES V1, Vg, . .., Up (aVaRGYwC €8y oynuatiletar and évav P-xéufo, évav S-xéufo 1 évay
N-x6uBo). Ennpdofeta, e@boov oL TpdTec p x0opuPés ENAYOUY ULo AUTOTENA-UOVESH 6TO Ypdpnua
G, oL ypauués tou M unonivaxa mou oynuotilovtal and ¢ ypouués 1,2,...,p xou T oTHAES
p+1,p+2,....,n—1celvon dtec xou napduotee, xat ot othreg tou M unomivaxa tou oynuatilovron
and te yeouuéc p+1,p+2,...,n — 1 xou tic othhec 1,2, ..., p elvan (dtec.

Eivar EexdBopo and 1o Oedpnua 1.2 611 7(G) = det (M) onuetdote 61t o aptbude 7(G) exgppdlet
10 TANB0C TV oxeleTXOY Bévipwy tou Ypaghuatog G. AZilel va onuelwbel 61, 6to Briua 1 tou
ahyopibuou Spanning_Trees_.Number cuoyetilovue uta s-tiur mou apyLxonoteltal otov Babud e
xopugric oto ypdenuo G. Me oxond tov utohoytoud tne optlovoac tou tivaxo M undeviouue ta
un-dtaydvia otolyeta mou Beloxovtal 6Tov p X p UTOTVAXA TWV TEATWY P YRUUUOY XAl P GTHAGY.
Auth 1 epyooia netuyalvetat and Ty GIoT UTOAOYLOUOU ULIC GUVAPTNONS GUGTOAAS. LNUELOOTE
6T, M wop@n Tou unonivaxa eZaptdtal and tov Tino tou yeaghuatoc G(t).

o 'Eoctw éva ywplc-axuéc yedgnua G(t) ue p xopugéc (mou endyetar and évav P-x6éufo t).
Téte o p x p unonlvaxag elvar daydviog epbooy Sev undpyouv oxués oto ypdenua G(t). H
neplntwon énou 1o yedenua G(t) oyetiletar pe évav S-xéufo yeplletar ye évay topduoto
tpémo (delte Evéotnra 4.4.1).

o 'Eoctw 10 ypdgnua G(t) éva dévtpo ypdonua. Xtnv epyaocta [91], évac tinoc Buotouévog
otnv opllouoa éyet detylel ue oxond Tov unoloyioud tou TABoUC TV GXEAETIXGDY BEVTOWY
Tou ypaghuatoc K, — G, émou to yedgnua G elvar éva 3évipo ypdgnua. H ouvdptnon
Contract-Tree-N_node Baciletol oe mopduola ovVIUETONLON " YLo Uld AETTOUERT] ambdelln,
deite [91].

o 'Eotw 1o ypdonua G(t) évac dyopdoc x0xhog ypdenua. Xe authy Ty Teplntoon, 1 uopeh
Tou P X p umonivaxa elval TapduoLa Ue Evay TEWBLIYOVLO GUUUETEWG Tivaxa. Eival ebxolo va
det xavele 6t n anaholpr) evée ouUUETELXOU TELSLaYdVLoL Tivaxa amoutel uévo O(n) uetaoyrn-
poatiouolg Tou extelobvtan TNy gdorn utohoytouol tng cuvdptnone Contract-Cycle-N_node.

o 'Eoctw 1o ypdgnua G(t) va elvar éva apad apayvoeldéc ypdonuo. Auth n neplntwon elva
oyetxd noldmhoxy, nap’ 6ho nou Bacileton ot xhaoxéc mpdielc Tvdxwy. Amodetxviouue
autolg Toug Yetaoynuatiouolc otny Evétnta 4.4.2.
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o 'Eotw 1o ypdynua G(t) va elvar to cuunhipwua evéc Baotxol ypaghuatoc. e oautiy Ty
neplntwon avagepduaote oty Evétnra 4.4.2.

o 'Eotw 1o ypdonua G(t) va etvar éva un-Boaoxd yedonua. H gdon utoloyiopod tne cuvdptn-
onc Contract-NonBasic-N_node eapuéler uta Gauss-Jordan anadoipy atov unonivaxo mou
oynuotiletol and T TpOTES p YEUUUES XL p oTHAES Tou Tivaxa M xou €tol o unomivaxog
UETUTEETETAL OE SLAYHDVLO.

Metaoynuatilovue tov nivaxa M ue xhaoixéc teyvixée and v ypaupxr dAyeBea oe évay dAho
nlvoxo My, xdvovtac Tov utonivaxa p X p ot dtaydvio tivaxa, 1ot dote det (M) = det (M;). Téte
o nivaxag M elva ueyébouc (n — 1) x (n — 1), napduotog tou mivaxa M, xat éxel Ty oaxdroudn
Hopen:

5(v1) 0 (c1)1,p41 (c1)1n—1 |
: (¢i)ij
o W) et (¢p)pn-1.
(bl)p+1,1 (bp)p-i-l,p S(Up-i-l)
M, = :  (4.2)
(*1)1'/,]’
(bi)j,i s(vj)
: (= 1)1
L (bl)n—l,l e (bp)n—l,p S(Un—l) _

6mou ta atouyela ()i xou (b)), 1 <i<p<j<mn-—1E¢éyouy nuéc ¢; xou b, avtiotouya, Edv oL
XOPUPES v; %o v; elval YelTovixég ato ypdenua G xou elvar 0 adlide. H dtagopd tou nivaxo My
and Tov mivaxa M elvar Tt éyel GAEC To UN-OLayGVLAL GTOLYELD TWV TPOTOY P YPAUUDY XAl P 6THADY
toa ue undév. O Twéc TV ¢; xou b, p < i < n — 1, TwY avtloTolY WY YPoUUOY XoL GTNAGY TOU
mivaxa My e€optdvtol and Tov TITo TV UETACY NULATLOUGY ToU e@apudélouue Tdvw otov Tivaxa M.
Yrevluuiloupe 61L, oe oyéon Ue TS GLUVAPTAHOELS GUEPIXVWOTE, auTol oL UTohoYLouol ExTENOUVTIL
oty @don unohoylouol. To axdhouvbo AMuua anodetxviel o ouctaeTixd Biud Tng ouppixvwong
EVOC UTOBEVTROU GTNY X0pu@T Ue Tov LYNAGTERO SelxTn V), TOU EQUpUOlETAL GE GAES TLC GUVIPTROELS
oLpplXVWONE, TapdUOoLa UE TNV PACT EVIUECWOTNS XAl UTOAOYLOUOU.

Adupa 4.1. Tia v opillovoa tou mivaxa My tnc EE. (4.2) éyovue ot

det (M;) = H s(vi) | - s(vp—1) - s(vp) - 0 - det (M),

P
bici ., , )
drov 0 = Z (C) xar M elvar évac (n —p) X (n—p) rivaxag tnc popyijc
S\U;
i=1
s’ (vp) (=1)p.;

M = (=D 5

s(vn-1) |

drou s'(v,) = 5.
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Anédeiln. Me oxond tov unoloytoud e oplloucac tou mivaxa My, undevilovue to un-Saydhvia

otolyela Twv TpdTeY p — 1 ypouudyv: yia xdfe i =1,2,...,p — 1, toAanhactdloude Ty Ypeauun
P UE —¢ifcp xou TNV TPoohETOUUE oY Ypauuth i, ol emouéves, vl xdfe ¢ = 1,2,...,p — 1,
rolhamhaotdlovUue TNV GTHAN @ UE %((2"; xat TNV mpochétovue oty othAn p. Q¢ anotéleoua,

ubvo Tor LAY OVLES GTOLYEL TV TEATWY P — 1 YpauUDY €Y0uv UN-Undevixéc TLUES, Tou LooUVTAL UE
s(v;). Enlong, €dv 0 elvar 1 T tou oplletar oto Muua, 6ha tor un-undevixd otouyela otic Héoeic
(1,p) TNC OTAANS P €xouv ThPa TNV (Bl TLh z—z -0 o 6ha Tor Un-undevixd otolyela otic Béoelg
(p, 1) e yeauuhc p éyxouy tdea TV (BLo TWh ¢p, p+1 < i <n—1" autd to un-undevixd otolyela
elyav Ty ton ue —1 otov apywd wivaxa M. Me oxond va ta xdvouue loa ue —1, dtopoldue ta
oTolyela TNG YPoUUTC UE € %Ol TNS OTARNC P UE Z—Z -0, xou TOTE €TOL HOTE VAL SLATNEHOOLUE TNV TLUN
e opilovcag auetdBAnty, tolhaniactdlovue TNV Ypouun p — 1 ue s, - 0. 'Etol, avanticcoviog
WE TPOC TLC TPKOTES p — 1 ypoauuéc, Beloxovue 6t n opilovoa tou nivaxa M yivetot

s'(vp) (—1D)p;s
s(vp+1)
det@h) = | 1Ll | gy R e
(= 1),
$(Up—1)
= | s (v;) - det(M"),

6mou

sv) = s(v), 1<i<p-2

s'(vp-1) = s(vp-1) - s(vp) -0
, _ 1 Cp 1
s'(vp) = s(vp)-a-m—é. 1

Hopoatneodue 6t o mivaxac M’ elvar évac (n — p) X (n — p) wivaxac napdUolog UE Tov apyixd
mivoxo M 6Ty TRoyHaTiXoTNTA, €lvol TUVoUoLdTUTOS UE TOV UToTivaxa Tou apytxol mivaxo M
nou oynuatiletal and ¢ ypauués p,p+1,...,n— 1 xat 1. othhec columns p,p+1,...,n—1, ye
™V u6vn Sapopd 6t TLun 8 (vp) Sagépet and v T e s(vp). 'Etot, edv unobéoouue (ue évay
emaywywd Tpémo) 61t N opilovoa Tou Tivaxa M’ unopel va ex@paotel kS TO YLVOUEVO TWV XAUTEA-
AoV TGy §' (vp), 8" (Vpt1)s - - - 8 (Un—1), T6TE N 0pllouca tou apyxol Tivaxa M elvar lon ue To
YLVOUEVO OUTAY TWY TLUAY TOMATAoGLalOUEVES UE TO YLYOUEVO TV TWAY $(v1), $(v2), - . ., $(vp—1),
6mwe xdvel o akybdplBuoc Spanning Trees-Number. ‘Etot, apxel vo xafoploet xavelc toug timoug
TWV UETAOYNUATLOUAY TOL EQAPUGLOVUE T8vw 6Tov tivoxo M oL Vol TEXUNELOGOUUE TLC TLUES TV
s(v), 1 <14 < p, mou unohoy!let n xdfe ouvdptnon.

'Etot, and 1o nponyoluevo AAuuc xoBlep®dVouUe TV QacT EVNUERKONS XAl GLERIXVKOONS GE
x40 ouvdptnon ouppixvwone. AZilel va onuewwbel dtL oe Todkéc mepintdoelc o mivaxas My tng
EZ. (4.2) elvor cuuueTpixde %o, ETOUEVKS, oL TWES Twv b; ot ¢; elval loec.

4.4.1 Enelepyaocia eviog Yuuninpopatixolt N-x6uf3ou

"Eotw o xéuBoc t vo elvar évac ouppixviotuog x6uboc xat Bewpelote oL xopupéc/towdid Tou x6ufou
t elvar B = {v1,v2,...,0p}" onueldvouue 61t 1o olvolo B endyel éva npdto yedenua G(t) 6mou

G(t) elvon éva Boaownd ypdonuo. e auth Ty teplntwon, o nivaxag M éyel ty popeth tne EZ. (4.1).
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[Ipoohétovue uta véo mpdtn Ypouun xat athin otov nivaxa M. Ta otoyela tne npdtne Yeauunc
(1,4), 2 < i < p, elvae loa ue —1, extde tou daydviou oToLyelou Tou €yel T 1, xat dhec ou
UTONOLTIES TLUEC TWV OTOLYElWY NG Ve Ypourc ot othAing elva (oeg ue 0. Auth n mpdobeon
Yeauunc xat othing dtatneel v T e oplloucac Tou mivaxo M.

Me oxoné vo unohoyloouue v optlovoa det(M ), nohhamhaoidlovue T tpdTn Yeouur ue —1
%ot TNV npoocbétouue otic p endueves ypapuéc. Topa ta (—1); 4 otoryela to apyixol mivaxa, o
éyouve Th 0, edv Atav —1 otov apyd nivoxa, xat enlong Ba éyouv Twh 1, edv elyav 0 otov
apyé mhvoxa. Téte, n opilovsa tou mivaxo M uetatpénetal we e€nc:

1 —1 -1
-1 s(v)+1 (=1, (=D1p+1 (=D1,n—1
(=1)ji
s A S A A (“Dpn-1
det(M) = (“Dpr1g o (Dpripi s(vpr) (=)

(“Dnetn o (Dt 5(Un_1)

D (—=1)ji
s(vp+1) (1)1

S(Un—l)
6mou o mivaxoag D éyet uéyefoc (p+1) x (p+1). Oveyypapéc (——1)i,1j oL @j,i’ TOV UN-SLoy VLKV
Béoewy (7', 7) xou (4,4") Tou nivaxa M eilvor xat oL dVo 0 €4V oL X0pUYES v XaL v, ELVOL YELTOVLXES
oto yedgnua G(t) (f ahhde, €xou Twr 1 edv oL X0pUPES v xoL U5 ELVOL YELTOVXES GTO YpdapnUdL
G1) xot éyouy Th 1 odde, 1 <4’, § < p. Hupatnpodue 61t o mivaxac D elval topbuoLoc Ue Tov
uTonivaxa Tou avtiototyel ue 1o Baowd ypdenua Gy. To Baowd ypdenua Gy urnopel va etdwbel
o¢ €va Baoixd yed@nua UE TRELC EMTAEOY SLapopEc:

o 710 ypdonua Gy éyel p+ 1 xopugéc vg, v1, . . ., v, Ue s-Téc 8'(vg) = 1 xou 8'(v;) = s(v;) + 1,
1 <@ < pautd exteretton oto Brya 1 tne ouvdptnong Handle-Complement-N_node, epdoov
aLEAVEL XOTd 1 TS S-TWUES TV XOPUPADV.

o Edv 800 xopugéc v; xat vy, 0 < i j < p elvar yettovixée oto ypdonua Gy, T6Te N eyypaey, otny
avtlotouyn eyypagr tou nivaxa D elvon ton ue 1 (unevBuuilouvue bti, n apyixh) Twur frav —1)
" €101, oL dVo ouvapthioelc Contract-Tree-Nnode xou Contract-Cycle-N_node egopudélovton
and Ty napdueTtpo r, Tou elvan lon ue —1 €dv to ypdgnua G(t) elvon éva Baowxd yedenua f
ahhLode elvar ton pe 1 edv to ouumifiswua Tou yeaghuatog G(t) elvat éva Baoxd ypdpnua.

o H xopugr| vy elvar yertovixh ue 6hec Tic xopupéc v; oto yYpdgnua Gy, 1 < i < p o étoL oL
XOPLYES V1, V2, ... Up oYNULoTi{OUY Ula aUTOTEAT-UOVEDA.
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Kpatdvtog autols toug neptoptouols, UTopoUUe Vo EQupGGOUIE TaplUOLES TPAEELS UE aUTES TTOU
elyaue epagudoet yia o Baowxd yedonua G(t). Téte unogolue entone va egapudoovue to Afu-

uo 4.1 %o var UTOAOYLGOLUE TG 5-TUUES TOV XORUYAY V1, Uz, . .. Up. TeEAXE, xatalhyouue 670 6TL
1 optlovoa det(M) etvan lon ye:

1 -1
-1 s(vp) (=D)p,j
p—1 S(U;u-i-l)
det(M) = ( s(vz)> (=1)ir v
=1 (=D)jp s(vj)
(=1)jr,r
$(vn-1)
s(vp) — 1 (=Dp,j
$(vp+1)
_ p*lsv- ( 1)%’]’
- (1_1 ”) (1)1 s(3)
(=1)jr.&
$(vn-1)

‘Etot, n wuh s(vp) — 1 awttohoyel v evnuéowon e s-Thc e xopughic v, oto BAua 3 g
ouvdptnone Handle-Complement-N_node.

4.4.2 Enelepyaocia evog N-x6pfBou Apayvoedoig I'pagpruatog

"Eotw o xéuBoc t va elvar évag N-x6ufoc tétotoc dote o unodévipo ue plla tov xéufo ¢ va elvor
OUGTOAXG %Ol TO AVTLTPOOKTELTXS Yedonua G (t) va elvor éva apatd apayvoedéc yodonua. Tére,
edv unoBéoovue ywplc BAEBN Tc YevixdTnTac dTL oL X0pLEES /TadLdToL XEUBOL t Elvat v, U, . . . , Up,
ToL unopolv va Staueptotoly ot alvoha S = {vy,ve, ..., vk}, K = {Ug41, Vk+2,. .., U2k}, xor R
Tou elval elte xevd (oe authv TV Tepintwon, p = 2k) 4 R = {vapt1} (t6te, p =2k + 1). 'Eotww
611 uoBétouue yioo Ty Gpa 6Tt R # 0 téte, o thvaxac M elvou:

[ s(v1) O 0o r 0
0  s(v2) r 0
0 s(vk) r 0
o r $(Vk41) r r r I 71 ,
r r $(Vkt2) r r
r r r s(var) r
0 0 0 r r r $(vakt1)
L Zo Z |
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6mou 1 MapdueTeog T elvan Lo ue —1 ¥ 1 ToU avAmAELOTE TLC YELTVLAOELS GE éval apold 1 Tuxvd
apayVoeldée ypdgnua, aviiototya 'Onwe avagéclnxe TponyouUuEvng, To GUUTARP®U EVOS opatol
apay VoeLdoUg ypapuatog elvol éva Tuxvé apayvoetdés Yedgnua. To otolyelo twv mvdxwy Z; xou
Zy elvon {oo e —1 xar 0 mou eZoptdtor and 1o edv oL avtioTolyes xopUpEs Elval YELTOVIXES 6TO
yedonua ¥ oy, xat o mivaxoc Z elvon évoag (n —p — 1) x (n — p — 1) unonlvaxog e uopphc

s(vp+1) (=)

Z =1 (=1)iy s(vi)

s(vn-1) |

Eivow onuavtixd vo onuetdoouue 61, eZoitiog 1ou 6Tt 1o apayVoeLdES Ypdpnuo elvol ULl aUTOTENT-
uovéda, ot 6THAES Tou LToTivaxa 21 elvol TAVOUOLOTUTES, OTWS ENLONC XAl Ol YpaUUES TOU UTOTE-
voxa Zo.

[ var unohoyloouue v optlovoa det(M) tou ivaxa M, extelolue o axdéhovbo:

1. Mpdevilovue ta up-Siaydvia otoiyela twy medrwy k yoauudy xar otnldy tov mivaxa M :
I va To Tetdyovue auth,

> molhamhaotdlovue ™y oThAN 4, yia 1 < j < k, ue —r/s(v;), xou tnv npocBétovue oTny
othin k + 7, avtiotouya:

> mohhamhaoidlovue ™y yeouun j, yio 1 < j < k, ue —r/s(v;), xot v npochétouue
oty yeoupn k + j, avtiotoyo.

YNUELOVOLUE OTL UETE TNV EXTEAECT] TWYV TAUPATAVG ngo’tiswv o dtaydvia otolyeta (4,1), yLo
k+1 <i < 2Fk, tou nivaxo M éyouv tuéc s(v;) — Sy Bedoov n 7 elvan lon e =11
1, éyouue 61t r?2 = 1. Ohat Tt un-Sraydvia ototyeta Tov (i, 7) BEGEWY XL TwY GUUUETPLXGY,
vy k+1<i<2kxup+1<j<n-—1,éyouy Tiuéc

r

bi=—1+—-—.
S(Uzkﬂ')

IMpooégte 6t auth n Ty avabétetal otig uetaf3Antés b; g ouvdptnone Contract-Spider-
N_node oto Brua 2. IIo cuyxexpluéva, o nivaxag M yivetol:

s(v1) : (=11,

s(v2) : (=1)2,;
SRRSO b e (St LA
Ps(vk41) — #1) r r r (Ok+1) k41,5

M= : L

r s(vkt2) = sy r T (bkt+2)k+2,5

T T s os(vag) — S(+k) r (bZk)2k,j
: . r r s(vakt1) (—1)2n+1,5

L (=11 (=2 -+ (=D i (beg1)jes1 (bk+2)j,k+2 e (b2k) 4,2k (=1)j,2k+1 Z

2. Mpdevilovue ta un-draydvia oroiyela tov yoauudy k+1,k+2,...,2k + 1 tou nivaxa M :
I va To Tetdyovue outh,
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> molMoamhaotdlouue Ty ypeauur 2k ue —1, xou TNV npocBHETOUUE OTLC YPAUUUES J, Yo

k+1<j<2k+1.

Téte ta Swaydvia otovyeia tov k+1,k+2, ..., 2k — 1 ypouudy éyouy twés s'(v;) = s(v;) —

s(vi—g

y =T YW kE+1<i<2k—1. AZilel va onuetdhoovue 6t auté oL Tluég avadétovton

OTLS 5-TLUES TV avTloTolywy Xopue®y oTto BAua 2 tng cuvdptnorne Contract-Spider-N_node.

T va elucote ouvennic ue tig TéS Tou avabfétovtol 6Ty GUVAETNOT), £6TW

s(v) — s(vi—k)

c; = bi—bgk:T' s fork§i§2k—1,
s(vk) - s(viek)
cor = bo, and
r
Cok1 = *1*b2k:*m-

Avuxobiotdvtac tic tuée ' (vag) = s(vag) — &(le) xat 8 (Vapt1) = $

(2k, 2k) »on (2k 4+ 1,2k + 1) avtiotouya, o éyouue:

M os(vi)
s(v2)
.............................. Sk )
o= s" (k1) r—s'(var)
s' (Vy2) r— s (var)
r r s (vak)
: T*S/(Uzk)
L (1)1 (=Dj2 - (=Djkt Grp)jesr (brga)inez o (bar)j2k
3.

I va To Tetdyovue outh,

T

(vak41) — T TV BéoEwY

(Cht1)kt1,5
(Cht2)kt2,;

r (c2k)2k,j
S,(W2k+1) (Czk+1)2k+1,j
(=1);.2r+1 Z

Mndevilovue ta un-Siaydvia otovyeia tne yeauurs 2k xar tnc otiine 2k tou mivaxae M:

> molMamhaotdlouye Ty Ypouun 7, yra k+1 < j < 2k—1, ue — Ty YO TV npoaBétovye
J

oTnV Yeouurn 2k
8" (vak41)’

> molMamhaotdlouye Ty ypauurh 2k + 1, ue —
2k.

Ot nopandve mpdlelc ennpedlouy T TwéS Twv Béoewv (2K, 2k) xo
n — 1. Ta otovyela otic avilotolyeg Béoelc Eyouv TLuée:

Xt TNV TPocBETOUUE oTNY Ypauun

(2, j), yup+1<j <

2k—1
1 1
s (var) = 8 (var) —r(r —s'(vag)) - (75,(1)%“) + D S/(v_)> and
i=k+1 ¢
. k-1
, 2k+1 i :
Ay = Cop—T- (m + .;H —s’(vi)> respectively.
i—

'Etol 1 s-tun) g x0pughic vag amodetxvOETAL OTwe ETLONG XAl 1) TEALXT| TLUY TS TOPAUETPOU

ok ¢ ouvdptnong Contract-Spider-N_node. YrevBuuilovue 61t auth elvon 1 tepintwon nou

R # 0 xow v autd, ov TLUéC TV Ag XaL A TOU Briuatog 3 elvon anapattnteg étol dote va

anoxtnioly ot avtiotolyec ouoyetioetc. Yuveyilovue ye Ty TeAx Tpdcn ndvew 6Tov Tvaxa

M:

> molhamhaotdloupe Ty othn j, Yo k+1 < j <2k —1, ue —
TOLUE oTNV GTHAN 2k°
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r—s'(vak)
8" (vak41)

> nolomhaoldlovue TNV othiAn 2k + 1, ue —
2k.

%ol TNV TPocBETOUUE 6TV GTHAN

Avutéc o mpdeic ennpedlouy uévo tic Twéc Ty BEoewy (4, 2k), yiap+1 < j <mn—1. Autéc
OL TLWUEC UETATEETOVTOL OE:

b 2k—1 b
A b%—<r—s'<v2k>>-<ﬂ+ b ,(;.>>’

s’ (Vag41) S s

where bop1 = —1.
Yuvodilovtac, o tehinde nivaxoe M etvar

M os(vi) (=11
s(v2) (=12,

s(vk) (=Dk;
s (Vkt1) (Ch41)k+1,5

' (Vky2) (Cht2)k+2,5

5" (vak) (€hi,)2k,j

S,(W2k+1) (Czk+1)2k+1,j

L (=1 (=Djy2 - (=i (bret)jesr Grg2)jntz o (Ohp)jzr (bart1)j2k+1 z

'Etot o nivaxac M éyet tny uopen tou tivaxa My g EE. (4.2) xou 1o Adupa 4.1 anodetxviel Ty
@don TNG EVNUEPWONC XAl TNS oLEEIXVWENE TNS AVTioTOLY NS GUVEETNOTS.

Elvar edxolo va dev xavele 61t ot neplntwon tov R = 0 ou xatdhnhec Tiuéc Tne ouvdptnone,
v Ae = 0, Ap = 0 %o Ay = 0, tonptdlel Ti¢ nponYOVUEVES S-TUUES TWY XOPUPAY.

4.5 ITolunhoxdtnta Xpbvou
Ynv ouvéyeta unoloyilovue Ty ToAUTAOXSTTA YedVou Tou alyoplBuou Spanning_Trees-Number.

Adppo 4.2, O adydpifuoc Spanning-Trees-Number tpéyer oe O(n + m + ¢(G)) yedvo, drnou n
elvat o wAfifoc twy xopupdy, m elvar to TAffoc Twy axudy, xaw (G) elvar to un-Paoixd xdotog
TOU ovYXeEXpLUEVOU Yoapriuatos G.

Anédeén. To Brjua 1 tou ahyoplBuou Spanning_Trees-Number ypedletor O(n+m) ypdvo xou 16-
00 Ypbdvo yeedletan 1 xataoxevy| Tou md-dévtpov T'(G) tou ypagruatoc G [30, 80]. O vnohoyioude
TWY oLVOAWY EMTESWY Lo, L1, . .., Ly—1 tou 8évtpou T'(G) oto BAua 3 unopet va emtteuybel o O(n)
xpbvo, agol 1o dévtpo T'(G) meptéyer O(n) xéufouc. Emnpdobeta, npocéZte 61t axptBde ya ond
e ouvapthoeic Contract-Parallel Series, Handle-Basic-N_node (Contract-Spider, Contract-Tree,
Contract-Cycle, Handle-Complement-N_node), xou Contract-NonBasic-Nnode egoapudélovtar e
x&6e évay and toug xéuPouc Tou dévtpou T(G). 'Otav 1 ouvdptnorn Contract-Parallel Series egop-
uéletar oe Evay x6ufo t, unopet vo exteheotel o O(|ch(t)|) ypdvo, 6nou [ch(t)| elvar To TARBoc Ty
ToudLdy Tou xéufou t oto dévipo T(G). Enlong, npooélte 61 ot ouvaptricelc Contract-Tree xot
Contract-Cycle anattody O(|ch(t)]) xpdévo, agol to maiBoc Twv xéufwy elvar O(|ch(t)]). 'Otav 1
ouvdptnon Contract-Spider-N_node egapuéletar otov x6uBo ¢ UE aVTLTPOGWTELTIXS YRPNUA EVa
TpGTO apdyvoedéc ypdonua G(t), tpénel vo utoloyioovue ta olvora S, K, xou R Tou ypaghuatog
G(t) (awtd unopel va yiver gdxola oe O(|V(Gy)| + |E(G)]) ypdvo agol €youv unohoyiotel ot
Boabuol Twv xopuP®dY ToL ApayVOELSOUS YRAPHUATOS  GNUELOGTE OTL, EAV Ypdenuo elval évo apo-
yvoewéc ypdpnuo ue Stapéoton (S, K, R), t6Te yior x80e emhoyh TV X0puQGOY v, u, xaL T oand To
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olvoha S, K, xav R avtiotouya, degree(v) < degree(r) < degree(u) [62]), vo evnuepdoovue Tic
s-tiwée (autd matpvel ypévo O(|ch(t)])), o vo evnuepdoovue to md-dévtpo (nou enlone malpvet
O(|ch(t)]) xdépvo). Tehxd, 6tav 1 ouvdptnon Contract-NonBasic-N_node eqopuéletar oe évay
x6ufo t, yeerdletoar O(|V(Gy)|>376) ypdvo, étor dote n extéleon TnC oLVAETNOTC GE GAOUC TOU
un-Baoixoic N-xéuBouc tou dévipou T(G) anattel oe abvoro O((G)) yedvo, dtou ¢(G) elvar To
un-Baowd xé66T0¢ TOL Yeapruatog G.

H xataoxeun tou ypaghuatoc G(t) oe évav x6uBo t yeewdletor O(|V(Gy)| + |E(G)|) xpdvo,
apoL o xouPoc t elval cuoToAxde, Snhady) dha Ta Toudtd Tou x6uPou t elvar @OAAa 6TO SEVipo
T(G). Edd onueldvouue 61t 1o ypdgpnua G(t) xoL 10 cUUTAREwUd Tou Elval GUVEXTIXE YpaphudTd,
agol o x6ufoc t elvon évag N-x6ufoc oto dévipo T'(G). Xtic ouvapthioer Handle-Basic-N_node
xot Handle-Complement-N_node npénet va avoryvaploouvy néte éva ypdonua G(t) etvan éva apatd
apayVoeLSES Yedonua, éva Tp@dTto 3évtpo, évac dyopdoc xUxhoc 1 To SUUTAfpwUd EVOC TETOLOU
yeagruatoc. 'Onwe mpoavagépbnxe, yia éva apayVoeLdEéS yoedenua, UTOgOUUE Vo UTOAOYIGOUUE
v Sauépton tou apayvoetdolc yeagruatog oe O(|V(Gy)| + |E(Gy)|) xedévo. Téte, eréyyoviog
Toug Babuolc Twv xopupdy 6To GUvolo S eival apxetd €tol Bote vo Lexabouploovue €va apatd
amd éva Tuxvé apayvoedéc ypdenua. 'Eva ypdonua G(t) elvar éva dévtpo €dv xat uévo edv elvor

ouvextixd xou €yet |V(G(t))] — 1 axuéc: elvar edxolo va dolue étL edv to ypdonua G(t) elvor
k(k—1)

ouvexTtxd xau 1o yedonua G(t) éxer =5 — k + 1 axuéc, émou k = |V(Gy)l|, td1e 10 Yedpnua
G(t) elvar To ovumhfpwua evéc dévtpou. To yeyovic 6t évag dyopdog xUxhog Ue k x0pu@ES xat
T0 oLUTAMAEOUS TOU ElvaL GUVEXTIXE oL OAES OL X0pLES TOU €xouv Babud 2 xat k — 3, avtiotouya,
elvan emapxéc yio va Tar avaryvwpioouue. 'Etot, n avayvdplon yeetdletal yedvo ypaupixd we mpog
T0 péyeboc Tou ouyxexpLUévou Ypaghuatoc G(1).

Aobévtoc 61 T0o TARBOC TV xGuUBwy Tou dévtpou T(G) eivar O(n), to yeyovéc 6t To mArfoc
TV axUoOV Tou Ypaghiuatoc G elval 1o Tohd (Gog Ue ToV GUVOAXS aptBud Tov oaxudy and dha T
AVTLTEOOLTELTXS. Ypaphuata Tou dévipou T(G), xaL to YeYovis 6Tt o éleyyoc evée ypaphuatos H
edv elvan éva Baowxd yedenua natpvet O(|V (H)|+ |E(H)|) ypbvo, téte 10 BAua 4 tou akyopifuou
Spanning_Trees-Number anattel O(n + m + ¢(GQ)) ypdvo. Tehxd, to Bhua 5 ypeidleton O(n)
Xp6VvO LT TO OUOLEUOPYo XpLThplo xdoTouS, GUUPWVY UE To onolo xdfe Tpd&rn amotel uto Lovéda
Xe6vou xat x8be xataywentic amattel Ut Yovdda yhpou, mou endyel 6t aveldptnTa Tou T6G0
ueydhot elvan ot aptBuot, uta aptbuntixd medin uetall £ aptbudy malpver O(f) ypbévo. Enouévec,
o ahyéptbuoc Spanning_Trees-Number ypeidletar O(n +m + ¢(G)) yeévo. 1

Squeiwon 4.1. H mohumhoxdtnta ypedvou xor y&peou tou aAyoelfuod uac uetplétol abugmvo
UE TO olOoLOop@o Xptthplo xbotous. Yo 1o xpithplo autéd xdbe enelepyaoioa oto woviého pac
omottel Yo wovada ypdvou xat xdbe xataywentic a wovada yoeou. Ilupd to veyovée 6t o
aptBuntixéc npdielc euneptéyouv ueydhou ueyébouc tuyaioug aptBuole, uetpdue xdbe mEdin we
éva Bhua. Xty dud pac tepintwon 1o ouolbuoppo x66tog elvon mpayuatixd (realistic) edv uta

n—2

AéZn tou umohoyloth umopel va amofnxetoel évav axéporo ueyéouc to mohd N4, 6mou n To

TARBoC TV x0puPKY eV Ypaphuatoc (To TARHOC TwV oxeEAETIXGY BéVTpwy £vic Ypaghuatoc G ue

n xopugéc elvar To TONO N2+ to Thfpeg yedonua K, éyeL n 2

n—2

OXENETIXG DEVTpa). LNUELDOTE
mae’ A autd OTL GV N TOGOHTNTA N elvar ueyohitepn and authv mou unopel vo anobnxeutel
o€ uta MZn tou unohoyloTy, ToTE axdua xat To Aoyapliuixd XpLthpto x66TouS (To UOVTEND aUTo
hoBdver v’ éduv o To mepLoptopévo péyeboc prac Tpayuatixic Béone (MENg) uvAung, mou elvor
hovapLBu oe oyéon ue Tov aplfud Tou anobnxelel) elvar xutd xdroto Tpéno Un-peakloTind, ol
Bewpel 6T B0 axéparor aplBuol i xat j utopolv va tolanhactactody oe yedvo O(log(i) +log(j)),
o onoloc dev elva yvwotde btu elvar mpayuatonolfotuog (dette [3, 96]). O
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4.6 Yrnohoyiowos tou IIAROoug twv Txeletixdv Aévipwv o I'papuixd
Xebvo

'Eotw G éva ypdonua UE n X0pUGES xat M axués xaL €0tw ¢(G) vo elvar o un-foaoind x66tog
Tou. Ané 1o Aupa 4.2, etvan EexdBupo dtL edv 10 6070 P(G) elvan ypauuxd we Tpoc to uéyehoc
Tou Ypaghuatoc G, t6te 0 ahydptbuoc Spanning Trees-Number tpéyel oe ypopuwxéd ypdvo. Ilo
OLUYXEXPLUEVA, ax0NOLBOVUEVOL aTtd TLC GLVAPTHGELS oL eQapUdlovTal o xdbe ecwtepind N-xbufo
t Tou dévtpou T'(G), éxouue to axdroubio Bedpnuo.

Ocdenpa 4.1. Eotw éva yedpnua G ue n xopupéc xar m axuéc, xat éotw T(G) to md-8évrpo
tou. Edv xdbe medro yedenua oto dévipo T(G) elvar (i) éva apayvoeldéc yedynua, 7 (ii) éva
8évteo, 1 (iii) évac dxuxioc xixloc, i () ta ovurAneduatd tovs, 1 (v) éva yodgnua ue mpoxa-
Goprouévo (fized) uéyeboc, téte to nAfboc twy oxeletixdy Sévtpwy tou yeapjuatoc G umopel va
vrodoytotel oe O(n+m) ypdvo xat ydpo.

Y11 ouvéyela e€etdlouue ¥AAoELS YpapNUATOY oL €Youv Yeouuixd 1) otalepd un-faocixd xdéotoc.

4.6.1 Aévtpa-cographs

[Tpbogata, Tohhol epeLYNTES APLEPWOUY TLC EPYAGLEC TOUC OTNV EMEXTACT) TWV YVWOTAOV cographs.
O Tinhofer otnv epyaotia [104] etofyaye ta dévtpa-cographs (tree-cographs) émou n avadpour, oavtl
var EEXLVAEL UE UL LoVadLXT] xopupT), Lextvdel Ue €va omolodnnote dévtpo. 'Eneton étu ta dévtpo-
cographs neptéyouy 6ha ta dévtpa xat o ddon. ‘Etot, xdfe mpdto yedgpnua tou md-dévtpou evée
dévtpou-cograph endyet éva dévipo Ypdonua. Anéd to Oedpnua 4.1 elvor ebxoho va det xavelc ot
10 axéhovfo anotéleoua LoyveL.

Abupa 4.3. To un-Baocixd xdotoc evic dévtgov-cograph G elvar ¢(G) = 0.

4.6.2 (q,q—4) Tpaphuata

Ot Babel xau Olariu otnv epyaoto [5] npdtetvay tny yevixh Wéa tov (g,1) ypaonudtoy. e éva
TETOL YodgpNnUa, Xavéva GUVOAO UE TO TOAD g x0pU@EC TEQLEYEL Tapamdvew and t dtapopeTind Fy.
Suyxexpluéva, ta (g,q —4) yeagphuato emtdéyoviol onuavtixés Souxés WLétntes (éyouv éva uo-
vadixd dévtpo avanapdotaonc: dette Oedpnua 4.2) [4], elvar brittle? yia ¢ < 8 [5] adhd dev elva
brittle (oUte téhewa) for ¢ > 9. Ilpoxdntel 6t 1o cographs elvar axpBde ta (4,0) ypoapruota,
ta Py-sparse ypaghuata elvoe 1o (5, 1) ypaphAuata, xou ta Cs-free Py-extendible ypaghuota elvor
ta (6,2) ypagruoata. Me tov dixé pac ouufolioud n Souh twv (¢,q — 4) ypapnudtey uropel va
nepLypagel we e€he.

Ocdpnua 4.2 (Babel and Olariu [5]). Eow G éva (q,q — 4) yedgnua. Tote, xdbe mpdro
yedpnua oto md-8évtpo tou yeagruatoc G elval elte éva mpdto apayvoeldéc yodpnua, eite éva
yedpnua Ue o oAU q x0pUPEC.

Baowlduevol oto mponyoluevo anotéheoua, ToAld meolAfuata Bedtiotonolnone o xuptapylac
(domination problems) (6mwe elvar 1 T8N TwV x0pLPGY (vertex ranking), n emxdhudn ye uovond-
T (path cover), n Alota ypwudtwy (list coloring) xth.) unopoty va emthuboly e Ypouuxé yeévo
Yoo Ty xhdon tov (¢, ¢ —4) yeagnudtwy yia npoxafopltouévn it ¢ [4]. Ed6 onuetdvovue bt yLa
eva (¢, —4) ypdonua G, o Oedpnua 4.2 endyel 4Tt 0L x0puPES TOL apayVoeELdOUC YeaghuatocG (t)
oo dévtpo T(G) dev elvar anapaitnta UAka. Emmpdobeta, epboov o utoloyiouds tou nhifoug
TV OXEAETIXOY BEVTpWY EVOC Ypagphuatog ue otabepd TARfoc xopupdv yeetdletor otabepd ybvo,
10 Oedpnua 4.1 endyel 6t

2 O Chvatal 6pioe éva ypdonua G va eivar brittle edv x&0e enayduevo uroypdenua H tou yeaghuatog G tepléyet
utal x0puyY Tou dev elvar péomn-xopueh xal Tautéypova dev elval dxpo xavevic Py. Aclte enlong [18].
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brittle

split-perfect

extended
Py-sparse

Pj4-laden

Ps-extendible @ superbrittle

Py-sparse
(5,1)

Pj4-extend.
-Cs-free (6,2)

tree-cographs

cographs (P;-free)
(4,0)

Tyfua 4.2: Suoyétion uetall xhdoewy ypagnudtwy (Hasse diagram). T tic xAdoeic mou Bpl-
OXOVTOL UPLOTEPE OO TNV JLUXEXOUMUEV YpoUY), T0 TAKHOC TV OXEAETIXGVY dEVTPWY UTOpEL Vo
unoloyLotel o€ ypouulxd Ypdvo.

Adupa 4.4, To un-Paoixé xdotoc evic (q, q—4) yeagruatoc G ue n xopupés elvar ¢(G) = O(n),
yia onowodijnote xalfopiouévo q > 4.

4.6.3 P;-tidy T'pagpripata

'Onowg avagépetar otny epyaota [39], n xAdon twv Py-tidy yeagnudtov etoriybel and v I. Rusu
ue oxond va gpunveloel (Steuxpivioet) Ty évvora tou Py-domination oe téheta ypoghuata. 'Eva
yedgnua G ovoudletan Py-tidy edv yia xdfe enayduevo Py, éotw A, 10 oA Uta x0puey and To
olvoho V' \ A endyet éva Py pall ue tpeic xopugéc and 1o A (Snhadi, xdbe Py €xer To moAD évay
partner). Ta Py-tidy ypaghuoata neptéyouy avotned to cographs, to Py-reducible, to Py-sparse,
to Py-extendible, xau to Py-lite ypoagruata. To Py-lite yoaghuoato elyoav optotel and toug Jamison
xat Olariu oty epyaocta [59]: éva ypdonua G héyetar Py-lite edv xdbe enayduevo unoypdgpnua H
Tou yeagruatoc G ue to TohD €EL xopupEc elte TepLéyel To ToAD dUo Py, elte elvan évor 3-sun, elte
elvar To ouumhMipwua evéc 3-sun (éva S-sun elvor v TUVE aparyVoeLdée Ypdgnua Ue EEL XOpUpES
xat ue R = (). Elyav emtonudver 61t xdbe Py-sparse ypdonua elvar Py-lite xat anédetlay 61t xdbe
Py-lite ypdpnua elvar brittle xau yi” auté eival téheto. Entonudvouue €86 étu ta Py-lite ypagpruata
ovunintouv ue ta Cs-free Py-tidy ypagruota.

To Oedpnua 3.2 otnv epyaocia [39] empépel to axdroubo anotéheoua ya Ty m-onocivleon
v Ps-tidy ypagnudtov:

Ocdpnua 4.3 (Giakoumakis et al. [39]). Eotw G éva ypdgnua xat éotw T(G) to md-6évipo
tou. To yedgnua G elvar Py-tidy edv xar udvo edv yia xdfe N-xdufo t tou Sévrpov T(G), elte
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(i) to yedpnua G(t) elvar éva mpdto apayvoeidéc yedpnua ue Siauéeion (S, K, R) xat to mody
uta xopuglj and to ovvoro S U K elvar évac eowtepixds xdufoc ot dévipo T(G), elte

(it) to yedpnua G(t) elvar éva Ps xat xauia xopupy tou yeagiuatoc Py Sev elvar eowrepuxi]
xopu) oto 6évipo T(G), elte

(iii) To yedgnua G(t) elvar éva Ps xar xaula xopugy tou yeagiuatoc Ps Sev elvar eowtepuxif
xopuyj oto 6évipo T(G), elte

(i) to yedgnua G(t) elvar éva Cs xar xaula xopup) tov yeagiuatoc Cs Sev elvar eowtepixi)
xopuyj oto 6évipo T(G).

Ty epyaocta [39], To Oedpnua 4.3 énanie ouoLtasTind pdho YLo Evay Ypauixd ahydptiuo avoryve-
ptone twv Py-tidy ypapnudtwy o yior Ty ypouuxr-yedvou enthuon teofANudtewy UToAoYLGUOU
Tou aplBuol xhixac xou evotdfelag, Tou ypwuotixol aptbuol, xal Tou hamiltonian uovoratiol.
e ouvduaoud ue Ty dixh uag epyooia, autd endyet 6Tl to un-Paowd xéotoc ¢(G) evéc Py-tidy
yoaghuatog G elvat undevixs.

Abppa 4.5. To un-aoixd xdotoc ¢(G) evde Py-tidy yeagiuatoc G elvar ¢p(G) = 0.

Yuvolilovtag, ye Bdon ta Afuuata 4.3, 4.4, xou 4.5, 10 TARH0C TV OGXEAETXOV BEVIPWY TWV
XANACEWY TV dévipwv-cographs, (¢,q — 4) ypagnudtwy yio otabepd ¢ > 4, xat yio twv Py-tidy
Yeagnudtoy urnopel va unoloyiotel anotekecuotixd. Emniéov, dev elvar SUoxolo va det xovels
6TL Yo QUTA TOL YeapRuoTo 0 YGpeog ou yeeldletal o alydelbuoc Spanning Trees-Number eivon
O(n+m)'Onwc avagépbnxe nponyouuévee, 1o md-8EvTpo eVOC YRaPHUATOS XA, TLO GUYXEXPLUEVA,
1 xataoxevy Tou anontel yoheo yeauuxd we tpog 1o uéyehoc tou ypaghuatoc [30, 80]. ‘Etot, ta
amoTENEOUOTA TNG EVOTNTAS AUTHC GUYXEVTPGVOVTAL 6To axdhoubo Hedpnua.

Ocdenpa 4.4. To nAijfoc twy oxeletixdy 0évipwy evdc 8évtpou-cograph, 1 evéc (q,q —4) yeapy-
uatoc yia otalbepd g > 4, 1 evéc Pa-tidy yeagruatoc unopel va vrodoyiotel oe O(n +m) yedvo
xat y&eo, onou n xar m elvar to TAfoc Twv xoguPdY xau axudy, avtioToLya, TOU CUYXEXPLUEVOU
Yeapiuatoc.

To Yyfua 4.2 napouctdlet e XAAOELS TWY YRUPNUITWY TOU OVOQEROVTUL OTY EPYACLa qUTH ot
T ouoyeTioelg Toug” 1 UEONdOC Uag emLTEénel ToV YpauuLxd Yedvo unoloyioud tou TARHouS Ty
OXENETIXDY SEVTPWV YLol TLC XAAGELC TIoU BploxovTal aploTepd and TNV SLUXEXOUUEVT YoaUUT.

AZilel va onuelwbel 6Tt apxeTég axdua UTOXAAOELS YVOOTOV YEUPNUATOY ETLQPEROUY JOULXES
WBLOTNTES TTOU EMULTEENOLY EVAY YPUUUIXO XpGVO UTOAOYLOHOU TOU TAABOUC TV GXEAETIXMV TOUC
dévtpwv. IMapadeiyuata nepléyovron ot xhdoelc Twv tree-perfect xou forest-perfect ypagpnudtwy
Tou elyav ewoayfel otny epyaotia [17] xou yia to omolo To axdhovho Mupa toyder (Adupa 4.1 [17]):

A¥upa 4.6 (Brandstadt xar Le [17]). ‘Eotw to yedpnua G mou éyet éva enayduevo uovordtt
Ps. Tote to yedpnua G elvar tree-perfect edv xai uévo edv to yodpnua G armoxtdtar and éva
dévrpo avrixabiotdvias ta pUAAa ue cographs 1j to yodynua G anoxtdtar and éva nedto yedpnua
Ue oxtd x0puPésc avtixabiotdviac Ti¢ Técocpic x0pUPEs Tou ue cographs.

Boowlbuevol 6o nponyoluevo anotéhecud, elvol Tpo@avéc 6Tt 10 TANH0C TwV GXEAETIXAOY SEVTPWY

evog tree-perfect ypagpruatog ue éva emayduevo Ps UTopel Vo UTOAOYLOTEL GE YRaUUIXE YPOVO XL
YOPO.
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4.7 XuunepdopoTa

Ye aut 10 xe@dhato Tapouctdoaue [ia YEVIXT LEHodo unohoyLouol Tou TARHOUS TV GXEAETIXOY
dEVTPWV EVOC YRUPAUUTOS YpNoLUoTOLOVTS TNV m-anocUviean, Tou enépepe évay Ypauuxd ohyd-
etbuo Y to mpbBhnua o Py-tidy ypaghuota, oe (g,q —4) ypeaphAuota yio otafepd ¢ > 4, xou
oe tree-cographs. Exuetalleutixaye tic doutxés WBLotnteg Tou md-S€VTpou auTHOY TOV YeoEnUd-
TV Xal ypnolwdonotioaue to Oedpnua tou mivaxa-dévipou, Kirchhoff, wc éva epyatelo yio Ty
an6detln e ophdtntac Tou tpotetvéuevou alyoplfuov. Hepiuévou 6t 1 TpocéyyLoy| uac epapud-
Ceton %ot o€ GANOL TUTOU TPGOTWY YPPNUATOY (EXTOC and apayVoewdy ypaphuota, TedTta dEvted,
iy 0pdoug xOXAoUS XAl TO GUUTANEGUATE TOUS), ToL Bo enétpene TOV UTOhoYLoUS Tou TARBOUS TV
OXENETIXGY dEVTPWV XoL Yia emtnpbobetec ¥AdoeLe, T.y., To semi-Py-sparse ypoghuata [35] xot to
(Ps, diamond)-free graphs [15].

Emunéov nopabétovue g éva avoxtd mpdBinua tnv anotehecuotixy; enelepyooia twy diyo-
Toulowwy (split) ypagpnudtwy xot Ty apXeTOY ENEXTACEWY TOUC (TOU YEVLXEVOUY ToL apay VOELSN
yeoghuata): ta Siyotouiowa ypaghuata nallouy éva Baoixd pdho 6to md-dévipo twy split-perfect
Yeopnudtov [16], xat YU’ autd o anotereouotinds tpémog eneepyaoiog Toug Bu odnyoloe oe évay
YeriYopo unoAoyLloud Tou TARHOUS TWY OXERETIXAY JEVTPOY TOV TEAEUTAULWY XAACEWY.

Oplouéva dhha evdlagépovta npoflhiuata anaplfunong agpopoly atov untohoyloud tou TAfoug
TV TEheLwy Talpaoudtey (perfect matchings), towv x0xAwv tou Hamilton xat tov x0xhwv tou
Euler. TTo cuyxexpuuéva, éyet detytel [76] 6t 1o TARfoc Twv Téhelwv TatplaoudTtoy Utopel va uto-
royLoTel anoteleoUaTiXd oE ypaghuata tou emdéyovtal W Pfaffian orientation. 'Onwg xou oto
Oedpnua tou tivaxa-dévtpou, Kirchhoff, auth n uébodoc eunepiéyel tov unohoyiousd utac optlouvoac
axolovBoluevn and tov unoloytoud uac tetpaywvixnc pilac. ‘Etot, dobévtog evée tétolou mpo-
cavatohtouol (orientation), évac alydptBuoc nou xoataoxeudlel TLc TEYVIXES oUppixVWoNS UTopEL
va 031N YHoEL G anoTeENEaUOTIXES AIGELS Yia dAAa oLVdUNGTIXE TpofBhAuate anaplBunonc.

Téhog, bnwe npoavagéphnxe oTny eLoaywyT, €va ouolduoppo aZlémoto dixtuo (oplouévo otig
epyaoteg [25, 84]) npénel va ueytotonotel To TARHoC Twv oxeheTxdy dévipwy. 'Etot, elvol evdiopé-
pov vo xafopioel xavelc Toug TUTOUC TV YPAPNUATLY TOL €YOUV T0 UEYLETO TAB0C GXENETIXOY
dévtpwy v ouyxexpévo ThRBoc xopupdy xar axudy (deite [41, 99, 100]). To mpdBinua autd
unopel va TpoceYYLoTel K¢ Ul epdTNoT BeAToTonolinong Tvew 6TLC S-TWWES TV XOPUPMY, TIOU X0l
Bopilel o alydpfuoc Spanning_Trees-Number. Tétolou eldoug uehétn eival auth Ty otiyur uné
EpELVL XL UEPIXE TP T amoTEAESUTA ovadEXXYVOLY GTL 1) oYedSY ToxTixdtnta (almost regularity)
galvetol va elvar To el Yo Ty enthuon Tou TeoBAiuaToC.
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KE®AAAIO 5

METISTONOIXH TOY IIAHOOYX TON
Y KEAETIKON AENTPQON TON
ASTEPOEIAQON 'PA®HMATON

5.1 Ewaywyt

5.2 Baowéc "Evvotec xor Optouot

5.3 To II\Afoc 1wy Exeretindv Aévipnv tov Actepoeddv [pagnudtwy
5.4 Anoteléopata Meyiotonoinong

5.5 Tuumepdouota

5.1 Ewaywy

"Eva ypdonua G anotekeitor and éva olvoho V(G) and xopupéc xou éva obvoho E(G) and axuéc
6mou xdfe axur avtiotouyel oe éva un dratetayuévo Ledyoc xopupdy and to obvoho V(G). Oew-
POUUE TEMEPAGUEVN UN-XATELOUVOUEVA YpaPAUAT Ywels Beoyous 1 AVAXUXAGOGELS XAl Ywplc TOA-
haméc axués. ‘Eotw éva tétolo ypdgnua G Ue n xopu@éc xou m axpéc. 'Eva oxeletind Sévipo
oL Ypagruatog G etvar €va dxuxho (n — 1)-axudy vroypdenua.

To miAfoc twv oxeletindy Sévtpwv evéde ypaghuatoc (Sixtbou) G, xaielton entong modurdo-
xétyra (complexity) tou ypaghuatog G [10], elvar éva onuavtind, evpéwe Yvwotd, npdBAnua 6Ty
Bewplo ypapnudtwy ot eugaviletar ot évar Thifoc epopuoydy. Ou o afloonuelntes Teployéc
epapuoydy elvor 1 aftomotia dixtdwy [84, 99], o unohoyloude e cuvohixic avtiotaone uetald
utac axunc oe éva nhextewd dixtuo (electrical network) [13], anoaplBunon cuyxexpluévey Ynuixdy
ototyelov [20], xau anopibunon twv Eulerian x0xhwyv (circuits) oe éva ypdgnua [47]. Zuyxexpl-
uéva, n anaplBunon oxeletixdy dévipwy elvat éva ouctaoTtixd Bhua ot TohhéS TEXVIXES Ylol TOV
utoloytoud, Ty oplofétnomn xau Ty Tpooeyyiouxt aflomotio dixtdwy [25] ot éva dixTtuo Tou
uoviehonoleltal and éva Yedenua, n evdoemxovwvia Uetalld dAwv Twv x6ufwv tou dixtiou end-
veL 6T TO Ypdgnua TEETEL VAl TEPLEYEL EVOL OXEAETIXG BEVTPO AL, ETOUEVWCS, 1) UEYloToRolneY Tou
TARB0US TV OXERETIXAY dEVTPLY Elval €Vag TpOTOC Yo TNV UeYlotomolnoy g adlomiotiog.
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Enopévoe, 1600 yio Bewpniixolc 660 xat yio mpaxtixolc oxonols, EVOLAPEROUACTE YLol THY
eCaywyy uadnuatixdy TOnwy yia Tov UTOAOYLOUG TOL TARBOUC TV GXERETLXGY SEVIpWY EVOC Ypa-
puatoc G, 6nwe entong xau yLa 1o Kyp-ouuniipous (K,-complement) tou ypaghuatoc G €dv to
yedgpnua G elvar éva utoypdenua Tou TAeeS Ypuphuatog Ky, T6Te 10 K, -ouumhipwuo ToU Ypd-
phuatoc G, mou cuufohiletan ue K, — G, opiletar v T0 ypd@nua mou anoxtdtal and To yedenuo
K, dwrypdpoviac tic axuéc Tou ypaghuatoc G (onueldote 6T, €dv To ypdonua G €yl n x0pugES,
161 10 Ypdopnua K, — G ouunintel ue To ypdonua G, Snh. To cuuthfpwua Tou Yeapruatoc G).
[MoA\éc mepintdoeic éyouv uehetniel tou egaptdvtar and tnv emhoyy tou ypagruoatoc G. "'Eyet
ueketnfel Gtav To ypdonua G elvor éva entypagduevo woptaxd ypdgnuo (labelled molecular graph)
[20], 6tav To ypdgnua G elvon éva mhipec Tohuuepy| Ypdonua (complete multipartite graph) [107],
btay 1o ypdonua G elvor évor xuxhixd yedenua (circulant graph) [42, 109], dtav to yedonua G elvat
€vac xuPxég ol tetpadixde xUxhog (cubic-quadruple cycle graph) [108], étav to yedgnua G elvat
éva threshold ypdonua [46], étav to ypdgnua G elvar éva quasi-threshold ypdonuo [91] xow dAheg
Tohkéc mepntdoeie (delte to BiBilo tou Berge [9] yio wia éxbBeon twv Baoixdy anoteeoUdTwY "
delte enlone [24, 67, 93, 91, 94, 100, 106, 107]).

Mo xowv) avtietdnion yio tov xafoptoud tou TARfouc Ty oxeleTxdy déVipwy evoc YpapT-
uatoc G Booiletol o€ éva ¥AooIXG ATOTENEGUN YVWOTO WS TO CUUTANCWUATIXG OXEAETIXGY OEVTOWY
nivaxa (complement spanning-tree matrix) Gedenuo [103], nou exgpdlet 10 TARBOC TwWY OEAETIXGY
dévtpwy Tou Ypapruatoc G wg Ula ouvdpTtnon tne 0pllovcog eveg Tvaxa TOU UTOPEL VO XATOGHEV-
otel eUxola and TNy oyéon yeltviaong Tou yeagruatog G, dnhadh, and Tov mivaxa yettviaong, and
v AMota yerviaong, x.T.h. Yrohoyilovtac v optlovoa ToU GLUUTANEOUATIXO GXEAETIXGDY O€-
VTpwv Tiivaar golvetal 6Tt elval uta ToAAG-unooyduevT xotebBuven Yo Tov xafoptoud tou Thfoug
TWV OXEAETIXAY SEVTPWY YLA OLXOYEVELES YpapnudTey tne uopehc K, — H, émou to ypdgpnua H
elvat éva ypdgnuo mou Satneel uta ouyxexpluévn oupuetplo (dette [9, 24, 41, 93, 91, 107, 109]).

Ye autd 1o xegdiato, opilouue dVo xAdoelc Ypapnudtwy, Tou ovoudlovial complete-planet
and the star-planet yporuata, xoL YEVIXEVOUY TOAES YVOOTEC XAAGELS YRUPNUATOVY Yo T oTtota
udpyet €vac xheloTds TUTOg Yo T0 TAKHOC TV OXENETIXAY dEVTPpLY Touc” xaholue Tig dUo auTég
x\doele ypapnudtwy aotepoetdy (asteroidal) ypagruoata. EZdyouvue xhetotolc tdnoue yia To
TAR00C TV oxekeTxdY SEVipwy TwV Ypapnudtwy tne wopghc K, — H, oty nepintwon mou to
yedonua H elvon (i) éva complete-planet ypdgnua, xau (ii) éva star-planet ypdgnua. Aetyvouue
6Tt oL TOmoL o YEVIXEDOLUY TROTELVOUEVOUS TUTOUS Yo TLS XAAGELS YpagnudTtoy 6w elval Ta
TApES Ypaphuata, To aotépLa (star) yeaghuata, ot tpoyol (wheel) ypagruoata, Ta gem ypagpruota,
to multi-star ypoghuata, to multi-complete/star ypagruata, x.t.h. O anodelZeic pac Buotlovrot
0TO GUUTANEWUTIXG GXEAETIXGDV SEVTPWVY Tivaxo Bedpnua Xal YeNoLULOTOLOVUE XAAGIXES TEYVLXES
and TV yeouda] dhyeBea xat Ty Bewpla TvaXwy.

[Mapdho mou To TEdBANUA TNE LEYLOTOTONOTS TOU TARBOUC TWY OXERETIXGY SEVTPLY EVHC Ypo-
phuatog elval doxoho otny yevixr| negintwon, eivor Suvatd vo meTlyel xaVeElS ATOTEAEGUATLIXN
entAuon YLot XATOLES UN-TETPLUUEVES XAAOELS YRaPNUATOY. XE auTd To XEPIAALo amodetxviouue
entong amoteréouata UeyloTomolnong Yo TN ¥Adon Twv aoTepoeldt| ypapnudtwyv. o cuyxe-
xpLuéva, avayvepilovue xou yapaxtnetlouye ta complete-planet xat star-planet ypaghuato mou
€youv Uéyloto mAffog oxehetxdy dévipwv. To anotehéouata yeylotonoinong mou divouue yYevL-
%e0OLY XAt EMEXTELVOUY TEONYOVUEVA AMOTEAEGUOTO UEYLOTOTONONE Yot TNV ¥Adon Twv multi-star
Yoopnudtey [24].

To xepdhato elvor opyaveuévo we e€ic. Ltny deltepn evoTnTa EDPULBGVOUUE TNHY GNUELOYpapla
xat TNy opoloyla pag, oplloude TNV xAdom TV AGTECOESY) Ypa@NUETWY %ol Topouatdlouue Tpon-
yolueva anotehéouata. Ltny Tpltn xou TNV éTaptn evétnta e€dyouue xheltoTodc TUTOUS Yia TO
TARB0g TV oxekeTuxdY 3EVipwy TwV K,-cuuninpwudtwy towv complete-planet ypognudtwy xat
Twv star-planet ypagnudtov, avtiotorya. Ltnv méuntn evétnto TopouctdlouUe TI ATOTEAEGUN-
ta yeylotonoinone. Téhog, atny éxtn evétnta cuvodilovue to xe@dhato xat delyvouue 6t dhha
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anoteléouata Tou Tapouctdlovion ota [9, 24, 91, 93, 94, 107] énovial wC AUECT, CUVETELL TKWV
Bewpnudtwy yog.

5.2 Baowég 'Evvoieg xar Oplopotl

Me K,, ouufBoAilovue to TAfipeS Ypdonuo ue n xopueéc. Enlong, yia Adyouc ouuuetpiog, cuufohi-
Covye UE Sp41 TO aoTtépt Ypdpnua Ue 1+ 1 xopugéc, nou cuvifue cupBoriletal ue Si ,. Koaholue
™V X0pUGYH TOU YPUQAUATOS Spyq UE UEYLoTo Babud v xevtpux) xopugr (center vertex). To
Gyopdo povordtt (avtloT. XUXAOC) UE 1 XOPUPES V1V - - - Uy UE UXUES VU471 (avTloT. vv4 Xou
v1vy,), 1 <14 < n, ouuPBohileton ue P, (avtiot. C)).

"Eotw 800 ypaghuata Gy xaw Ga. H évworf touc (union) G = G1 U G2 €yeL 6Uvolo xopu@dv
V(G) = V(G1)UV(G2) xar o6bvoro axudv E(G) = E(G1)UE(G2). To xapteoiavd yivduevs toug
(join) ouuBoriletar e G + G2 xau anotehelton and 1o yedgnuo G U G npochétovtog Gheg tig
oxuéc amd 10 XAPTESLAVS YLVOUEVO TV 6LVOAWY V (G1) xat V(G2). T éva onotodfnote cuvextixd
yedgnua G, ypdpouue mG Yo TO YpA@NUL UE M GUVGTOOES, Tou 1 xdbe ula elvar toduopen ue
T0 yedonua G, m > 2. 'Etov, 1o ypdonua mK, (aviiot. msS,, mP,, mC,) anotekeitor and m
ave&dptnto avilypaga tou ypagphuatos K, (avtiot. S, P, Cp). Enuewdote 61, Spp1 = Ki +
nky. Ye 6ho 10 xe@dhoLo, avagepOUAGTE GTA TAHPES YEUPHUATA, AOTEQLOL YRUQPRUATA, LOVOTATLAL
Y OUPAULATO, XAl XUHAOUS YOAPAUATA WS HAIXES, AGTERLA, LOVOTATLAL, Xt XOXAOUS, avTioToLya.

5.2.1 Aoctepocedy) I'pagripota

‘Eva ypdonua G ue n xopugéc xoeltar complete-planet (avtiot. star-planet) €dv to cOvoho
%x0puPKY Tou V(G) emdéyeton W Stauépon oto olvora A xou B tétola Gote:

(S1) A = {v1,v2,...,0m} xu G[A] = K, (avtiot. A = {v1,v9,...,0m,c} xou G[A] = Spmt1),
m>1-

(S2) B =By + Ba+ -+ By, xou yia xdfe i = 1,2,...,m, |B;| > 0 %ot t0 oOvoho B; endyet
Qijy Bij, Vij, xoL 0y avegdptntol avtiypapa XAXGY, OGTEPLOY, UOVOTATIOV, %ol XUXALY,
avtioTolya, Ue j X0opupés: dSnhadt,

GZEG[BZ] = Otinj U ﬂiij U ’Yiij U 5ij0j7 1<i<m, 1<5< |Bz|

(S3) H xopugh v; € A Brémet bhec Tic x0opuéc Tou Ypaphuatos G; xaL YAveL GAeC TLS XOpUPES
ané 10 ovvoro B — V(G;), 1 <i <m.

TUYXEVTEWTIXE XohOUUE To Topamdve oplouéva ypaghuata aotepoetdr (asteroidal) ypaghuata.
To Yyrua 5.1 delyve tnv yevixr| uopyy| evég complete-planet ypagruatog o evog star-planet
yeagruoatoc. ‘Eotw éva aotepoetdr] ypdonua G o éotw T A xou B tor 6Uvola Stauéplong Tou
ouvoRoU %x0pLEKY V(G) alugunva ue tov dvw optoud: xaholue to yedpnua G[A] to sun-yedgnua
Tou ypaghuatoc G, 1o yedonua G[B] 1o planet-ypdgnua, xou to ypapAuata Gi,Gs,...,Gp Ta
planet-vroypdpnua. EZ opiouol, G[B] = JX; G;. 'Evo yeyiototxd ouvextixd unoypdgnua
evog planet-unoypdgnuo Gy xoketton planet-cuviotdoa tou ypagphuatog G;. XuuBoiilovue ue ¢;
v mAnfudnta tou cuvélou B;. 'Etat, 1o mAifog twv xopugdy tou yeagphuatog G; elvan ;.
Emnéov, o optoude tou ypaghuatos G; endyet 6t yio xdbe i = 1,2,...,m, toylel 61t

£;
(cij + Biy + vig + 6i5)-5 = L (5.1)

Jj=1
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Giy1 Gi1
) i 7 o7 )
Ga
Gm vm 7 U2 o O
OO
OO
G1
(a) éva complete-planet ypdonua (b) éva star-planet ypdpnuo

Eyua 5.1: Aotepoetdy ypaphuata.

Enopévec, |B| = Y i, 4. To dbpotopa autd 1o ouuBorilovue ue £. Enouévwe, éva complete-
planet ypdpnua éyet axptBoc m—+L xopugéc, evéd éva star-planet ypdonuo éyet m—+~£+1 xopugéc. A-
16 €36 1L 010 eERC, XANOUUE SuUn-xopUPéc xat planet-xopupés TS X0pUPES TV Yoagnudtoy G[A]
xat G[B], avtiotouya.

Ye 6o 10 XEPIALO, YPNOLUIOTOLOUUE TNV axohouln cOufBaon: UL OToLASHTOTE ATOUOVOUEVY
x0pueH evéc planet-unoypagruatog fewpeltar dtu elvan to ypdgnuo K (xow byt éva and ta ypo-
phuata S, Pr, { Cy) €toL, yu 6ha ta 4, Bin = v = 0 = 0. Houpduow, Bis = vi2 = di2 = 0,
agol Ky = Sy = Py = (5. Téhog, vi3 = d;3 = 0, agol K3 = C3 xau S3 = P3. Enouévwe, yio uia
planet-cuviotdoa ou etval évag aotépag Sy, TOTE N > 3, eV €dv elvol éva povondtt P, ) évag
wixhoc C)p, téte n > 4.

'Eotw éva aotepoed] ypdpnua G ue m sun-xopugéc xat £ planet-xopupéc. uvuBoiilouue
ue a(j) to mhifoc twy uéylotwy xAwody K, 1 < j < ¢, twv planet-ypdgnua G[B]. Iopbuota,
ouuPohilovue pe B(7), v(j), xar 6(j) to Thiboc twy UéyloTwy actepldy Sj, uovortattdy Pj, xat
x0dwv C;, avtlotouya, tou yeaghuatoc G[B]. 'Etot, éyovue:

m m m m
a(f) =D i, BG) =By VG =D vy, and () = b
i=1 i=1 i=1 i=1

Optlouue 1o ddvuoua a = [a(1), a(2),...,a(f)] ndvw oto planet-ypdonuo G[B], xat T0 xaholyue
Sudvuoua xlixac (clique vector) tou aotepoedy| ypaghuatoc G. Me évay napduolo tpéno, opllouue
Ta dravbouata 3, v, xou 6 xot ta ovoudlouye didvuoua aotepiol (star vector), Sidvuoua povoratiod
(path vector), xou dudvuoua xvxdov (cycle vector), aviiotoya. Enouévee, ta daviouata a, 3,
v, xaL 6 evog aotepoetdn ypagruatoc G xabopilouv o TARH0OC TV UEYLETOV XAXDY, ACTERLGY,
uovomaTldy, xot xUxAwy oto ypdonua G[B]. Ano €dd xou oto €&fg, ypdgouue o # 0 yio va
dnhdoovue dtL uTdpyeL ToUNdyLoToy évag delxtne J, 1 < j < £, tétowoc dote af) # 0, dnhady,
a = 0 elvon toodbvauo e a(l) = a(2) = ... = a(l) = 0. Xpnowonotodue tapduolo GUUBOALGUGS
yiat To SLavOoHOTO AGTERLGY, UOVOTATLOY ol xOxhwy. Ta napdderyua, edv a =0, B # 0, v # 0
xat 0 # 0, téte To planet-ypdgnua G[B] neptéyet uévo aotépla, Lovordtia xat xOxhouc.

Evdiogepduocte yio Ty e€orywyh XAeLOTGOY TOUTWV Yia T0 TARHOC TV GXEAETIXGDY JEVTPWY TWVY
yoapnudtmy g wopphc K, — Ge xaw K, — G, émou G, elvor éva complete-planet ypdigpnua xon
G etva éva star-planet ypdonua. Me oxond va 10 netUyouue autd, emypd@ouue XATIAANAA TG
*0pUYES TV Ypapnudtwy G, xat Gs.
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'Eotw éva aotepoedn yedonua G ue planet-unoypagruoata Gi,Ga,. .., Gy, and éva cOvolo

¢ planet-xopupdv. O tpdéT0C TOL ENMLYPAPOUUE EEXLVAEL TEMTA ATO TN EMLYLUPY) TOV XOPUPRDY

Twv planet-uroypagnudtey G, Ga, ..., Gp xoL 0TNY GUVEYELA ETLYPAQOUUE TLC XOPUPES TOU SUN-
yedonua G[A]. TIo ouyexpuuéva:

o mpdta emypdgovue Tic £ xopugéc Tou planet-ypdgnua G[B]. T xdfe éva yedonua G,

i=1,2,...,m, EMYPAPOLUE TIC XOPUPES TOV UEYLOTWY XALXDVY, ACTEQLGY, UOVOTATLOVY, XL

XOXAWY UE TNV axéhouln oetpd:

(1)

Ki,Ki,...,Ks,Ks,..., Ky~ oL xopugéc and xdfe xhixa K, 1 < j < {;, emypdpova
ue tuyalo TpémO"

S3,83,...,54,54,...,80," Yy x80e aotépa S, 3 < j < £, bhec oL xopupéc exToC and
TNV XEVTRLXY) XOPLYY| ETLYEAPOVTAL TEMTES XL UE TUYALO TEOTO, EVEH 1) XEVTELXY) XOPUYY
eEMLYpdipeTaL TEAEUTALOL

Py, Py, ..., P5, Ps, ..., Py oLxopugéc and xdfe uovondtt P = vivs - - - v; emypdpoviat
UE TNV OELRd V1, Vo, ..., v, 4 < § < Uy
C4,C4,...,C1,C4,...,Cp oL xopupéc amd xdbe xOxho C; = v1vg - - - vjU1 EMLYpdQOVTAL

ue ™y dudtaln vy, ve, ..., v, 4 < j < Ay

O OTN GUVEYELY, EMLYPAPOLUE TIC T XopUpéc Twv v; € GIA] , 1 <i<m:

o vy éva star-planet ypdonuo, 1 xevipur] xopu@r) Tou sun-ypdenua emLypdpeTol TeheuTala,
dNAad”, 1 xevTeLr) xopupt Exel TNy uPmAdTEEN ETLYPUPT.

5.2.2 Yuuninpouatixds Yxehetxdv Aévtpov Iivaxag

'Eotw éva ypdgnuo G ue n xOpUPES V1,2, ..., Vn. O ovumdnpwuatixds oxedetixdy SEvipwy

nivaxas (complement spanning-tree matrix) tou ypaghuatog G elval évac n X n nivoxag A tou
optletar we &

ul

(vi)

n

edv i = j,

1
A= % €4V i # j xou v;v; elvor axur Tou ypagruatoc G,
0

AAALOC,

6mou d(v;) etvar o Babube tne xopugic v; oto ypdonua G. 'Eyxel anodetytel [103] (Yvooté extone

0C TO OUUTANPWUATIXGY OXEAETIXWY 0EvTowy Tivaxac Hedpnua (complement spanning tree matrix

theorem)) 61t to TARfoc Ty oxeleTixdy dévtpwy T(G) tou ypaphuatoc G dlvetar and Tov tHNo

7(G) =n""2 - det(A).

Ty mepintwon nou 1o yedgnua G = K, éyovue 61t A = I, xou emouévewe det(A) = 1+ n Cayley’s
tree formula [47) oplleL 6t 7(K,,) = n" 2. Edv G = K,,— H, émou |V (H)| = p < n, oynuatilouue

TOV GUUTATPOUATIXG OXEAETIXAOY déVTpwy Tivaxa A tou ypaghAuatog G- el Tnv axdhoudn uopey

(xevd otouyelo 6Toug Tivaxeg avanaplotoly 0):

A=

In_,
M|
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6mou o unonivaxac M’ elval évag p X p Tivaxag mov aviloToyel aTic Xopupéc Tou Ypuphuatoc H.
AZiler va onuelwbel 6tL o unonivaxag I,—, aVTLGOLYEL GTIC UTGNOLTES I — P XOPUPES TOU EYOLY
Babub n — 1 070 yedonua G, xat, yi' auté, éxouv Bubuéd 0 oto yedenua G. Ané v Loper Tou
mivaxa A, éxoupe 6t det(A) = det(M’). 'Etot, entxevipwviuacte otov utohoyioud e optlovcac
Tou Tlvaxa M.

O nivaxac fabfudy (matrix degree) evéc ypagphuatoc G UE p xopupéc elvon €vac p X p Tivaxag
D oprouévoc we e€ic: Dy = d(v;) xow Dy = 0y i # j, 1 < 4,5 < p. Elvouw edxolo va
deL xavele 6Tt edv mohhamhaotdoovue Ue n xdbe othiln ( ypauun) tov mivaxa M’, Bo €yovue
det(M') = n~Pdet(M), 6mov M = B+ nl, — D, xat B and D elvar oL nivaxeg yettviaong xot
Babuiv tou ypaghuatog H, aviiotoya. Luvodilovtag, éyouye 1o axdroufo anotéhecua:

Iléproua 5.1. ‘Eotw éva yedgnua G = K,—H 6nov |V (H)| = p, xat éotw M = B+nl,—D évac
p X p mivaxac, 6mou ot wivaxec B xar D elvar o nivaxec yettviaone xar fabudy tou yoagruatoc
H, avtiororya. Tore,

7(G) = n""P~2 . det(M).

Ye 6ho T0 UTONOLTO XEPANALO, HEVES EYYPUPES OE TUVAXEC AVTLTPOOWREVOUY UNdevixéc Tiuéc 0.

5.3 To IIAffog Ty Yxehetixdv Aévipwy Twv Actepoeddy Ipapnudtowy

Ity anodel&ouue Toug xAetaTolc TOTOUC Yol T0 TARHOC TV GXEAETIXADY SEVIPWY TOV YPAPNUATDY
K, — G, émou 1o ypdonuo G elvon évo aotepoedy) Ypdonua, oc utobécouvue touc j x j mivoxeg
MJK MJP, Mjc, ol MJ-S, ToU avTLETOLYoLY Ge uia xhixa K, oe éva aotépa S, o€ éva UovomdTL
Pj, xou oe évav x0xho C; ue j xopupés, avtiotolya: Snhadih,

n—j 1 1 1 n—2 1
1 n—j --- 1 1 n—2 1
K __ . . S
M = . : My =
1 1 n—7j 1 n—2 1
1 1 1 n—7 1 1 1 1 n—7
n—2 1 n—3 1 1
1 n—3 1 1 n—3 1
P C _
M; = , and My =
1 n-3 1 1 n—-3 1
1 n—2 1 1 n—3

Ynuewdote 6Tl €€’ 0plood TOU GUUTANEWUATIXOU OXERETXOY SEVTpwy Tiivaxa, To dfpoloua Tmv
otolyelwy oe xdbe ypauun xat ot xdbe oThAkn, o€ xdbe évay and Toug téocepls Tivaxeg, elvat . — 1.
Eivar edxolo va e€dyer xavele éva tino yia tic optlovoes TV Tvdxemy MjK Ol MJS AUPALEAVTAC
™Y TEdTN YpouY and Ghec Tic UndhoeS Ypauués xoL Tpocahétovtag Ghec Tic GTHAES OTNY TEMT
othhn. 'Eyouue:

MK;) = det(ME) = (n=1)-(n—j—1y~"
and A(S;) = det(MJS) — (”*2)j71~(n—jfi:;).
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I toug mivaxeg MJP XL MJC optlouue uto avadpouixh oyéon mou eNLAETAL YENOLUOTOLOVTAS
xhaowxés teyvixég (napduola amoteléouata unopoly vo Beebolv oty epyaocto [41]) - vy n > 5,

€)(OLUE:

n—1 : -

A(Pj) = det(M) = poT ((n—S—i—T)J — (n—3—r)g)
n—1 i ;
~ 9j—1 (Tt (nf?’)Jitil)
t=0

1 . ) )
and ACj) = det(MjC) = 5 (n=3+7r)y +(mn-3—r) +(-2)"")
6mou

r=+/(n—1)-(n—2>5).

H ouvbrxn n > 5 yog emBefouddver 61t 1 wetafAnty r elvan évag mpayuotixog aptbude: dev elvan
anoapaitnTo, epdoov edv BéAouue va €youue évor UovordTL 1 évol xUxho, xabéva and autd mpémel
va €yeL TouNdyLoTov Téooepic xopupéc (Buunbelte Ty oluPaocy uoc) xor epbooy To Ypdgnuo sun-
Yedonua £xer TouldyLoToy Ul xopuet. Tlo ouyxexpluéva, onueldote 6Tl edv n = 5 téte A\(P;) =
ACj) = 0egbooyv (n—3+71r)) —(n—3—-7r)) =0xu (n—3+7) +(n—3—r) =2/ 427,
Auté elvon avouevouevo xol oTig 300 TEPITTAGELS, ENEWY) T0 aoTeEPOEWY| Ypdpnua A anoteleltat
omd ULa UOVASIXT XOpUQT YELTOVIXTH UE GAES TLS X0pUYES TV Ypagpnudtwy P (= Py) f C; (= Cy)
xou emopévee K, — A = A elvar un-cuvextixd. Emmiéov, Sev elvan dUoxolo va Set xavelc:

Mapatdenoyn 5.1. Ot noodtyrec M(K;), A(S;), A(P;), xat AX(Cj) elvar un-apynrixés.

5.3.1 Complete-planet I'papriwata

'Eotw K, 10 TAfjpeg yedgpnua Ue n xopu@éc xaL G éva complete-planet ypdgnuo Ue m sun-xopugeég
{v1,v2, ..., v} xou £ planet-xopugéc tétolo dote V(G.:) C V(K,). Oo yenoluonolficovue 1o
[IépLoua 5.1 ye oxond vo eZdyoude évay xAelotd TOTO YLo T0 TAADOC TOV GXEAETIXGDY SEVTPWY TOU
yoaghuatoc G = K, — G..

T %8Be ypdgpnua G; + v, 1 < i <m, érnou 1o ypdpnua G; elvor to i-670 planet-unoypdpnua
tou G, xataoxevdlovye évayv mivaxa U; mou €xel tnv axdhouln uopei:

MK
MS
U = MP

—_ = =

MC
1 1 1 1 n—dv)

6mou o urontivaxes MK M5 MT xaw M avtiotolyoly otic xhixeg, aotépLa, Lovomdtia, oL xU-
xhoug TV Ypagnudtey G; aviiotouya. O mivaxag ME nepiéyer ayr avlypaga tou nivaxa M, a;n
avttypapa tou tivaxa ML, xou o.xc.e. TIo ouyxexpuéva, o mivaxag ME éyer axpfic Zle Joj
YOUUUES XAl GTHAES, TOU AVTLOTOLYOUV OE Ula xopu@h amd Tig oyj xhixeg Kj, 1 < j < ¢, tou
Yeaghuatoc G;. Auth 1 nepintwon elvon mapbuola yia toug mivaxee M5, MT | xou MC. Ané tny
uopt mou del&aue mponyovuévme tou mivaxa xor tne EE. (5.1), ouunepdvovue 6Tt o mivaxoc U;
Eyet uéyeboc (4; +1) x (¢; +1).

Me oxond vo vrnoloyicovue tny opilouca tou mivaxa U;, mpochétovue uio emmiéov ypolun
X YLl EmmAéoy TR Endve xat aptotepd Tou Tivaxa U;s o tpotonoinuévoc (6 +2) x (4 +2)
nivaxoc U/ éyet tnv (1,1)-0¢om xou (1, 4; + 2)-0éon (on ue 1 eved bhec oL dhheg Béoelc tne mpdng
yeouunc xat otiine elvae toec ue 0. Tho ouyxexpuéva, o nivaxac U/ éyel tnv axdroudn uopen:
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M1 17 M1
......................................... MK
MS

' Ui MP

—_ = = =

MC
1 1 1 1 n—d(v) ]

Avantiooovtag we mpog ta otolyela g TedTng oThHANG tou mivaxa Ul, éyouue 6t det(U]) =
det(U;). Agoapolue tnyv tedtn yeauur tou nivaxa U] and dheg i ypauués tou nivaxa U/, extéde
and v terevtalo. XN ouvéyela, ntolhanhaotdlovue Tic oThlec tou nivaxa U/, extéc and tny
teheutalo oTANY, Ye 1/(n — 1) xou tic npochétouue otny tpdtn otihny. Enueidote 6Tt to dfpotoua
TV ototyelwy xdfe otiing extéc and tny tereutala elvon (oo ue n — 1. Tehxde, agopodue Ty
TGN 6TARN and TV tekeutala othAn tou nivaxa Ul 'Etot, avixabiotdvrag v iy d(v) =
m+£; — 1 xot epbdoov det(U]) = det(U;), Ha éyouue:

MK

£;
det (U3) = M = g JT 5™ - M(8)% - AP - MEGy)™),

¢

n—1

émouv ¢ =n—(m+4;—1)—

Topa elyaote oe Béon va unoloyioouvue tov aptBud 7(G) TV OGXENETIXGOVY JEVTIPWY TOU YEuQH-
uatoc G = K, — G, yenoWonotdvTas T0 GUUTANPOUOTIXG OXERETIXGY dévTowy mivaxa Hedpnua
xat to Ilépioua 5.1. "Etor xataoxeudlouue évay (m + £) x (m + £) nivaxa U(= M) vy éva
complete-planet ypdgpnua G., Baciléuevol otov Tpéno TOUL emLypd@oLUE T xopugés. Téte Ha

€)(OVUE:
7(G) =n""" 2 det (U) (5.2)
[ Uy 1 1
U2,2 1

6mov U = Unm,m !

1 n — d(’l}l) 1 1

1 1 n — d(va) 1
i 1 1 1 o n—d(vm) |

elvan évac (m + £) x (m + £) nivaxoc xat ot vronivaxec Uy, 1 < i < m, anoxtobvtat and tov
mivaxo U; dtaypdgovtac Ty teheutalor ypouuh xat Ty teheutala othAn (Tou aviioTolyel oty
xopueth v;). Tdpa amouéver vo urtohoyloovue Ty opllovoa tou mivaxa U. AxoloufBdvtoac uia
draduxaoio Topduol Ue auth Tou egapudoaue otov nivaxa Us, Ba éyouue:

g 1

. . . . 1 ¢
det (U) = H ()\(Kj)”‘(ﬂ) SA(S;)P0) APy ./\(Cj)é(y)) ST :
i=1 -
1 1 Qm
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y4
H( NS AB)D NG D) - det (D). (5.3)

[ vor utohoyicouue ty Tk det (D), rohhanhaotdlovue Ty mpdty Yeauur tou mivaxe D. ue
—1 xou v mpochétovue otic undhoinee m — 1 ypouuéc. Téte, noAoamhacidlovue Ty oTHAN @ UE
= L2 < i < m, xou v mpocBétoupe oty medtn othM). O mivaxac D UETATpéTETOL GE GVe
prwwxo ue v (1,1)-6éon lon ue g1 + >y = L xou x4e (i,1)-6éon, 2 < i < m, wodTon ye

¢ — 1. 'Ezot,

det(D,) = <Q1+Zgi>'n(%—1 = <1+Z%1>-H(qz’—1)-

Xpnowonotdvtag Ty LeTABANTA p; Yo vor Sphdvouue p; = ¢; — 1 xou avixabiotdvrog Ty Tun
e optlovcag det (D.) otnv EE. (5.3), B éyouue to axdrouvfo Bedenua.

Ocodenua 5.1. Fotw éva complete-planet yodpnua G ue m sun-xopupés xat ¢ planet-xopupéc.
Téte, to mAffoc twy oxeletixdy Sévipwy T(G) tou yeaghuatoc G = K, — G, émov n > m + ¢,
elvat (oo ue

(G) = prmt-2 H( 9 N(8;5)P0) N (PN (Cy 5(])) <1+Z )ﬁpz

.
onov

n

;= n—m-— A
Di n_1

xaw a(f) (avtiot. B(j), v(4), 0(J)) elvar to mAffoc twy uéyiotwy xAixdy (avtiot. aotepldy,

yovoratidy, xUxlwv) ue j xopupéc ota planet-ypapruata tou yeagiuatoc Ge.

[ g moadtnTeg p;, unopolue va dellouue to axdhoubo.

Adppa 5.1. ‘Eotw éva complete-planet yodgnua G. ue m sun-xopvpéc xat £ planet-xopupés.
Tote, yia ti¢ moodtyres pi, i =1,2,...,m, éyovue:

1. edvm =1, 161e p1 > —1 ue v 10dTYTA Y LOYUEL €AV Xt uovo edyn=m+ L =0+1-

2. edvm > 2 xau £ =0, 161¢ yia SAa T i =1,2,...,m, p; =n—m >0, ue Ty 106TNTA VU
LoyUel edy xat uovo edvn=m+L{=m

n—m
n—1

3. edvm >2,0>0, xaw I; =1L, 6t pj > — > —1 ot yia da tai # j, pp=n—m >0

4. edvm>2,0>0, xaeVi=1,2,...,m, {; # €, t61e p; > 0.

Anédeiln:  Ymevluuilouue 61t n > m + L. T ti¢ téooeplc nepintdoetls, Ha Eyovue:

1. BEd&vm=11ttwen>1+{= —£> —(n—1). 'Etoy,

n

= n—1—L1-(n—1) = -1

pr = n—1-—

Enouévee, pp = —1liff n =1+ 7.

2. Hpogavig Loy Vet
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3. Tw 6kt @ # j, pi =n—m > 0 epboov n > m+ L > m. Enedf — > —(n —m), ywa p;
Do éyouvue:

" > n-—m-—2 “(n—m) = _nom

n—1 n—1

bi = n—m= n—1

mou elvar yeyalUtepo and —1 enewdhn —1>n—m > 0.
4. Egboov £; # L ywo dhata i =1,2,...,m, 161 {; < ¢ —1. 'Etot,

"oy = "2

n
i = n—m———-4; > {—
P nem n—1 - n—1

agov woybern>m+L>02>1. 1

Eival onuoavtixd vo tovicoupye 6Tt napbho mou ule tocdtnte. p; Unopel va elvat apvntixd (dette
Hepintdoeie (1) xan (3) and o Aduua 5.1), to TAAfOC Twv oxereTxdv dévipwy dev elval moté
apvnxd. Eny Hepintwon (1), onuetdvouue ot

<1+21/Pi>'Hpi = (I+1/p1) p1 = p1+1 >0,
i=1 i=1

mou endyel 6t T(K, — Ge) > 0 agol n, A(K;), A(S;), A(Pj), xou A(C;) etvan édhat un-apvntind
(delte Mopathpnon 5.1)" 7(K, — G.) = 0 €dv xat udvo €dv p; = —1 énwc avauevétay agpold edv
p1 = —1, mou woyleL edv xaL ubvo edv n = 1 4 £, té1e T0 Ypdonua K, — G elvar 10 cuumifenua
0V Ypaghuatoc G. 670 onolo 1) (Lovadixh) sun-xopuen v1 ToU YpuphRuatoc G, Vol ATOUOVOUEVT.

Ty Heplntwon (3), éxovue 61t

<1+§:1/Pi>'ﬁpi = ﬁpi-f—inpt

i=1 t#£i
> (n—m)™ (T )™ () ()
= [ -2

nou onuaivel 6t T(K, — G.) > 0" Eavd, 7(K,, — G.) = 0 edv xat uévo €dv n = m + £, mou elvat
AVOUEVOUEVO ool TOTE To Yedonua K, — G, elvor To cuunAipoua Tou yeapruatoc G, 6To onolo
1 Sun-xopuQt, v; elvol ATOUOVWUEVT.

5.3.2 Star-planet T'pagprjpata

'Eotw éva star-planet ypdgnua Gs pe m + 1 sun-xopugéc xat £ planet-xopugéc tétolo dote
V(Gs) C V(K,). XpnowonotoVUue T0 GUUTANEeOUATIXG OXEAETIXGY dévTpwy Tvaxa fedpnua ue
oxoné va e€8youue évay XAeloTd TUTO Yo 10 TARBOC TV OXENETIXAY BEVTIPWY TOU YRa@RUNTOS
G=K,—-G;.

Ly nponyoluevn evétnta, yia to Yedgnua G = K, —G. éyouue oynuatioet tov (£;+1) x (£;+
1) nivaxa U;, xat €yovue unoloyloet v oplloucd tou. Eival ebxoho vo del xavele 61t o nivaxag
U; tapldlel ye tov avilotolyo mivaxa yio 1o ypdonuo K, — G dedouévou 4Tt ypernotuonolodue
div;) = ¢; +1, 1 < i < m. Yrnoloyilouvue v opilovoa tou nivaxa U; Baoléuevor otny (S
TEY VX UE QUTHY TOU EQUEUOCOUE Yo TNV Teplntwon tou ypoaghuatoc K, — G, xou Bo éyouue:

£;
det (U) = pi- T[] (MK - XS - AP - AC))5),

j=1
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Ei n
n— " n—1
"Etot, ané to Mépioua 5.1 xataoxeudloupe tov (m+L+1) x (m+L+1) nivaxa U(= M), olugwva

;.

émoup;, = n—(Li+1)—

ue tov tpéno emtypaghc yia éva star-planet ypdgnuo Gs. T tov aplBud 7(G) twv oxehetxdy
dévipwy tou ypaghuatos G = K, — G, éyouue tov axdéiouvfo tono:

7(G) = n""m 3 det (U) (5.4)
[ Uy, 1 1
U272 1
Um,m 1
6mov U = 1 n—d(vy) 1
1 n —d(va) 1
1 n—d(vm,) 1
i 1 1 - 1 n—d(c) |

elva évag (m+£+1) x (m+£+ 1) nivaxac. 'Onwg xat otny neplntwon tou ypaghuatos K, — Ge,
%&0e vronivaxac U; 4, 1 < i < m, anoxtdtot and tov nivaxa U; dwrypdpovtac Ty teheutaia ypouy
%o TNV TeEheutala GTAAY. NNUELBOTE OTL

£
det (Uii) = [TAE) - A(S;)% - A(Py)7 - ()%

=1
'Etot, yia v opilouca tou nivaxa U, éyovue dt
P1 1

P2 1
det (U) = H ()\(Kj)a(j) “A(8;5)P0) (P ./\(Cj)zi(j)) . :

<.
—
3
3
—_

‘
— H ()\(Kj)a(j) .)\(Sj)ﬂ(j) . /\(pj)'r(j) ./\(Cj)zi(j)) - det (Dy),

6mou Dy elvan évac (m+1) X (m+1) nivaxac. Me oxond va unoroyicouue v opllovoa tou tivaxa
Dy, Souvketouue 6mwe xoL otnyv Tepintwor tou complete-planet ypagriuotoc: molhaniactdlovue
™y TGO T Yeaur Tou mivaxa Dy ue —1 xou Ty npocBétouue otic endueves m — 1 ypauuéc. Tére,
noMomhooLdlovpe Ty othAn ¢ ue B, 2 < i < m, xu tn npoobétouue oty mpdtn othhn. Tehd,
€10l OoTe Vo xdvouue Tov mivoaxa Dy dvew dtaydvio, toAamhaotdlovue TNy Ted T 6TANY UE ;—11

xau Ty npocbétouue add it tootnv otiin m + 1. 'Eto,

Eyouue 1o axdrovbo Bedpnua:
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Ocdenua 5.2. Fotw éva star-planet yodpnua G ue m + 1 sun-xopupéc xat € planet-xopupéc.
Tote, 10 mAfjfoc twy oxeletixdy 6évipwy tov yeagiuatoc G = K, — G, dmov n > m + £ + 1,
elvat (oo ue

14 m m
7(G) = nvm—t=3. H (/\(Kj)a(j) ,)\(Sj)é(j) .)\(pj)ﬁ(j) . /\(C’j)"’(j)) . <n —m— Z i) 'Hpi
. — Di ;
j=1 i=1 i=1

.
onov

n

pi = n—1- 4

n—1

xar afj) (aviiot. B(3), v(3), 6(3)) eivar to mAfjboc twv uéyiotwy xiixdv (avtiot. aotepidy,
yovoratidy, xUxlwv) ue j xopupéc oto planet-graph tov yoapjuatoc G.

Ye authy TNV TeplntTwo, Yio T TOGOTNTES Py, © = 1,2,...,m, €youuEe 6L

Adupa 5.2, ‘Botw éva star-planet ypdpnua Gs ue m + 1 sun-xopupés xar £ planet-xopupés.
Tore,

1. eavl =0, t6te yra 6la ta i =1,2,....m,p;=n—1>0"
2. eavl >0 xaum=1, téte p1 > 0-
3. edv >0, m>2, xaw I; =1, téte p;j >0 xat yia 6Aai # j, pi=n—1>0"
4. edvl>0,m>2, xuVi=1,2,...,m, {; < {, 1616 p; > m > 2.
Anédeiln:  Ymevluuilouue 61t n > m + 1 4 £ nou exppdlel 61t —f > m + 1 — n. Enoyévoc,
1. Tpogavéc oy det.

2. Egécov m = 1 nalpvouvue 611 —£ > 2 —n xou €Tot

n n 1
A > n—-1 - (2 — = 0
n—1 =" +n7 ( n) n—1 -

pr = n—1—
emedh n > 1.

3. And tov oploud Twv p;, toylel p; = n—1 > 0y 6ha to i # j. Loty mosdtnta pj, éyovue

° nm -1 >0
n—1

n
> -1+ —. 1-
L S G

gpboov m > 2 xau n > 3, xat €ToL nm > 2n >n — 1.

4. Egboov yia dhata i =1,2,...,m oydel 6t ¢; # ¢, téte {; < L —1. Emniéov, n—1 > m+L.
'Etot,

nl-(f—l) _ m+n€—€—n€+n _ m+n—€

pi = m+{l—
n— n—1 n—

> m
agobn>m+1+0>0>1. [ |

To Afpua 5.2 exgpdler 6t oL tosdtntec p; elvar oe dhec tic mepntdoele fetixée. Emmiéoy,
UTopOVUE Vo TLOTOTOLAoOUKE 6Tl T0 TARD0C TV oxeReTXdY 3évipwy Bev elval noTté apvnTxd.
Enewds o n, M), A(S;), A(F;), xou A(C;) elvar dha un-apvnuxd (Hopathenon 5.1), anouévet va

det€oupe 6t (n—m — 37" 1/pi) - [Ti2q pi > 0. Sty nepintwon (1), onuedvouue 6t

(e £ i fom s - ()
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emedn > m+1> 1. 'Etor, 0 aplfudc 7(K,, — G;) 10V oXENETXOY dEVTpwV dev elvar UixpdTepo
ané 0° edv n = m + 1 téte 7(K,, — G5) = 0, énwc avauevétay, epdoov vy n = m + 1, 10
yodgpnuo K, — G, elvar 10 ouumhfpwua tou yeaghuatoc Gy 6T0 omolo 1 XEVIELXY x0puUPH Tou
sun-ypoghuatoc tou Gy elvar anopoveuévn. Lty neplntowon (2), m =1 xa

(n—m—;i)il:[lpi = (n—l—i)pl = (n—1)p1—1 = (n—1)2-nl—1 = n(n—2-4) > 0

P1

agob n > m+1+¢ =2+{ Enlong, edv n = £+ 2 téte 7(K, — Gs) = 0, énwg avayevétay
agoL yia n = £+ 2, to ypdgnua K, — G, elvar 1o cuumifpewua evée yeagpruatog G oto onolo 1
sun-xopuPy v1 ToL Ypagruatog G elval anouoveuévn. Ttny nepintwon (3) éxouue,

(e B) fin - oo o

= (n—1)m—1-((n—m—7:—_11)-pj+1> > 0

-1 = n-m- 2=
n—1

emedf p; > 0xavn >m = — 11 >n—m-—12>/0>0. Teaxog,

m—
n—
oty epintwon (4), epdoov p; > m,

(nm Z > sz > (nfm—%)wnm = n-m-1)-m™ > 0.

5.4 Anoteléopata Meyiotonoinong

'Onwc tpoavaéplnxe 6tny eLoaywyT, To TLo ouoLblopo aliérioto dixtuo ([25, 84]) oplletar yia va
ueyLoTonolel Thifog Twv oxekeuxdy dévipwy. 'Etot, elvat evdiagécov vo xaboploouue toug tonoug
TWV YRUPNUATWY TOU €Y0UV UEYLETO TANDOC OXEAETIXOY SEVTPWY YLo TPOXAHOpLOUEVES TWES TWY
%0pUPAY xoL axudV. Tia vo xpathicouue 10 TARH0C TwY x0pLEPAY XL axUdY 6Tabepsd, Dewpolue 61t
70 TAHB0C TV XopUPAHY TOU Ypapuatog K, Xat ToL SUn-ypaghuatos Xol THY SLUVUeUATLY XAlxac,
aoTeEpLoV, Wovomatiol, xat xUxhou elvat otalepd. Xe autAv Ty eVOTNTA, TUPEYOVUE ATOTEAEGUATA
ueyLoTonoinong yia 1o TARB0C TV OXEAETIXGY SEVTpwY Tou Ypagriuatog K, — G, 6nou 1o ypdgnua
G eivar éva complete-planet # éva star-planet ypdgnuo.

5.4.1 Complete-planet I'papriwata

'Eotw éva complete-planet ypdgnua G. ue m sun-xopugéc xou £ planet-xopugéc, émov £ = £ +
by + -+ Uy x4, 1 < 4 < m, elvar o mARfoc Ty xopupdv twv planet-unoypa@nudtwy
G1,Ga,...,Gyy. T euxollo ouufBohiouol, yedgouue tov aptBud 7(K, — G.) 10V GXEAETXAOY

dévipwy tou ypaghuatog K, — G, tou Oewphuatog 5.1 wg eig:
T(K, —G:) = X(G.) Y(G.),

6mou
¢
X(G,) = nnmot2 H()\ ) NI L N(Cy)YD X(S; )5(3))
j=1
m 1 m
Y(Ge) = <1+Z—> 11»:
= Pi) i
xal
pi = n—m-— nl'fi- (5.5)
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Egboov uac evdlagépet va eYLETOTOLHGOUUE T0 TARHOS TV OXEAETIXGDY DEVTPWY GTAY OL TUREUETPOL
7 XAl M, OTWS ENLONE XL TO SEVUGUN XAIXOS @, TO SLEVUGUN AGTERLOY [3, TO SLAVUGHUI UOVOTIUTLOY
7, %o To ddvuoua xUxhou 6 elvon otafepd, enopxel vo ueylotonolfioouvue tov tapdyovia Y (G.).

Oa ouyxevipwlolue ot nepintwon exelvy mov m > 2 xaL £ > 0" edvm = 1 £ = 0, dev éyovue
xapta weavotnTa va ahhd€ouue v dout| tou yeagruatog G.. Egboov

Zpi:Z(nfmfm&): (n—m) 12l = (n—m)mfmﬁ,
i=1 i=1 =1
T0 onolo éyel otabepn T epdooy ta n,m, ¢ elvar mpoxafopiouéva, avtxabiotolue TNV WA P,
ue S — Zz_llpi otov nopdyovia Y(Ge), énou S =3 pi = (n—m)m — L50. Tére,
m 1 m m m m
vy = (3 0) 0n = Tne
— Pi . . =1 i
i=1 i=1 i=1 = J]¢}L

m—1m—1

= pmez+me Hp]+ sz

=1 J=1
J#i

m—1m—1

m—1 m—1 m—1
(s T (s 5 0) S e TIn
i=1 i=1 =1 =1 J=1
K

m—1 m—1 m—1 m—1m—1
= <1+5— Zm) I e+ <S— Zm) ST s
i=1 i=1 i=1 i=1 i=1
G
Yrohoyilouue to uéytoto PBploxovtag tny uepixr| napdywyo tou napdywvia Y (Ge) we tpog onolo-

dfmote pr, 1 <t <m — 1, xou Bétovidc o leo ue to 0.

aY(

m—1 m—1m—1 m—1 m—1m—1
m—1 m—1 m—1 m—1
= —sz+<1+5 sz)l% Pi—z<i_HPj>+

'L#t J#,

i=1 i=1 i—1 \Pi j=1
m— m—1 1 m—1
s-500) 5 (55 T0n)
i=1 :;1 DiPt j=1
m—1 m—1 m—1 1 m—1 1 m—1 1 1
= Jlw|-1+—(1+5-D p)| =D —+(S5-D n| —> —
i=1 Pt i=1 i=1 pi i=1 Pt 5= Pi
i#t
m—1 m—1 m—1 m—1 m—1
1 1 1 1
= IIw|1+=-> — —(S pi>+—<52pz> —
i=1 Pt i— P bt — bt i1 111 pi




Téte, unopolue va del€ovue to axdroubo arotéheoua:

Adfppo 5.3. Edy m > 2 xau £ >0, 161 yia xdfe t € {1,2,...,m}

m—1 m—1 1
i=1 i=1 Di
it it

Anédeln:  Edv v 6ha to i = 1,2,...,m, woylel 6t £; < € then p; > 0 (nepintwon (4) tou
Afuuatoc 5.1) xau to Mupa tpogavde énetat. 'Eotw tdhpa 6t £ = £ yio xdnota j and 1o obvoho
{1,2,...,m}. Edv t = j, téte T0 Mupa Zavd énetol epdoov p; > 0 yio dha ta i # J (repintwon (3)
tou Aupatog 5.1). Tdea, edv t # j, téte

Wﬁlpi- <1+mz_:1i> = ((n=m)™2 ;) - (1+:‘_ni+pij>

= DPi
it it

= - (0 P22 1)

n—m

_ m—2 7”’72
(n—m) {n—1+1]>0

Y

n—m
n—1

(8elte mepintwon (3) tou Aduuatog 5.1), 1 — 2=2 = L andn > m + £ >

epbéoov pj > — n—1 — n—1’

m > 2. [ |

Me Bdon to Adupa 5.3, 1 uepixd| tapdywyos Y (G.)/dp, elvar ton pe 0 edy xou uévo edyv

m—1
po= S=Y.pi = P
i=1

Egboov n nopandve tedtnta toylder yia x8fe ¢ = 1,2,...,m — 1, ovunepaivouue 6t n mocd-
mta Y (Ge) @tdver oe éva Gplo €dv xal Vo EGV p1 = pa = ... = Dy, 1N Lood0voua 6Tav
b6, = Uy = ... = {,. Eunkéov, eréyyoviac 10 npbonuo e Twic tov 92Y (G.)/0%p: btav

-9 m—1 ’ ’ ’ ’ ’ Y(G ’ 7 7 . ’
pe=S—>." Di, TloTONOWOUUE 6Tt TO dvw bpLo Tou apdyovta Y (G.) elvon éva uéyioto® onuetdh-
oTe 6TL

i=1 i=1 pZ
i it

782;/2550) - "ﬁlpi- (1 +mz_:1l> (-1-1) <o

~

To anoteléopatd uag ouyxevipdvovial 6to axdéiouvbo Gedpnua.

Ocdpnpa 5.3. Eotw éva complete-planet yedynua G. ue mpoxabopiouéva Staviouata xAuxdy,
Ao TECLBY, UOVOTATIGY, XAl xUxIwy, xar m + L xopugéc, dmou € =Y 1" | ;, xai l; elvar to tAfboc
TWY X0pLY&Y TwY i-0Tdy planet-vroypagnudtwy G,;. Tote, to nAffoc twv oxeletixdy Sévipwy ToU
yeapijuatos K, — G. ueytotonoteltar otay or Tiués twy {; elvar 6Aec [oec.

Ty epyaoio [24], éva Bedpnua upeyiotonolnone mapéyetan yi to ypdonua K, — G, émou 1o
yedgnuo G elvar éva multi-star ypdgnua, mou énetonl we cuVETEL ToU Bewphuatoc 5.3° epdoov ot
ouyypagelc Tou [24] Bedenoay 61t ol planet-cuvioTdoes UTOpOUY USVO Vol ELVIL UOVABIXES XOPUYEL,
téte €dv dev elvan duvatd va toylel £y = fo = -+ = Ly, elvar olyovpo epxtd va eEac@aulloTel
61t omolodnnote and ta f; Stopépouv o TohD xatd 1. E@bcov yia ta dofévta Sraviouato xhxdy,
AGTEPLAY, UOVOTATLOY, Yot XUXAwY, xotagepbel va toylel {1 = ly = -+ = Ly, €dv elvan epuxtd,
uac omontel vor xdvouue évo ueydho aplBud cuvduaoudy yevixd. Iapaxdte divouue éva emmiéoyv
OmOTENEGUN TO OTOlo bTaY eQupUoleETaL emavohnmuxd uwog Bonddel vo netdyouue éva UéYLoTO o€
out T0 TAABOC TWY OXERETIXGY SEVTRPWY, Tapdlo oL autd dev elval anapaltnto ohxd uéyLoTo.
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"Eotw 800 tuyalec xopugéc v; xou v; tou sun-ypaghruatoc Ge[A] xou éotw G; xau G ta avtl-
otouya planet-unoypagruata: 'Onwg avagépbnxe nponyovuéveg, ta yeagphuata G; xau G €youy
4; xau €5 xopupéc, aviiotorya. And to ypdonuo G, xataoxeudlovue to complete-planet ypd-
pnuo G, uetaxvavtoc tic planet-ouviotdoeg uetall Ty planet-unoypagnudtwy G; xar G; étol
®oTe va anoxthoouye T planet-unoypagfuata G xou G ue £ xou £ xopugpée, aviiotoya: Téte,
a+4=&+g

Bploxouue téhpa 1o mARfoc twv oxekeTixdy 3évipwy Twv Yeagpnudtwy G, xat G.. Hpdta, 7
nocétna Y (G.), o€ oyéon Ue To p; %l pj, Umopel Vol YpagTel wg

m m m m
Y(Ge) = pipj [ px + oips D [ ve + i+p) [] or
k’;:lwl] 7‘;:1,1] K;i;] k);:'hlj
m m 1 m
pipi | [ pe- |1+ D, — | | +@i+p) [ ps
k=1 —1 Pr k=1
k#i,j r#i,j k#i,j

= pipj-P1 + (pi +pj) - Po.

Hopduota, yia to Yedpnua G, o éyouue
Y(GY) = pip - @1 + (v + 1)) - Po.

Ennpéobeta, ta ypaghuata Ge xat Gl éyouy 1o (Star Staviouato xAxOY, aoTepLOY, UOVOTATIY,
%ot xOxhwy, xat étor X(GL) = X(G.). Me oxond va ouyxplvouue o TARON TV GXEAETIXEY
dévtpwy TV ypapnudtwy K, — Gl xa K,, — G, e€etdlouue v dtapopd touc:

(K — G/c) —7(Ky, —G.) = (Y(G/c) -Y(G.)) - X(Ge)
= (wip) —pips) - @1+ (P + ) — pi —pj) - P2) - X(Ge). (5.6)

Ané v EZ. (5.5), netuyalvouue:

/ / n / /
P tp; = 2(”*m)*n_1'(£i+£g‘) and

n
i+p; = 2(n—m)— —— (i +¢;).
Pit P (n—m) — —— (li +{;)
Egéoov £; + 1 = {; + {;, elvor edxohlo va del xavelc 6t p} + pi = p; +p;. 'Etor, n EZ. (5.6)
UETPEMETAL
T(Kn — Gp) — 7(K, — Ge) = (pip; — pips) - @1 - X(Ge). (5.7)

/
i

[ to yLvéueva p p} XOL P;Dj, EYOLUE OTL

2
n n
Py = (nm)2(nm)n_1(€;+€;)+<n_1> s and
2
n n
pipj = (n—m)®—(n— m)m(& +4;) + (n — 1) lil;.
'Eto, egboov 0] + U = £; + {;, n EZ. (5.7) uetatpéneton oe
n \2
T(Kn — GIC) — T(Kn — GC) = (n — 1) (f;f; —fifj) 0N X(GC) (58)

Me évav moapéuolo tpémo ue autdv mou Seiloaue otnv anddelln tou Afuuatog 5.3, unopolue vo
detovue 61t &1 > 0. Eminpdobera, X (G.) > 0. 'Etor, oty EE. (5.8) éyouue va Gewphioouue tny
/

; / ’ , 7
i 05 — £ily. AmoSetxviouye to axdroufio Muua.
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Avfppe 5.4. If |0 — 05| < |[l; — £;] then Gl — £;il; > 0.

An6deiln. Xopic BASEN tne yevdtnrag, éotw £ > £ xou £ > L. Eqgboov £ — U < £; — £; xou
O+ 0 = £ + £, undpyet évac axéponog 1 > 1 TéTol0c GOTE,

t;=0;—r and 05 =L+

Egéoov £ > (', 60( mpénet v toyler 6t by — 1 > Ly + 1 = 2r < {; — {;. Emnhéov, O =
Gl + 1l — ;) =12, xou, YV aut6, Ll — Lily = r(L; — £;) — r® mou elvan ueyahitepo ané 0 epdoov
1§r§(€i—ﬁj)/2. 1

Enopévnc, éyouue to axdéhovbo Gedpnua.

Ocdenua 5.4. ‘Fotw éva complete-planet yodpnua G, éotw U0 xopupéc v;, vj TOU Sun-yedgiuatos
xar U, Uy tor mAROn twy xopupdy twy planet-vnoypapnudtwy Gy xar G mov oyetilovtar ue ti¢ xo-
pupéc v; xat vy, avriotoya. Edv tic xAixec, ta aoTépla, TA UOVOTATLA Xl TOUS XUXAOUS TWY
yeagnudtwy G; xar G ta avaxatatdooovue €tol dote oto tporonoinuévo yedenua G ta mA0n
Ty xopupdy twv planet-ypagnudtay mov oyetiloviar ue Tic xopupés v; xaw v; elvar € xau €}
pe |6 — U] < |6 — 45|, e T0 TAijfoc Twy oxedetixdy Sévipwy Tou ypagpiuatos K, — G elvau
ueyaditepo ané autd tou yoapjuatos K, — Ge.

To Oedpnua 5.4 endyel dtt unopolue vo dahéZouue éva LeLydpt XopuPHY amd To sun-ypdEnuo
evoc complete-planet ypagruatoc G xou avoxoatatdocovde Ti¢ planet-cuviotdoec twv planet-
UTOYAPNUATOY ETOL BDOTE VO EAAYLGTOTOLAGOVUE TNV oméALTH Ty TS Slapopds twv aptbudy
xopupdy Ttoug.  Enavaloufdvouue tnv Staduxacio yia évo axdua tétolo (euydpl xopupdy xal
oLveylooLUE g GTou Xavéva LELYSpPL TWY XOpUPKY ETLPEREL UEYUAUTEPO GE TARHOC GXENETIXOY
OEVIPWV.

5.4.2 Star-planet I'pagpruota

Anodewxviouue mapduota anoteréouata yia 1o TAHfoc T(K, — Gs) TV OXENETXOY BEVTPWY TOU
yoaghuatog K, — G, 6mou G elvan éva star-planet ypdonua ue m + 1 sun-xopugpéc xat £ planet-
xopuéc. Yrobétovue 6tL £ = 0y + Uy + - - - + Ly, xau {5, elvar o TARB0C TwV xopuEdY Tou planet-
unoypaghuatoc G, 1 <i <m. Téte, and o Oedpnua 5.2 €yovue 4T

T(Kn*GS) = X(GS)'Y(GS),

6ToL

=
5

I
/N
S

|
”MS i
S =
N————
[femb
=

o

pi = n—1- 4. (5.9)

n—1

Me oxond va yeylotonoticovue 1o thiboc T(K, — Gs) TV oXeReTx®dY dévipwy untd Ty undheon
OTL Ol TUPAUETEOL 1 %o 1M, %ol ToL Slavdouata TNS Xhixog, aeTepLoy, hovoratiol, xat xOxhou elvol
xafoplouéva, enapxel vo UeyLoTonotioouue tov Tapdyovia Y (Gy).
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Elvar yvootd 6t to yvéuevo k Betxdv aplBudy aq, as, . .., ai mou to dfpoioud touc A elvor

otabepd, elvar Uéytoto 6tav 6hot ot aptbuol elval loor autd galvetat avtixabiotdvtog Ty YetofAnT
k—1 . . . . ,

ap Ue A — .1 a; 0TO YLVOUEVO TWV @; X0 SOLAEUOVTOC UE TS UERIXES TTapayDYOUS TG TEAXTC

ExPpaoNe W Tpog omotodrinote and to a;. Me tov (o tpémo, unopolue va Selfouue 6Tl TO
1
a;
ehaytotonotital dtav 6hot ou aptBuol elvar (ool. 'Etot, epboov to dfpotoua twy UETABANTOVY p;

elvar (n — m)m — n"—_el nou elva otafepd dnwg unobécaue SioTL Ta n,m, £ elvan otabepd, xou oL

d0o mapdyovies tou Y (Gy) elvon uéytota 6tay 6ha ta p; elvon (oo, 'Etol, edv MdBouvue un’ iy

dfpotoua Y = TtV k Oetxdv apludy ai,as, ..., ar mou to dfpoloud toug elvon otabepd,

6tL onotodhinote 800 p;, p; elvan loo edy xon ubvo edv £; = ¢; (deite EE. (5.9)) éyouue éva tapduot
anotélecua UE To Oedpnua 5.3.

Ocdpnua 5.5. Lotw éva star-planet yodpnua G, ue otalfepd Siaviouata xAixac, aotepiol,
povoratiol, xai xUxAov, xar m+ L+ 1 xopugés, drov € =Y 1" l; xau l; elvar to mAfboc Twy xo-
cLpdy v i planet-uroypapnudtey Gi. Tote, 1o TAffoc TwY oxeEAETIXGY OEVTEWY TOU Yo @fuaTOS
K, — G5 ueytotonoeitar otay dAa ta l; elvat [oa.

Y1 ouvéyela, Bewpolue éva star-planet ypdgnuo G xou dlo Tuyalec XOpUES v; XAt v; TOU Sun-
yeaghuatoc Gs[A] mou aviietoryody ota planet-ypagruota mov nepléyouvy ¢; xat £; xopugEéc, o-
vitytotya. Koataoxeudlouvue and to ypdonua G ta star-planet ypoghuata Gy uetotvdvtag TLg
oLVLETOGES UeTAEY TwV planet-unoyYpaPNUATLY TV XOPUEDY v; oL v €ToL GoTe To TEAd planet-
Yeagiata éxouy £ xar £ xopupée, aviiototya. Téte, €] + 1) = £; + {; xa X(Gs) = X(GY). H
nocétnta Y (Gs), ©< Tpog T p; X pj, UTopel v ypaptel »g

m m m m
Y(Go) = (n—m)pip; [[ p—piv; D [ pe—i+p) [] or
eoirg v kg iy
m 1 m m
= ppj | |n—m= > — |- [] |- +p) []
—1 Pr k=1 k=1
r#i,j k#i,j k#i,j

= pipj- V1 — (pi +pj)- Yo

Mo rapbuota éxgppaon toylet yia v mooétnia Y (GY) wc mpoc ta pi xou p. Ané tnv EE. (5.9),

€)(OLUE:
n
pi+p; = 2(n—-1)— — (b + 4,
n
o = 21— ()
el
no \2
pipj = (”—1)2—”(5i+@)+<ﬁ) tit,
2
pip; = m—lf—n(éﬁ%ﬂ(%) o,

Egéoov 0] + ) = £; + £}, elvow elxoho va Solue 6t p; + pj = p; + p;. Enouévec,
T(Ky = GY) —7(Kn — Gs) = ((p;p; —pipj) - V1 — (P} +p; —pi —Dpj) - \112) - X(G5s)

= (pipj —pipj) - V1 - X(Gs)

2
< ”1) (48 — 0:5) - Wy - X(Gy).

n —

To Aduuoa 5.5 anodewxviet 6t yia onoladinoTe 4, j, toylet Uy > 0.

79



Adqupa 5.5. Edv m > 2 xat £ >0, téte ¥y > 0.

Arédeiln:  Edv vy 6ho ta i = 1,2,...,m, ; # { t6t€ p; > m (delte neplntwon (4) oto
Afuua 5.2), xou éto

1 = m—2

¥, = [n—m-— — |- ||p;€ > (n—m——)-mm_2
r=1 Dr k=1 m
i ki

> (n—-m-1)-m™?% >0

agob n >m+1+£4>m+ 1. 'Eotw tdpa 611 undpyel évag delxtng ¢ tétolog dote £y = (. Tore,
pr >0 xatp; =n—1ywi# j (neplntwon (3) oto Afuua 5.2). Edv to t elvan elte ¢, elte j téte

m m
U, = n—m—z:l H > n—m—m_2 “(n—1)""2
L — Dr P Pk n—1

r#i,j k#i,j

> (n—m—1)-(n—1""2 >0

agob m —2 <n —1. Edv to t dragpépet xat and ta 800 4, j t61e

1 A m—3 1

V), = [n—m-— g — |- Ilpk = (n—m—( —l——))-n—lm_?’-p
= Pr k=1 n—1 " p ( ) ’
ri,j k#i,j

= (n—1)m3-<(n—m—7:—f’>-pj+1) > 0

emedfip; > 0xoun>m = —22 > 1 —= n-m-2=2>p-m—-1>0>0. 1

n—1
Ennpéobeta, 1 noodtnta X (G) > 0. 'Etor, and 1o Afupoata 5.4 xou 5.5, éyovue 6tu

Ocdenua 5.6. Fotw éva star-planet ypdpnua G, v;,v; 600 xopupéc Tou sun-yeapiuatoc xat
4,0 to mAfjfoc twy xopupdy twv planet-utoyeapnudtwy G; xar Gj, mou ocvoyetiloviar ue T
xopv@éc v; xat vy, avtiotoiya. Edv ov xAixeg, ta aotépla, To MOVOTATIA, XL OL XUXAOL TV
vroypapnudtwy G; xar G avaxatarefoly étol dote oto teAixd yodpnua Gy ta tAfbn twy xopupdy
twv planet-ypapnudtwy mov ovoyetiloviar ue Tic x0pupés v; xaw vj elvar £ xa U ue |6 — 1] <
|t; — £;], t6te T0 TAKboc Twy oxeletixdy bévipwy Tou yeaghuatoc K, — G elvar ueyaditepo and
autd tou yeapiuatoc K, — Gs.

Me Bdon 10 Oedpnua 5.6, éva Tomxd eAdytoto yia To TARH0C TV oXERETIXGY SEVTpwY UTopEel va
anoxtniel dnwg otny Tepintwon twv complete-planet ypagnudtwy.

5.5 Xuunepdoyata

Ye auté 1o xe@dhato, oploaue 800 XAAGELS TWY AGTEPOELST YpapnudTtwy, Tou ovoudlovtal complete-
planet xau star-planet ypogfuata, xou anodellope xhetoTols TOTOUC Yior T YEupRUATo TNS LOpPNC
K, — G, 6nou 1o ypdgnuo G elvar éva complete-planet 1 éva star-planet ypdgnuo. I'a Tov oxond
oUTH, YPNOLLOTOLAGAUE TO GUUTANPOUNTIXOY OXEAETIXGY dEVTpwY Tivaxa Bedenua 6nwe entong xat
HANAOIUES TEYVIXES amd TNV YpauulxY) GhyeBpa xal Ty Oewpla Tvdxwy.
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Mopduetpor m, £, a, B, 7, 6 Complete-planet ypdgnua G Avagopd

m=k+1, £=0
m=1, ak)=1, a(i)=0 V?;ék, B=y=0= K1 19, 94
m=1, gk)=1, B(i)=0 Vi#k a=y=0= Ko+ kK, 9]
m=1, v(k)=1, v(i)=0 Vi#£k, a=8=6= Ky + Py, (gem, ywa k = 4) [9]
m=1, §(k)=1, 6(i)=0 Vi#£k a=p=y= tpoydc (wheel) ypdonua Wiy [9]
m>1, a(l)#0, a(i)=0 Vi#1l, f=v=0=0 multi-star ypdgnua [93, 107]
m>1, xotddnho a#0, f=7=0=0 multi-complete/star ypdonua  [24]
IMivaxag 5.1: YroxAdoelg Twv complete-planet ypagnudtov.
Hapduetpor m, £, o, B, v, 6 Star-planet ypdgnuoa G Avagopd
m>1, £=0 S1m [9, 94]
m>1, a(l)#£0, a(i)=0 Vi#£1l, B=9=6=0  dévtpa ue dduetpo d < 4 [91]

IMivocag 5.2: YnoxAdoelg Twy star-planet ypagnudtwy.

H eCayoyh xhetotdy tonwy yua Stagopetixols TUnous yYeopnudtwy unopel va anodetytel yer-
oLUN GTNV VALY VOELOT EXELVOY TOV YRUPNUATWY TOU TEPLEYOLY TO UEYLETO TAKHOC OXEAETIXOY O€-
vipwv. Tétolou eldoug uehétn éyel TpaxTixés GUVETELES TTOU GUVBEOVTOL Ue TNy aftomatio SixTiwy
(delte yua mopddetyua [84, 75, 99]). Xe autd to xepdhato, TeTOYAUUE ETLONG, XOL ATOTEAEGUOTA
ueyLoTOTOINONS YLol TNV XAJOT TV AoTEROEWT, Ypapnudtwy: avadelfoue ta complete-planet xou
star-planet ypagruoto mou emdEyoviol 10 UEYLoTo TARH0C OXERETXDY dEVTPpWY" o AnOTEAEGUATA
uog YeEVIXeVoOUV xal EMEXTELVOUY TPONYOUUEVH ATOTEAECUATA UEYLOTOTOINGNS Yot TNV XAAOY TV
multi-star xou Twv multi-complete/star ypogpnudtwy [24].

7 B0~

K+ Ps W Ko+ 5K,

Eyfua 5.2: Oplouéva aoTepoELdT YpapruaTa.

O unoloytoude e 0pllousos ToU GUUTANEWUATIXOU GXEAETIXADY SEVTPKY TULVIXWY QaiveTal 4Tt
elvan utal evdiagépovoa xatevbuver yia Tov xaboploud tou TARHoUS TwY GXEAETIXGOY SEVIPWY Yo
TLC OWXOYEVELES YRAPNUATWY TNg Hopghic K, — G, 6mou to Ypdonua G xatéyel uta EUQuUTY GUIUE-
totar. Mo ouyxexpluéva, ToAG and To Yvwotd anoteréoyota [9] tou npoéxuday and entyelohuota
oLYBLACTIXAC, UTOPOUY EUXOAA VoL ATOSELY TOVY YET1OLUOTIOLOVTIS TOPOUOLES TEYVIXES UE AUTEC TOU
xenowonotifnxay oe autd 10 xe@dhawo. Emmiéov, dAla amoTEAEGUATA TOU TUPOUGLAGTNXAY OTO
[24, 93, 94, 107] énovtar (¢ ouvéneeg Twv Bewpnud Twv Hac Tou anodeliaue ot autd To XEQENLO.
ITo eduxd, ToANS ypapuata unopoly vo e€ayfolyv wg GUYXEXPUUIEVES TIEPLTTAOGELS TWV UGTEPOELST
Yeapnudtony, tou e€apTdvTal and TO SUN-yedEnUo ot TLS TWES TOV SLAVUOUATWY XAixag, doTteploy,
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uovorattol, oL xUxhou. o napddetyua, dobévtog evic complete-planet ypagphuoatog ue ypdonuo
K, xau Stavdouota a, 3, 7, §, xou Bétovtae m = 1, v(5) = 1, y(j) = 0 yia 6k tat j # 5, xon
a =0 =279 =0, naipvouvue t0 Ypdonua K1 + Ps, xar 6tav Oétovue m = 1, §(k) = 1, 6(j) =0
v 6l oL j # k, xow o = 3 =y = 0, tadpvoupe to ypdgnua tpdyo (wheel graph) Wi, (deite
Tyfua 5.2). 'Evoc xatdhoyoc tétowwy anoterecudtwy napovotdletar otoug Hivaxes 5.1 xon 5.2.
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KE®AAAIO 6

[IAHOOY XKEAETIKON AENTPON XE
KATHIOPIEY 'PAGHMATON THX
Morens K/'+ G

6.1 Eicaywyn

6.2 Baoweéc 'Evvoleg xon Optopot
6.3 Ta K" + G T'pagpriuata

6.4 To K™ + G Tpaghuata

6.5 K\doeiwg T'eagnudtwy

6.6 Xuurepdouata

6.1 Ewayowy

'Eva oxedetixnd 8évtpo (spanning tree) evéc ouvextxol un-xatevfuvduevou yeagruatos G elvar
éva (n — 1)-oxudv ouvextixd unoypdenud tou. To mhifoc twv oxehetxdy dévipwy evde Ypa-
pAuatoc (dixtdou) G, xaheiton entone roAurdoxdtnta (complexity) tou ypaghuatoc G [10], elvor
EVOL ONUAVTIXG, EUPEWS YVWOTO, TedBANUa otny Oewpla ypapnudtoy xat eugaviletar oe évo TAR-
Boc epapuoydv. Ou mo alioonuelwtec Teployéc epapuoydy elvar 1 altomtotio dixtimy [84, 99],
0 UTOMOYLOUOC TNS BLVOALXAC avtloTaone uetall ulac oaxuic ot éva nhextpxd dixtuo (electrical
network) [13], anopibunon ouyxexpluévoy ynuixdy ototyeiwy [20], xou arapiBunon twv Eulerian
xOxhwv (circuits) oe éva ypdonua [47].

Enouévng, 1600 yio Bewpniixolc 660 xat yio meaxtixols oxonols, EVOLIPEROUICTE VLol TNHY
eZoywyh yainuatixdy Tinwy Yo Tov uTtohoyLous Tou TARBOUC THV OXEAETIXOY DEVTPWY eVHC Ypo-
puatoc G, 6nwe entone xou yLa to Kjy-ouuniipuua (K,-complement) tou ypaghuatoc G- €dv to
yodgpnuo G etvar évo utoypdgnua Tou TAYeeS Yeaphuatog Ky, téte 10 Ky-cuumhipwud Tou Yed-
phuatoc G, nou cuufoiiletan ue K, — G, opiletar og 10 Ypd@nua mou anoxtdtal and To yedenuo
K, Staypdgpoviac Tic axuéc tou ypagphuatoc G (onuetdote 6L, edv to ypdognua G €xeL 1 x0pUYEC,
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t61€ T0 YpPdonua K, — G ouunintet ue 1o ypdonua G, Snh. To cuumhfpwud Tou yeagruatoc G).
[MoA\éc mepintdoelc €youv uehetniel tou elaptdvtal and tnv emthoyy tou ypagruoatoc G. 'Eyet
ueretnfel 6tay to ypdgnua G elvor éva entypapduevo woptaxd yedgnuo (labelled molecular graph)
[20], 6tav To ypdgnua G elvon éva mhipec Tohuuepy| Ypdonua (complete multipartite graph) [107],
btay o ypdonua G etvor éva xuxhxd yedenuo (circulant graph) [42, 109], dtav to yedonua G elvor
€vac xuPBde xau tetpadixde xOxhog (cubic-quadruple cycle graph) [108], étav to yedonua G elvor
éva threshold ypdgnua [46], étav to ypdonua G elvar éva quasi-threshold ypdonuo [91] xon dAheg
nohkéc nepintdoels (delte to BiBAlo tou Berge [9] yia uia éxbeon twv Baoixdy onotereoUdtwy "
delte entone [24, 67, 93, 91, 94, 100, 106, 107]).

Ye aut 10 XeQAAALO, ETEXTELVOLUE TNV TEONYOUUEYT EVvoLa xat Aaufdvouue utt’ diy ypaphuato
Tou endyovat and To TARPES TOALYpdenUe (complete multigraph) K™ Swaypdpoviac molamhéc
oxuéc * oudBohiilovue ye K" to mAHpES TOAUYEAQNUO UE 1 XOPUPES XL oXELBOC T aXUES Vo
evévouy xdbe Lebyoc tov xopupdy. Bactlouevol otic dibtnteg Tou Kirchhoff nivoxa, mou enttpénet
TOV UTOAOYLOUO TOU TARHOUC TV GXEAETIXGOV SEVIPWY YLA €VOL OTOLOdTOTE YRd@nua, EEAYOVUE EVay
TONo Wg UL oUVEETNoT ULag 0plloucag YLol ToV UTOAOYLEUG TOU TARHOUS TV GXEAETIXGOY SEVIPWY
Tou yeaghuatoc K" — G, 6mou 1o ypdgnua G elvan éva urtoypdgnua Tou KT, xot, eEmouéveg, elvot
éva toAuypdgnua. AZilel va onuewwbel 61, edv m = 1 téte 10 ypdonua K" — G cuunintel ye 1o
Yedpnua Kn —G.

Enlone Bewpolue ypagphuata tou tpoxintouy and 1o tAfpec tohuypdenua K7 npochétoviag
nohamAég axuéc oe autd. I ouyxexpuéva, Bewpolue moluypagruata tne woperhc K + G
TOU TPOXUTTOLY o TO TAYEES ToALYpdgnua K" npochétoviag évo 6OVORO axu®y (Tou ypaphuo-
toc K") mou endyouy 1o ypdonua G. Kat oe auth tny neplntwon, Baolduevol otic didtntes tou
Kirchhoff nivaxa, e€dyovue évav timo we uta ouvdptnon utac oplloucas Yo Tov UTohoYLoUS TOU
TARBouc TV GXEAETIXGY dEVTRpLY Tou Ypaghuatoc K+ G. 'Oco yvwpilovue Uéyplc otiyuic, dev
UTdpyOUY TOAE YVwoTd anotekéouata yio tov aplfud 7(K" + G). O Bedrosian oty gpyaocta [§]
fedpnoe tov aptbuéd T(K, + G) yia xdnoloug anholc oynuatiouols tou ypaghuatos G, Snhady,
6tay to ypdonuo G oynuatiler évay xixho, éva TARPES Yedgpnua, 1 6Toy To GUVONO X0pUYKHY TOU
elvan apxetd uxpd. Ilo mpdogata, ou Golin et al. [42] anédeilav évay xhetotéd TONO Yo Tov apLhud
T(K, + Q) yenowonowdvtoc Chebyshev mohudvuua, nou etofyfnoay [12], yia Ty nepintwon érou
T0 Ypdynua G elvon éva xuxhuxd (circulant) ypdgnuo.

YuuBoiilovue e K +£G tny ouxoyévela Twv ypapnudtwy e bopphc K, +G xau K" —G, xou
eZdyouyue évay oo Yo to TARfoc 7(K ] +@G). Ennpbdobeta, Baolduevol 6e autd o anoteAéoUOTA,
YEVIXEUOLUE TOUS TUTOUS U0 XOL ETEXTELVOUUE TNV OXOYEVELX TV Yeopnudtwy K" £ G otny to
YEVIXY) OLXOYEVELN YRAPNUATOVY TNG UopPhic K™ 4@, émou K™ elvon w0 TAen UToypdpnua Ue
N XOPUPES Yot TOLAAYLoTOV M > 1 axuéc va evédvouy xdfe Ledyoc xopupdv.

Baowlbuevol ota anoteréouatd yog —dnhady, Touc TUTOUC WS TPoS TNV GuVEETNoTN Ulag opl-
Covooc yio 10 TARHOC TV OXEAETIXOY BEVTPWY TNS OLXOYEVELNC TwV Ypagnudtey T(K" £ G), xou
XENOWOTOLOVTAC HAAOLXES AAYEROIXES TEYVLXES, YEVIXEDOLUE YV®OOTOUC XAELOTOUC TUTOUS YLl TO
TAA00C TWV GXEAETIXGDVY BEVTOWY amA®Y Ypapnudtey tng wopghc K, — G. Yuyxexpluéva, anodet-
%VUoUUE xAetaToUC TUTOUS YLar To ThABoC Twv oxeletxdy dévipwy T(K ' + G), oty nepintwon
Tou to Ypdynua G elvar (i) éva TAfipec Tohupepy yedonua (complete multipartite graph), xou (ii)
€va multi-star ypdgnua.

AZ{let va onueldoouUe 6Tt oL TpoTELVOUEVOL TUTIOL EXPEAlouLY T0 TAKHOC TWV GXEAETIXGY DEVTPWY
T(K]" £ G) v uo ouvdptnon g opllovoag evée mivoxa mou unopel vo xataoxeuaotel elxohu
and v oyéon yertviaong Tou ypaghuatog G. Ta anoteléouatd uag YEVIXEVOUY TEOTYOUUEVA
OmOTENEGUOTA XL ENEXTELVOLY TNV OLXOYEVELX TWY Ypapnudtny Tne uopphc K,'+G nou emtdéyovtat
TUToUC Yial T0 TARKH0C TV OXERETIXOVY BEVTPLV.
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To xepdhato elvor opyaveuévo we e€ic. Ltny deltepn evOTNTA ESPAULBGVOUUE TNHY GNUELOYpapla
%ol TNV opohoylo Uog, xal TopoucldlOUUE TEONYOUUEVH anoTEAéoUATA. TNV Tpltn evétnTa mo-
poUGLALOLUE Ta ATOTENEGUATA TIOU E€YOLUE YL T Ypopruata K' £ G, eved otny Tétaptn evotnTa
TopoVatdLoVUE Ta ATOTENEGUATA UOC YLOL TO YPUPAUNTA K™ +a. Yy méunty evétnTa eQop-
uélovue Ta anOTEAECUATE oG ETOL (BOTE VA AMOXTACOUUE XAELoTOUC TUTOUS Yial Tol YpaPHUaToL
K" £ G, émou 1o ypdynua G elvor éva mApec moluuepr yedgpnua xou éva multi-star ypdenua,
avtiotolya. Télog, otnyv éxtn evétnra cuvolilovue o xepdioto xol Topabétouue Tbavég enextd-
oELS.

6.2 Baowécg 'Evvoieg xar Opiopotl

Oewpolye MenEPAOUEVO UN-xaTteuhuvdueva amhd ypaphuota xot Toluypagiuata ywelc Bedyouc
(avoxdxdwon) - 1 onuetohoyla roduypdgnua (multigraph) yenowonoteitar dtav ToMamAéS oxuéc
emTpEnovTon ot éva Ypdgnua. T éva ypdonua G, cuufolilovue ue V(G) xar E(G) 1o obvoho
HOPLUPDY XAl GOVORO axudV Tou ypagpruatoc G, aviiotolya.

H roAlarAdtyra (multiplicity) evéc Ledyoc xopupdy (v, u) evée ypagpruatoc G, SnAGVETIL UE
la(vu), xau elvor to TARHOC TV axUOY TOU EVEVOLY TLIC XOpLYES v XAt u oTo Yedenua G. H
eNdytotn moAhamAdTnTo UeTall GAwV Ty (ebywy xopupdy Tou Yeagphuatos G ouufoliletol ue
AMG) evd o ouuBoiiouds A(G) elval o uéytotog tétolog aptbude. ‘Etot, €dv A(G) > 0, téte xdbe
Ledyoc xopuedv oto ypdenua G elvor ouvdedeuévo ue touhdylotov A(G) axuéc: edv A(G) = 1,
1€ 10 Ypdynua G dev mepLéyel TOMATAES axpéc, dnhadn, To yYedgnua G elvon éva amdd (simple)
yedgnua (onuetdote GtL éva anhd ypdonuo B Eva ToAuypdenuo dev Teptéyel avaxuxiooeg). O
Babude utac xopuyhc v evéc ypagphuatoc G, cuuBoliletar ue da(v), xo exgppdlel 1o TARBoc Ty
OXUGOY TOU TRGOXELVTAL TNV X0pupTH v oto yedpnua G. O ehdylotoc Bobudc uetald dAwy Ty
%0pUYKOY ToL Yeaghuatoc G ouuBoiiletar ye §(G) eved ue A(G) ovuforilovue to Péyioto tétoLo
aplBué.

SuuBoriZoupe ue K™ to mifpec mohuyedpnua ue n xopugéc xou ue A(KS™) = m, érou
m > 1 dnhadr, To yedepnua Kflm) €yeL ToUNGyLoTov m > 1 axuéc mou evdvouy xdbe Ledyog Twy
xopueov tou. 'Eva mhipec mohuypdonua (complete multigraph) ue n xopugéc xoL axpBoe m
oxUES VoL EVOVOUY X80 Lebyog Twv xopup®y Tou ovoudletal m-mAfees moAuypdgnua (m-complete
multigraph) xow oupBoriletor e K. 'Etot, v 10 m-nhipec nolvypdgnuoa K™ éyouue ot
MK = AK]) =mxoa 6(K) = AK]) = (n—1)m. Enueidote 61, to 1-mApec nohuypdon-
ua elvon to ypdonua K. EE optouol, xdbe mhrpec toluypdgnua K TepLéyEL Eval UToYpdgpnUa
LobUOoPYo UE EVal m-TAipeS ToAuYpdgnuo K.

"Botw éva mhgec Tohuyedpnuo K™

xol €0tw C va elvat éva 6OVORO TOV aXUGOY TOU YRuPT-
MaTOg K™ <6010 dote o Yedpnua TOL amoXTATAL AT TO YEAPHU K™ darypdpovTac TG AXUES
Tou ouvohou C elvar éva m-thfpec ToAvyedgnua K" 1o yedgnuo Tou endyeTtat and TLg axuéc Tou
ouvéhou C ovoudletar éva yapaxtnoiotixd (characteristic) ypdgnua tou K™ sy ouufBolleton
ue H(K,(zm)). EE&’ optopod, éva yopaxtnetotind yedenua H(K,(zm)) dev mepLéyEL xoia ATOUOVWUEVT
XORUYTN.

"Eotw %o toluypaghuota G xow H. To yedonua G + H elvor oplouévo wc e€nc:

V(G+H) = V(G)UV(H)
%ot
vu € E(G+ H) < vu€ E(G) % vue€ E(H).

Ané tov opoud, xat ta dbo ypaghuata G xou H elvor vroypaghuoata tou G+ H. Emniéov, edv
v,u € V(G)NV(H), téte Larn(vu) = Lg(vu) + Ly (vu).
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"Eotw 800 ntolvypagruata G xou H tétown dote E(H) C E(G). To yedonua G — H opileton
©¢ 1o Yedenua Tou anoxtdtol and To yedenuo G Sloypdpoviog TG axuéc tou H.

"Eyovtac oploet ta ypaghuata G+ H xaw G — H, elvar edxoho va del&er xavelc 4t K,Sm) =
K™ 4 HKS™) e KM = K™ — H(KS™). o yewxd, H(KS™) # K™ — K™ ¢ wétna
Loy Vet btav to Yedpnua H(KS™) €YEL M XOPUPEC.

O nivaxac yerrviaone (adjacency matrix) evéc nolvypaghuatoc G Ue n xopugéc, Tou cLUfo-
AMCetaw ye A(G), elvar évac n x n wivaxac pe daydvia otolyeta A(G)[i, i) = 0 xou un-dtaydvia
otouyelo A(G)[i, 7] = La(vivy). O mivaxac Pabfudy (degree matrix) tou noivypagrhuatos G, nou
ouuPoliletan ue D(G), elvon évac n x n mivaxag ue Swaydvia otowyela D(G)[i,i] = dg(v;) xon
un-daydvia otougelo D(G)[i, j] = 0. Méoa oe 6ho t0 xe@dhato xevd otolyela 6TouC Tivaxeg
avamaptoToly UNSEVIXES TLUES.

it évay nxn mivaxo M, 0 ij-eAdoowy (minor) pf elvan 1 opilouoa tou (n—1) x (n—1) mivaxa
Tou amoxTdTal and Tov mivaxa M Siaypdgoviac TNy yeauuy ¢ xat Ty oTiAn j. O i-ovvtedeotijc
(cofactor) woolton ue pt. O Kirchhoff nivaxac (Kirchhoff matrix) L(G) (enlonc yvwotéc wg o
Laplacian rivaxac (Laplacian matrix)) yio éva mohuypdgnua G Ue n x0pu@éc elval évag n X n
nlvaxag Ue otolyela

L&) 5] = {da(m iz
—Lla(vivj)  ahhiode
6mou de (v;) elvo o Babude e xopuehc v; 610 Yedenuo G xot Lo (viv;) elvat To TARHOC TwY axudy
TOU EVOYOULY TLS XOpLYES v; ol v; 6To Yedpnua G. O mivaxac L(G) elvar évag Betixd-oplouévoc
mivaxog, agol elvat évag GUUUETEWOS TvaXag XoL €YeL UN-aevNTIXES TRoYUATIXES BLOTIUES. X1
uetdote 61, L(G) = D(G) — A(G).

To Ocdenua tov mivaxa-8évteov, Kirchhoff (Kirchhoff matrix tree theorem)[10] elvar éva ané
Ta MO YVOOTd anoteréouata oty Bewpla ypapnudtwv. Ilapgéyet évav tono yia to mhRfoc Twv
oxeENETIXGY BEVTPWY EVEC Ypaphuatoc G, ot oyéon ue Toug ouvteheotés (cofactors) tou Kirchhoff
IMivoxa: elvat oplouévoc g e€hc:

Ocedpnua 6.1 (Oedpnua tov IMivaxoa-Aévipov, Kirchhoff [10, 47]). I'a éva onowdirote
nodvypdynua G ue tov nivaxa L(G) opltouévo dnwe mponyouuévwe, oL ouvteAeotés tou mivaxa
L(G) éyovy tpv (bta T, xar autii n tul elvar lon ue to nAfboc twy oxeletixdy déviewy 7(G)
Tou moAvypapiuatos G.

To Oedpnuo tou Hivaxa-Aévtpou napéyel €va Suvatd epyoareio Yo Tov UTohoYLoUG TOU TABoUS
T(G) v oxeketxdy Sévipwv evéc ypaghuatoc G. T autdy tov unohoyioud, npdta oynuorti-
Covue tov Kirchhoff nivaxa L(G) tou ypaghuatoc G xou anoxtdue tov (n — 1) x (n — 1) nivaxa
L;(G) ané tov L(G) dwypdgovioc Ty i-6TH ypauuh xar oThkn (tuyala), xor téte unohoyilovue
v opilouoa tou nivaxa L;(G). H npdin e Staypaghc pLag ypauuhc xat utag othing and tov
nivaxo L(G) unopel va gaivetat xatd xdnoto tpémo auvbalpetn. Ilapanéunovue tov avayvohotn 6o
BuBrio [10] yio nepLoobTEPES AETTOUEPELECS.

To miffoc Twv oxeheTixdy dévipwy evog yeagpruatoc G umopel va utohoylotel an’ eubelog
(ywelc v Saypapy onotadhnote ypouuhic B oThing) we mpoc évayv nivaxa L'(G) mapbuoto ue
tov Kirchhoff nivaxa L(G), mou oyetiletor ye 1o ypdonuo G [103], ¥, evalhaxtixd, unopel vo
unoloytotel opllovtag éva yopaxtnplotixd noludvupo det (L(G) — zI) ndvw otov nivaxa L(G):
n teheutala meplntwon AouBdver un’ 6Ly tov urtohoyioud twv WLoTWWGY tou nivaxa L(G) (deite
(12, 20, 42, 99, 109]).

Y Sy pac yehétn, exppdlouvue to TARHOC TV OXEAETIXDY DEVTPWY EVOC YRAUQAUNTOS TNS
uopphc K" + G, 6mou o ypdgnua G elvan éva utoypedgnua Tou K" ue p x0pu@ES, GE OYETT UE
évay p X p nivaxa B(G) tou oyetiletar ye to ypdonua G, xou éyL oe oyéon Ue évay n X n mivaxa
L(K]" £ G) nou oyetileton ue ohéxingo 1o ypdonua K"+ G.
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6.3 Ta K"+ G Teapruata

Ye authv TV evotnta, Bewpolue ypaphuota Tou atoxtobvtal and to m-thipes Tohuypdenua K
Staypdpovtac #/xar mpoobétovtac molhanhéc axuéc. Evdiagepbuacte oty e€aynyr TOnwy nou
Baoilovtar oty opllovoa Yo 10 TARHOC TWV GHEAETIXGY SEVIPOY TOV YRUPNUATWY TNG UOPPNS
K" — G xow K" 4+ G, 6mou 1o yedenuo G elvar éva toAuypdgnua mou endyetor and éva 6OVoAo
axudy S C E(K™).

6.3.1 H Ilepintwon K" — G

'Eotw éva nohuypdgnua G mou endyetar and éva 6Uvolo axudy tou ypoaghuatoc K. Anodet-
%vUouue TUTOUE Yo To TAROOC TV OXERETIXAY dEVTpwY Tou Ypaghuatoc K — G- to ypdgnua G
éyel p < n xopugéc xat A(G) < m.

Me oxoné va unoloyicouue 1o TARBoC Twv oxehetxdv dévipwy (K" — G) xdvouue yphon
Tou Bewpruatoc 6.1. Enouévuc, Bewpobue tov n x n Kirchhoff nivaxa L = L(K]" — G), nou €yet
Vv axéiouln uopen:

rm(n—1) —-m -+  —m —-m —-m . -m T
-m mn-1)--- —m —m —m —m
I —-m —-m m(n —1) -m —-m -m
B —m —m —m m(n—1)—dg(vr) —m+ Lg(vjv;)
—-m —-m —-m m(n —1) —dg(v2)
L —m -m .- —m —m + Lg(vivj) m(n —1) —dg(vp) |

émou da(v;) etvon o Babude tne xopughic v; € G xou Lo (vv;) elvat 1 TOMATAGTNTO TWV XOPUPHDY
v; xaL vj oto yedgnua G. O tocdtnies twy un-daywviov Bécewv (n —p +14, n —p + j) Tou
mivaxo L elvar loa ue —m + Lg(vivg), 1 < 4, j < p. Inuetdote 6tt, ot TpdTeC N — P YPUUUES
%ot oTARES Tou Tiivaxa L avtiotoryoldy 6Tic n — p xopupéc tou auvérou V(K — V(G) xa, étot,
€youy Babud m(n — 1) oto ypdgnua K" — G. Egpboov p < n xou A(G) < m, o nivaxac L elvon
évag Oetixd-oplouévog mivoxac.

"Eotw o (n—1) x (n—1) nivaxac L1 mou anoxtdtor and tov mivaxo L Swypdpoviag tny Ted
yoauuy xat oA, Téte, and 1o Oedpnua 6.1 éyovue 4t

T(K" — G) =det (L1).

n

[ var utohoyloovue v optlovoa tou mivaxa Ly, npochétouue o ypouph xou Ut 6THAN 6Tov
mivaxo L1 o n x n nivaxac mou npoxVnter Ly, éxelr 1 oty Béon (1,1), —m otnc Béoec (1, 5),
2 < j < mn, xa 0 otc Boec (3,1), 2 < ¢ < n. Eivar edxolo va motonotfioer xaveic, ot

det(L}) = det(Lq). 'Etot, o n x n nivaxag L] éyet tnv axdrouln uopen:
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rL —-m —-m -m -m -m
Omn—1)--- —m —-m —m —m
0 —-m m(n —1) —-m —-m —-m
L/ — T R R R R P T
! 0 —-m —m im(n—1)—dg(vy) —m + Lg(vjv;)
0 —-m —m m(n—1) — dg(v2)
L0 —m - —m —m + Lg(vivj) m(n—1) —dg(vp) |

HoMamhaoiglovue v mpdtn yeouur tou telxol nivaxa L) ue —1 xat tny npochétouye otic
unéroineg n — 1 ypauués. Enouévwe, n optlouca tou nivaxa L) uetatpénetot wg e€hc:

1 —m -+ —m —m —m —m
-1 mn
—1 mn
det (L)) = R R R R R R
et(L1) -1 smn — dg(vr) L (vjv;)
-1 mn — dg(vs)
-1 le(vivy) mn — dg(vp)

6TOU oL TOGOTNTEC TV UN-dlaywviwy Bécewv (n — p + i, n — p + j) Tou nivaxa L) elvon loec
ve La(vivg), 1 <4, j < p. Enuewdote 6T, oL pdhTeC N — p Ypauués tou mivaxa L éyouv un-
undevixd otoyela otic Béoewc (1,4) xau (4,4), 2 < i < n — p. Iapatnpodue 6t To dfporoua
OhwV TV ototyelwy o xdfe ypauur Tou nivaxa Li, extoéc and v npdtn yeauuth, elvat (oo ue
mn — 1+ Yrevbuullovye 611, da(vi) = 32 i<, ba(vivy), yia xdbe xopuph v; € V(G). 'Eta,
roMamhactédloupe xabe oTAAY Tou mivaxa L) e - xau v mpochétovue oy mpeT) oTAAN, X

€Y OLUE:

o 3=
3
S

jan)}
3
3

det (L4) = | (6.1)

0 le(vivy) mn — da(vp)
= m- (mn)""P~2 .det(B),

6mou B = mnl, — L(G) elvon évac p x p mivaxoc - emonudvovue 61, L(G) elvar o Kirchhoff
nivaxac tou Tohvypaguatoc G xat yu' autd, L(G) = D(G) — A(G), 6nou D(G) ot A(G) elvar o
mivaxag Babudy xar o tivaxog yertviaong tou yeagruoatoc G, aviiotolya. Xuvodilovtag, éyouvue

10 axérovbo anotélecua.
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Adqupa 6.1. ‘Eotw K] to m-nAijeec noAvypdpnua te n xopupés, xat éotw G éva moAuypdpnua
ue p xopupéc térowo dote E(G) C E(K]"). Tore,

(K™ —G) =m - (mn)" P72 . det(B),

énou B =mnl, — L(G) elvar évac p x p nivaxac, xat L(G) elvar o Kirchhoff nivaxac tov ypapr-
uatoc G.

AZ{lel va onueldoovye 6T, yia amhd ypogruata K, xou G, 1o Adupa 6.1 elye Siatunwbel npdta and
Tov Moon oo Bif3hlo [82] xat Sidpopol ouyypugelic UE TOIAES SLaopOTOLAGELS TO YpnoLLoToinCaY
OC EVOL XATAOXELAGTIXG EPYAUAELO YLA VO ATOXTARGOLY TUTOUC YLo TO TAHDOC TV OXERETIXADY DEVTPWY
TV Ypapnudtwy tne uopphc K, — G.

6.3.2 H Ilepintwon K" + G

Ye auth TV evotnta, e€dyouue évay TUTO Yol T0 TARHOC TV GXEAETIXGV JEVTPWY TOU YRoPARUITOS
K"+ G, 6nou 1o yedgnua G elvar éva unoypdgnua tou K. Boaowlduevol oto Oedpnua 6.1,
xataoxevdlovue tov n x n Kirchhoff nivaxa L = L(K)" + G) mou oyetileton ue to ypdgnua
K" + G- unopet va €yel Tapduota Lop@t OTwg oTtny Tponyoluevn nepintwon K" — G. H Swagopd
Beloxetatl otov p X p unonivaxa tou oynuatiletal and Tig TEAEUTAlES P YpUUUES Xot GTANES TOU
nivaxa L. o ouyxexpiuéva, o nivaxac L éyel v axéhouln uopei:

rm(n—1) —-m -+ —m —-m —-m . -m T
-m m(n—1)-- —m —m —m —m
I —-m -m m(n—1) —-m -m —-m
B —-m —m —m m(n—1)+da(vr) —m — L (v;v;)
—-m —-m -m m(n —1) + dg(v2)
L —m -m .- —m —m — Lg(v;v;) m(n —1) 4+ dg(vp).
(6.2)

6mou T otouyela otic un-daydviee Béoec (n — p 4+ i, n — p + j) tov wvaxa L eivon loa ue
—m —La(vivg), 1 <4, j <p.

Elvar enduevo tohpa, Vo EQUpUOGOUUE (Lol TOEOUOLA TEYVIXT E OUTH TOU EQUOUOCAUUE YLoL TOV
utoloytoud e opllovoac tou mivaxa L) otnv nepintwon tov ypaghuatoc K" — G. 'Etot, yua
™V neplntwon tou ypaghuatos K + G, n opilovoa tou nivaxa L) tne EZ. (6.1) uetatpéneton

% —m e —m —m —m “ e —m
0 mn
q , 0 mn
et (L7) = SRR
(La) 0 s+ dg(v1) —l(vv;)
0 mn + dg(ve)
0 —l(viv;) mn + dg(vp)
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= m-(mn)" P2 .det(B),

6mou ta ototyelo oTic un-dlaydviee Béoec (n — p + i,n — p + j) tou mivoxa L, elvor loa ye
—la(vivj), 1 <1, 7 <p. 'Etol, xatolfyovue 610 ax6hovbo anotéhecua.

Adqupa 6.2. 'Eotw éva m-mAijeec molvypdpnua K" ue n xopupéc, xat éotw to yedgnua G va
elvar éva moAuypdpnua e p xopupéc tétowo dote E(G) C E(K]"). Tdre,

(K™ 4+ G) =m - (mn)" P2 . det(B),

énou B = mnl, + L(G) elvar évac p x p nivaxac, xat L(G) elvar o Kirchhoff nivaxac tov ypapr-
uatoc G.

6.3.3 H Tevuxn Hepintwon K" £ G

Y11 ouvéyela e€dyoupe évay Yevixd TOmo xat Yo TL¢ 800 TponYoVUEVES TEPLITOGELS TWY YRUPNUd-
v K"+ G xou K" — G. T tov oxond autd, opilovue uia topduetpo a we e&hic: (i) a =1, y
v nepintwon K + G, xou (i) o = —1, vy tv nepintwon K — G. Me dhha Moyra, o = £1,
obupova Ue to ypdonuo K"+ G. Boaowlduevol 6ty T TNg TapaUéTpoU (v GUUTERALVOUUE TO
axéhouvfo anotéreoua.

Ocdenua 6.2. Fotw éva m-tAijeec modvypdpnua K" ue n xopupéc, xai éotw éva moAvypdpnua
G ue p xopupéc térow dote V(G) CV(K]") xat E(G) C E(K]"). Tdre,

(K™ 4+ G) =m - (mn)" P2 det(B),

érov B = mnl, + « - L(G) elvar évac p x p mivaxas, a = £1 odugwva ue to yedgnua K" £+ G,
xar L(G) elvar o Kirchhoff nivaxac tou yoapiuatoc G.

Y10 mponyoluevo Bedpnua to ypdenua G elvar éva vmoypdenuo tov K7, xat, YU autd, éyet
rmolhamhétnta A(G) < m. 'Eretan 61 1o ypdonua K" + G éyet nodamhétnta A(K" +G) < 2m.
IMag™ 6ha autd, umoEOLUE Vo ATOQUYOLUE TOV TEOTYOUUEVO TECLOPLOMG YLA TNV TEplmTwon Tou
yeaghuatoc K 4+ G. Aev elvar dloxoho va det xavelc 61t o nivaxac L tne EZlowone (6.2)
Topapéver Betind-opiouévoc egbdoov toyler A(G) > 0. 'Etol, unopolue vo oploouue to ypdpnua
G va elvon éva Tohuypdonua e p xopugéc tétolo Gote V(G) C V(K). To axbéhovbo Bedenua
Loy VeL.

Ocdpnua 6.3. Fotw éva m-rAijpec nodvypdpnua K, ue n xopupés, xai éotw 1o yodpnua G va
elvar éva moAuypdynua e p xopupéc tétowo dote V(G) C V(K. Tore,

(K™ 4+ G) =m - (mn)" P2 . det(B),

énou B =mnl, + L(G) elvar évac p x p nivaxac, xat L(G) elvar o Kirchhoff nivaxac tov ypapr-
uatoc G.

6.4 Ta K\ + G Dpagphuota

e auth v evétnta anodetxviouue tdnoug Bactauévouc otny opilouca yio To TARHog T(K,Sm) +
G), 6mou K™ elvon éva TAApec Tohuypdnua xau G elvan éva uToypd@nuUa TOU K. Medra
AouBdvouue un’ gy to yedonua K + G — G xou nabpvouue évay tino yio to thifog (K" +
G1—Gs), xoL 01 GUVEYELY, ATOdEXXVIOLUE £vay TUTO Yol To TARBoC T(K,Qm) + @) ypnotuonotdvtag
T0 Ypdonuo K" 4+ G — Ga %ou éval yopaxTnetoTixd yedgnua H(K,(Lm)).
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6.4.1 H Ilepintwon K" + G — Gy

Edd, Gewpolue ypagphuata mou mpoxUntouv and to m-nAfpec noluypdgnua K npochétoviog
TOAMATAES axuéc eVOC Ypagruatog G ot agatpdvTag ToAATAES axuéc and éva yedgpnuo Ga.
'Eotw éva noluypdgnua Gy Ue p1 xopugéc, tétoro dote V(G1) C V(K]), xa éotw Ga éva
TONUYPAQNUAL UE P2 xopUgée, téTowo ote V(Ge) C V(K?) xaw E(G2) C E(K)" + G1). Xe auth
TNV TEPITTWOT), ETMUXEVIPAOVOUUE TO EVOLAPEPOY Uag oTo Ypdonuo K + G — Ga, mou amoxtdto
ané 1o m-nAfpeg toluypdenuo K, tpocbétovtag Tig axuéc tou ypagphuatog G, X0l TN GUVEYEL,
aAPaLEAYTAS ATO To TEOXUTTWY Yedgnua K" + G T axuéc Tou ypaghuatog Ga* dniadnh, K, +
G1—Gs = (K" + G1) — Go.

Eival edxolo va deu xavele 6t (K" +G1)—Ga # K"+ (G1—G2) epbooy, ot Yevuxh teplntonot),
T0 Ypdpnua Gz dev elvan éva unoypdgnuoe tou yeaghuatos Gi. Emmiéov, V(G1) # V(Ga).

[ to Ceuydpl twv mohuypagnudtoy (Gi, Ga) opilouue ta union-stable yoagfhuata G xo
G5 tou Levyoue (G1, Ga2) wg e€fic: G elvan to mohuypdgnue mov mpoxUntet and to yedepnua G
npochétovtac 610 6UVOAo x0puedy V(G1) Tic xopugéc and to abvolo V(Ge) —V(G1) xou G glvan
T0 TOAUYREPNUA TOL TPoXUTTEL antd To Ypdonua Go tpochétoviac o1 6Uvoro xopupdy V(Ga) Tic
%x0pLYEC Tou ouvéhov V(G1) — V(Gs2). 'Eto, €€ opiouot V(G7) = V(G3).

Ané tov oploud hotndy, xal ta do yeaghuata G xar G5 elvar toluypagruata ue p = [V(Gy)U
V(G2)| x0pupéc, UE TOUAEYGTOV P — p1 XUl P — D2 OTOUOVWUEVES X0pupés, aviiototya. Egboov
K"+ G — G5 = K'+ G — G2, emxevip@dvouue To evBlogépov uac oto yedgnua K, + G — G5.

Baowléuevol oto Oedpnua 6.1, xataoxevdlovue tov n x n Kirchhoff nivaxa L = L(K]" +
G7 — G%) mou oyetiletar pe 1o ypdgnua K + G — G5+ elvar noapduotoc Ue v meplntwon tou
yeagruatoc K" +G. H dapopd €yxettal 6Tov p X p utonivaxe nou oynuotiletol and tic teheutaleg
P Ypouuéc xat othieg tou mivaxa L, énou p = |V (G1) U V(G2)|. o ouyxexpiuéva, o nivaxac L
€yel TNV axéAouln uopei:

rm(n—1) —-m - —m —-m -m T -m |
-m mn—-1)--- —-m -m -m o —m
L —m —m m(n —1) -m o -
“m—m e —m B(GLGIL] B'(G;,G3)lid) |
—m —m —m B/( T?Gg)[272]
I —m - —m B(G, G g B'(G1,G3)[p, )

6mouv o p X p unonivaxac B (G, G3) éyel otolyela

Do et {m(n—l)—l—dg*(vi)—dg*(vi) edv i = j,
B(G1,GY)i, j] = ' ’ ,
—m — Lg: (vivy) + Ly (vivy) AL,
Ynuetdvouye 6L 1o Lax (viv5) o Loy (vivy) etvon Ta TAABN ToV axu@Y HETAZ) TOV XOPLYEY V; XL
v; 670 Ypdgnua G xa oto Ypdonua G, avtiotorya. Oumocdtnres dg: (vi) xat day(vi), 1 <i < p,
exppdlouy Tov Babud tne xopuphc v; oto Yedenua G xat oto ypdgnua G5, aviiotouyoa. AZilet
va onuewbel ot V(GT) = V(G3).

Elvar embuevo tdpa Vo EQopUdGOLUE UL TUEOUOL TEYVLXT UE OUTH TOU EQUPUOCUUE YLOL TOV
unoloytoud tng optloucag tou mivaxa L) otnv nepintwon nou etyaue to yedgnua K' — G. 'Etot,
vl v mepintwon tou ypaghuatos KM+ G — G5, n optlovoa tou nivaxa L) wne EZ. (6.1)
UETATRENETAL
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o 3=
3
S

jan)}
3
3

et = BGLGHLY B(G}, Gl )

B(GT,G3)[2,2]

0 | B(G1,G3)[i, ] B(G,G3)[p, p)
= m- (mn)""P~? . det (B(G],G3)),
6mouv o p X p unornivaxac B(G5, G3) éyel otouyela
* NI mn + dG;‘ (’Ul) - dG; (’Ui) edy i = j,
B( 1,G2)[l,3]= ’
—Lla; (vivj) + lay (vvj)  aAAb.

Egécov B(G%,G5) = mnl, + L(GY) — L(G3), Bétovue ue B = B(G7,G35) oL anoxtoVue to
axéhouvfo anotéreoua.

Ocdpnua 6.4. Eotw éva m-nAfjpec nodvyedpnua K, ue n xopupés, xai éotw Gi, Ga 6o
noAvypagijuata tétota dote V(G1) C V(K!™") xaw E(Gs) C E(K]* + Gy). Tore,

(K™ + Gy — Go) = m - (mn)""P~? det(B),

émou p = |V(G1) UV (G2)|, B = mnl, + L(G}) — L(G%) elvat évac p x p nivaxas, L(G}) xat
L(G3) elvar ov Kirchhoff nivaxec twv union-stable ypapnudtov G xar G5 tou ledyouc (G1,Ga),

avtioToLya.

6.4.2 H Tevixs Hepintwon KV + G

Fotw K™ éva TAAPES TOAUYEAPNUA UE N XOPUPES Xat €6Tw G €val UTOYPAPNUA TOU YRUPHLATOC
K™, Qo det€ouue 6Tl T0 TPOoNYOoLUEVO Bedpnuo Topéyel TV Baoctxy) WEa xal anotehel To xheLdt
yta Tov unoloytoud tou TARHoug T(Kflm) +G), 6mov K™ +@ etvan 10 yodpnua TOL TEOXUTTEL And
10 yedpruo K™
€youue 6L K™ = K™+ H(K,(zm)), 610U H(K,(Lm)) elva éva yopaxtneLoxd yedgnua Tou K.

npochétoviag f agatpdvtac Tig axuéc Tou ypaghuatoc G. E@bcov A(K,Sm)) > 0,

Téte, éyouvue 6TL
K™ +£G=K"+H(K™)+G.

H npdobeon twv axudy tou yeagruatoc G 1o yedenua Kr(lm), endyeL OTL K4 G= KM+ G,
6mou T0 yedgnua G = H(KS™) + G. 'Evot, v Tov unohoyioué tou miifouc T(KS™ + G)
UTOPOVUE Vo Egapubeovue To Oedpnua 6.3. Ané v dAAn, Yo Ty TEpITTWoN TS apalpeons TwVY
axudy Tou ypaphuatoc G and to ypdgnua Ky, yio Tov unohoyioud tou ThRfouc T(K,Sm) -G)
UTOPOVUE Vo EQaPUGGOLUE TO Betpnua 6.4, oy K\ -G = K +H(K7(lm)) — G, Xuvolilovtag
€y 0LUE TO ax6AoLbo anoTéhecud.

Afupa 6.3, ‘Eotw éva nAfjeec noAvyedpnua K™ UE N XOPUPES xal H(K,(lm)) Eva yapaxtnoLoTixs

yedonua tou K™, xau éotw G éva unoyedgnua tou K3™.

Tore,
T(K,Sm) +G)=m- (mn)”ﬂ”*2 det(B),

dmov p = |V(H(Kr(lm))) UV(G)|, B=mnl,+ L(H(K,(lm))*) + L(G*) elvar évac p X p mivaxac xat
L(H(Kém))*) xar L(G*) elvar ot Kirchhoff nivaxec twv union-stable yoagnudtwy H(K,gm))* xat
G* tou Levyoug (H(K,(,m)),G), avtiotolya.
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Ynuewdote 61t Bewpolue to ypopHuaTa K™ + G wa YU autd Tov Adyo 1o Yedopnua G meénel va
elvan éva umoypdgpnua Tou K™, IMop’ 6hat autd duws TNV TERITTWOT TOU €YOLUE TO YEAPNUA
K™+ G graph, mopduola ue to Oedpnua 6.3, elvar tpogavic 6t To ypdgnuo G unogel va eivol
€Vl YPAQYNUO TOU ETAYETAL ond OTOLOSATOTE GUVOAD TWV aXUDY TOU EVOYOUV TLC XOPUYES TOU
yeaghuatoc K™,

6.5 Kidoeig I'pagpnudtowy

Ye auth ™y evéTnNTa, YEVIXEUOUUE YVKOTOUS XAELGTOUC TUTOUS Yol T0 TARHOC TV GXEAETIXOY
OEVTPWY YLa OLXOYEVELES YpapNnudTwY Tng woperic K, — G. 'Onwg avagéphnxe otny etoaywyn tou
xepahatou undpyouy TodéS epintdoeLls yia to TAhfog T(K, — G), tou eeptdtan and ty emthoyy
tou ypaghuatoc G. O oxondc authc e evétnroc elvar va anodetlel xhetotols TToUS YLo TO
mAffoc T(K]" + G), epopudloviog TapdUOoLES TEYVIXES UE QUTEC YL TNV TEPITTWON TOU YRuPHUATOC
K, —G. 'Etot e€dyouue xhetotolc TOnous yia 1o TARHoc Twv oxeheTxdy dévipwy 7(K' £ G), yLa
1L nepntdoel 6mou 1o ypdenua G elvan (i) évar TAfipes Toluueph Yedonua, xat (i) éve multi-star
Yedpnua.

6.5.1 TII\7vjpeg Ilohupepr Toaprinata

"Eva ypdonua Myetar 6t elva éva tAficec moAuuepr) (complete multipartite) (1 thfien k-uepéc) edyv
uTdpyEL ULal SLaépLan TOU GUVONOU XOPUPKY TOU ETOL OOTE VoL UMV UTAPYOLY YELTOVLXES XOPUPES TOU
{dtou ouvéroL xat xdbe Levyoc xopuPdY and dlapopetixd oUvola vo elvar yertovixd. LuuBolilovue

€val TAEC TOAUMERT, YOAPNUA UE P XOPUPEC WS Koy ma,...imy, OTOU P = My + Mo + - - - + my,.

"Eotw éva mohupepy, Ypdonua G = Koy ma....me UE P x0pUGEc. Etny epyooia [95] éyel ano-
detytel 6Tt To TANBOC TV oXENETIXAY BéVTpwy Tou Ypagriuatog K, — G Sivetar and tov axdrioubo

TUTo:
k

T(Kn — G) _ nn*pfl(n _p)kfl H(n _ (p _ mi))mifl’

i=1
6mou p elvon To TARBog TwY XopLPAY Tou Yeagriuatog G.

Ye quth TV eVOTNTA, ENEXTELVOUUE TO TROTYOUUEVO anoTéNEaUd delyvovTag évay xAelotd timo
yia 10 TARH0C TOV GXEAETIXGY BEVTPWY TwV Yeapnudtwy tne uoperc K* + G, 6mou 1o ypdgnua
G elvan évo mApec Tohuuepés Ypdpnua ue p < n xopugéc. And to Oedpnua 6.2, xataoxeudlovue
Tov p X p mivaxe B(G) xau npochétouue wia ypouh xou Ut oThAAN otov wivaxa B(G)* o telxde
(p+1) x (p+1) nivaxac B'(G) éyer 1 oy Béon (1,1), o otic Béoec (1,5), 2 <j <p+1, xa 0
otuc Béoetc (7,1), 2 < i < p+ 1 Guuillovue 6tL, a = £1. 'Etot, o tehxde nivaxac B'(G) éyet
axdhouln uoper:

't o o -+ «a ]

M, —« —Q
BI(G): —Q MQ —Q ,
L —a —a - Mg |

6oL ot dtaydvior my; X m; uronivaxeg M; €youv dtaydvia otolyela mn +a - (p—my), 1 <i < k.
Ynuetdote 6t det (B(G)) = det (B'(GQ)).
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Me oxond va unohoyloouue v optlovoa tou mivaxa B'(G) tpoohétovue Ty mpdtn ypouuy
ot endueves p ypauués. IMolamhaoidlovue tic 2,3,...,p + 1 othheg tou nivaxa B'(G) ue
—1/(mn+a-p) xat ti¢ npocbétovue otny npdTn oThAN. AZilel va topatneicouue 61, To dhpoloua
oe xdfe ypaupr| tou nivaxa B'(G) elvan ioo ue mn+a-p. Enouévec, n optlovoa tou nivaxa B'(G)

UETATPENETAL:
-ty o o oa
My
det (B'(GQ)) = M;
Mj,
= smtap - det (My) - det (M3) - ---- det (Mp), (6.3)

émou oL m; X m; unonivaxes M/, 1 < i <k, éyouv tnv axéhoudn uop@h:

mn+a-(p—m;) +a «
« mn+a-(p—m;)+a - «
M =
« « cemn+a-(p—m;)+a

T Ty optlovoa tou mivaxo M, tolharnhaotdlovue T Tpd T Yeaulh Ue —1 xat Ty tpochétovue
ot endueves m; — 1 ypapuéc. Lny cuvéyewa, Tpoohétovue Tic 6TANES Tou Tivaxa M/ otny Ted
othin. Iopatnpdvtag 6t mn +a - (p —m;) + o - m; = mn + a - p, EYOLUE

det (M}) = (mn+a-p)- (mn+a-(p—m;))™i L
Enouévue, and ty E&lowon (6.3) éxouue to axdroufo anotéheoua.

Ocdpnua 6.5. Fotw éva mAfjeec moAvueer yodpnua G = K\ ms,...omy, UEP = Mi+ma—+---+my

xopuypés. Tote,
k
(K™ £ G) =m- (mn)" P~ (mn + a - p)F! H(mn Fa-(p—m))ml,
i=1

omou p < n xar o = £1 odupwve ue K" £G.

Snqueilwon 6.1. H xhdon tov thipec mohuuepr Yeapnudtoy Teptéyel Ty xhdon twv c-split ypa-
pnudtwy (thhpn duyotoulotua yeaghuata—complete split graphs)- éva yedgnuo optletat we c-split
Yedpnua edy undpyel wia dtauéplon Tou aUVEAoU xopLYAHY ot éva euotaféc alvolo (aveZdpTnTo)
S xau oe éva TAfen oUvoho K xou xdfe xopugr 6to 6Uvolo S elval YELTOVIXT UE OAEC TLS XOPUPES
Tou ouvbhou K [43].

'Eto, éva c-split ypdonua G ue p xopugéc xau V(G) = K + S elvar éva nhipec nohuuepéc
Yodonuot Ky ma,...my, ME M1 = |S|, ma =mg =--- =my =1 xu k = |K|+ 1. "Evoac xhetotédc
T0nog yia 0 TAN00S TwY oxeAeTXOY déVTpwY Tou Yeagphuatog K, — G elye tpotabel otny epyaotia
[91], 6mou To Ypdgnuo G elvan éva c-split ypdgnua.

'Eotw éva c-split ypdgnua G ue p xopugéc xa €otw V(G) = K + S va elvon n dauéplon
TOU GUVGAOL %0pLEGY tou. Téte, and 10 Oedpnua 6.5 taipvoupe dtL 10 TAABOC TWV OXENETIXEY
JEVTPWV TV Yeapnudtwy tng wopenc K" £+ G divetor and tov axdéhouvbo xhelotéd tino:

(K™ + G) =m - (mn)" P~ Y(mn + a - |K)*1= Y (mn + a - p)El,

6mov p = |K|+|S| xup<mn. O
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6.5.2 Multi-star T'pagpripata

"Eva multi-star ypdgnua, nouv cuuforiletat wg K, (b1, b, ..., by), anoteleltat and éva mAipes ypd-
onua K, e X0pUPES UE ETLYPUQES V1, V2, . . ., Uy, X0 b; X0pupEc Babuol éva, mou n xdbe uia elvar
YELTOVIXT UE TNV X0puph v;, 1 <14 < r [24, 93, 107].

'Eotw évo multi-star ypdgnua G = K, (b1,ba,...,b;) ue p =1r+ by +ba+ - + b, x0pugpéc.
Ytic epyoaoiec [24, 93, 107], elye anodetytel 6Tt To TAAHOC TwY OXENETIXGY BEVTPLY TOU YpaPRUATOS
K,, — G dlveton and tov axdrlovbo xheiotd tiro:

7uqc>7ﬂﬂ*mn“*Q+§Z%il>II@n,

=1

by
n—1"°

omov g =n—(r—1+b;) —

Ye auth v evétnta, Baotlduevol oto Oedpnua 6.2, YEViXeVoLUE TO TPONYOVUEVO aTOTEAECUA
TopdyovTac évay XAetaTd TUTO YL T0 TARHOC TWV GXEAETIXGY SEVIPWY TOVY YRoPNUETWY TNS LOp@Pnic
K"+ G, émou 1o yedonua G elvan évo multi-star yedgnuoa ue p < n xopugéc. 'Eotw to K, va
elval To mApeg Yedgnua tou multi-star yeagruatog G xat €6Tw V1, Vo, .. ., Uy VA EVAL OL XOPUQES
tou. To 6Uvolo xopupdy Tou anoteleltal and Ty xopuey v; xat Tic b; xopupéc Babuol éva tou
elvor GAEC YELTOVIXES UE TNV XOpLYY v; ETAYEL éva Ypdpnua aoTtépa Ue b; + 1 xopugéc, 1 < i < r.
Kataoxeudlovue évav (b; + 1) x (b; + 1) nlvaxa M; mou aviioTolyel 010 ypdgnuo aotépa Ue
XEVTELXT XOPUPT TNV v;* EXEL TNV axdhouln uoper:

mn + « —
mn + « -
Mi = B}
—« —« cooomnta-(r—140)

6mov oo = £1.

[ va unohoyleovue v optlovea tou nivaxa M; npdta tohhanhactdlovue TNy TedTN YPOUUT
ue —1 xow v mpoohétovue otic endueves b; — 1 ypouuée. Téte, npocshétovue tic by othkec otny

ety oThkN. Tehuxd, nodamhaoidlovue Ty e OTAAN UE xat TNy mpocbétouue otV

_a

mn+ao
, , ' . , 2 . .

tehevtata oThAN. ‘Etol, napatnedvtac 6t af = 1, €youvue:

mn+ao

det(MZ) = (mn+o¢)bi . (mn+0é(7’71+b1)7 a?b; )

(mn + )b - (mn+a~(7’— 1+b;)— mg:_a)

= (mn+ )" -qu,

6ToL

g=mn+a-(r—1+0b)— by 1<i<r. (6.4)

Topa elucote oe Béon va unohoyioovue o TARBOC Twv oxereTixdy dévipwv T(K"" £ G) yenotuo-
noldvtog o Oedpnua 6.2. 'Etat, éyovue

(K™ 4+ G)=m- (mn)"?"%.det (B(Q)) (6.5)

6mou o Thvaxac
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e . -
M272 —Q
B(G) = Mrr -
| —a mn + a-dg(vy) —a —
— —a mn + - dg(va) —
| —o —« —« coomnta-dg(vr) |

elvat évag p X p mivaxoag xou o M;; elvar évag umomivaxag mou anoxtdtal and Tov mivaxo M;
dtarypdpovtag Ty teheutalor ypouuh xou v tekevtalo othAn tou, 1 < i < . O Babude e
%x0puYhc v; Tou ypawhuatoc K, elvar looc ue dg(v;) =1 —1+b;, 1 < i < r. Enouévec, tdhpa
emapxel va unoloyioouue Ty opilovoa Tou Tivaxa B(G). AxoloufBdvtoc ua Stadixasia tapduola
UE auTH ToL eqapudoaue otov Tivoxa M;, o Eyouue:

qQq —« —«

—a —«
det (B(G)) = (mn+a)P™" - .

7@ 7& DR q"‘

= (mn+a)P™" - det (D).

ms;a' dette v EZlowon (6.4). T va

Pépvouue oty uviun pag 6t ¢ = mn+oa- (r—1+b;) —
unohoyloouue Ty opilovea Tou 7 X 1 Tivaxa D mpdto ToAATAAGLE{OVUE TV TEGOTH YPAUUT TOU

nivaxa D ye —1 xou v mpocBétovue otig r — 1 unéroineg ypauués. Tote, nohhaniaotdlovue tny

ato
qita
yeauués Tou mivaxo D, €youue 6t

det (D) = <lani-1|-Oé> ] @ + o).

OTAAN @ UE , 2 <4 <, xau v npochétovue oty TedTN oTHAY. Avanticoovtug kS Tpog TS

i=1
Enouévoe, aviixabiotdvrag v twuf e det (D) ot EZlowon (6.5), éxouue to axdroufo Hedpnua.

Ocdpnpa 6.6. Eotw éva multi-star yedgnua G = K, (by,ba,...,by) uep=r—+by +ba+---+b,
xopuypés. Torte,

(K™ 4+ G)=m- (mn)" P 2(mn+ a)?" (1 —a- Z quka> H(Qz +a),

i=1

bi
mn+ao

bnoup<mn,qg=mn+o- (r—1+b)— xar oo = £1 obugwva ue K7' +G.

6.6 Xuunepdoyata

Ye autd 1o xepdhoto anodeifoue Tinoug tou Basilovial 6Tov unohoyLoud opiloucac yia to tARfoc
TWV GXEAETIXGV DEVTPOVY YLOL UL OLXOYEVELX Ypapnudtey tng uoperic K' £ G, xou eniong yio tny
TLO YEVIXY) OLXOYEVEL YRUPNUATOVY K™ + G, éro0u 10 yedonua K (avtiot. K,(,m)) elvor To
TARPES TONUYEAQNUA UE 1 XOPUPES oL axplBAc (avTloT. ToUNdyLoTOY) M axuéc va evivouy xdbe
Cebyog xoupdv xau To Ypdenua G elvat éva Tohuypdenua mou endyetal and éva aUVORO axud)y
Tou ypaghuatoc K7 (avtioT. Kr(lm)). Baowlbuevol oe autolc toug tinoue, anodeliaue xhetotol
tonoug yla To TARfoC Twv oxehetxdy dévtpwy T(K]" £ G), yia v neplntwonc mou To Ypdpnua
G elvan (i) éva TAhpec TohuUepéS yodgnua, xou (i) éva multi-star ypdgnua.
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Me Bdon 1o anoteréouotd yog, o fray evdiagpépov va Bewphioet xavelc To TpdBAnua Tne anddet-
&ne tonwv yLa o TAABoC Twv oxeReTXGY dévTpwy T(K £ G) oTic TEPLTTOOELS Tou To Ypdgnua G
avrixeL oe GANeC xAdoELS amAdY Yeagnudtwy 1 toluypapnudtony. To napabétovue we éva avolytd
TEOBANUL.

To mpdBinua tng ueylotonolnong Tou TANBoUS TV OXEAETIXGY déVTpwy €yel emtAubel yLo ap-
XETEC OWMOYEVELES YpagNnUATwY Tng Uopphc K, — G, 6mou 1o ypdgnua G elvon éva multi-star
Yedonua, 1 Eveon LovoraTidy xor xUxhwy, xTh. (delte [24, 41, 93, 99]). 'Evot, éva evdlapépoy
avolyté TedBAnua elvat Tng Ueytotonolinone Tou TANHOUS TV GXEAETIXGOV BEVTIPWY YRUPNUATWY TNS
wopphc Kt +G.
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KE®AAAIO 7

IIAHPOY AYNAMIKOY AATOPIOMOY
ANATNQPIZSHYE TQON P4-SPARSE
I'PA®HMATON

7.1 Ewoaywy?
7.2 Boowéc 'Evvotec xat Optouol
7.3 IIMfeng-Auvvauixde Alydplfuog

7.4 Yuurepdouata

7.1 Introduction

Ye éva Suvouxd UeTaBoahhOUEVO Yoedpnua TEénel Xavelg Vo SLatnehoeL UL avomapdoTaoT) TOU Y-
pAuatoc uéoo and uia axohoubla dueowy uetaBohdy (on-line modifications), dnhadh etoaywyéc
xat dtorypapés xopuedy 1 axudy. H avomopdotaon meéner va emttpéner va anavinfoly epwth-
OELS TIOU AMAGYONOUY GUYXEXPLUEVES LOLOTNTES TOU dUVAULXOU YPaPHUATOS, YLo Topdderyua, ‘elval

)

ouvextixd to yedgnuo - . Tétolou eldoug ahydplbuol Tou acyohobvtal Ue aUTd Ta TEOBAAUATA
ovoudlovtar Suvauixol adydpifuor (dynamic algorithms) xat xotnyoptonotodvar avdloya UE TNV
Sradixasta yetaBordy mou unootnellovy. 'Evac avéprixde (avilot. petwtixde) (incremental xon
avtiot. decremental) ) ahydpfuoc utootneiler wévo tpoatiun (avtiot. agaipeon) xopupdy. 'E-
vaig ovo-tpoafixne (avtiot. uévo-agaipeons) alydbptbuoc unootnpiler uévo nposhinn (aviiot.
agatpeon) axudy. 'Evoc udvo-axuéc nAfews duvauixds alydetfuoc (edges-only fully dynamic al-
gorithm) urootneilel npoobfixec xou daypapéc axudy. 'Evac mhrfowe Suvauixde adydpibuoc (fully
dynamic algorithm) vnootnpilet tpononowicelc axudy dnwe eTlong XaL TPOTOTOGELS XOPUYHDY.
Apxetol epeuvntéc yehétnoay to TedBANUa TS SUVAULXAC AVaY VORLONS Yia YRUQAUNTI GUYXE-
XxpLWEVRY owoyeveldy. AuEntixol alydpluol avayvdpeione éyouy Tpotabel and tov Hsu [54] yia
interval ypagruoata xor and touc Deng et al. [34] yia ouvextixd xotdhinha interval ypagruota.
O Ibarra [56] édwoe évay ubvo-axués mAfen duvauixd ahybelbuo avayvédpelone yio chordal ypa-
pAuata Tou vrootneiler xdbe nEdZn axurc oe O(n) Ypdvo xoL Evav UOvo-axués TAREN Suvauilxd
ahybpluo avayvédelone yia Suyotouiowa (split) ypagpruata Tou urtootneilel xdbe mpdln axunc
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SETTE

1 2
Yyhuo 7.1: To entd amory0peLUEVO UTOYRAUPHUATA YLa TNV XAdoT TV Pi-sparse ypa@pnudtwy.

oe O(1) ypévo. IIo mpbogata, o Hell et al. [50] édwoav évav mAfen duvauixd alybptbuo yia
™V avayvopton xatdAnley interval ypagpnudtwy tou dovieler oe O(d + logn) yedvo yio xdbe
Tpononolnoy Tou ypapluoatog, étou d elvar o Bubudc utac xopuphc TNy TEplnTwoY TpoTonoinaNC
xopu@hc. Ot Shamir xot Sharan [101] oyedlacay évav TAen duvauixd ahybetbuo yia TNy avay veo-
pton twv cographs, threshold yeagnudtey xou trivially perfect ypagpnudtwy nouv unootneilet xdbe
tpononoinon axurc oe O(1) ypedvo xat xdbe tpononoinomn xopuerc oe O(d) ypedvo. Tia tnv xAdon
Twv Py-sparse ypagnudtonv, évog auintixdc alyopliuog yio Ty avayvépeton evoc Py-sparse ypo@r-
uatoc éyel tpotafel and touc Jamison xon Olariu [61] Tou unootnellel TNV eLoAYWYT ULIC XOPUYTC
Babuot d oe O(d) ypbévo. e éva dagopetind mpbfBinua, ot Henzinger xat Fredman [51] anédeilav
%xdTw Gplo Yoo TNV TohuThoxoThTa TN Stathenong e TAeng Suvaxic k-oxudy 1 k-x0opuedy
OLVEXTIXOTNTAC OE eNLNESD YpaPHUAT.

IToAhot epeuvniéc entong Bedpnoav to mEoBinua tng duvauixhc Swathenong tou md-3évipou
evée duvauxd uetaBaihbuevou ypawhuatoc (1o md-8évtpo evéc ypawhuatoc G elvar wovadixd
(0 Tpoc Tov LooUopPLoUd) ETLYpaPdUEVO dEVTEo oL amofnxelel Ghec Tic Staueploelc ToL GUVE-
AOU XopLYGY Vo Ypaghuatoc G 6e auToTEAElC-UOVEdES Xt UTopel va xataoxevacTtel 6e ypdvo
Yeouuxd we mpoc to uéyehoc tou ypagpruatoc [30, 33, 80]). T to mpdfAnua autd, uévo Vo
uepxd anoteléopata elvon yvwotd: ot Muller xou Spinrad [83] édwoayv évav auvZntixd akydpelfuo
yio TRy m-anoolvieon, tou utootneiler xdbe ewoaywyr xopugpic oe O(n) ypdvo- ot Corneil et al.
[29] €dwoay évay BérTioto auinuxd akydptbuo yia Ty avayvdplon xou Ty m-atoolvlieon twy
cographs, mou vnootnellel Ty eloaywyl ulag xopugric Babuol d oe O(d) yebvo.

H epyaota uoac oe autd 1o xe@dholo EMXEVIpGOVETAL oTa Py-sparse ypaghuata: ta Py-sparse
yeagruata opllovtar we to ypagphuata exelva yio ta onola xdbe olvoho TEVTE XopuUPADY ETEYEL
T0 TOAG éva dyopdo uovondtl teaadpwy xopugdhy [52] (oto Lyhua 7.1 napousidlovue o entd
OUTOY OGEVUEVOL UTIOYRAYRAUATO Yl TNV XAdon twv Py-sparse ypagnudtwy). To ypaghuata avtd
elvan téhetar xau enlone téheta dratdliua (perfectly orderable) perfectly orderable [52], xou neptéyouy
ToMEC xAdoELS Ypagnudtwy, 6nwe elvar, ta cographs, ta Py-reducible ypaginuata, xth. (deite
[18, 61, 62]). Ta Py-sparse ypoghuato €youvy uehetnfel extetauéva ta mEpAoUEVE Ypdvia Xal
Beloxouv éva TA00g eQupUoY (Y 6T EQUPUOGUEVN UalnuaTixd xol TN EMLETAUN TNE TANPOYORLXNAS
(m.y., enxolvevies, uetagopxd uéoa, ypovodpouoléynon, fewpla utohoyiouol) oe mpoBAfucata
mou oyetilovtat Ue ypoghuata mou To yapaxtneilel uto “tomx) tuxvétnta” Wwidtnta. Hedyuatt,
1 doun) Twv Py-sparse ypa@nudTwy EVOOUATAVEL ULl TETOLO TOTLXT TuXVOTNTA agol elval exelva Ta
yeagpriuoto oto onola elval oyetxd anibovo va Beefoldv nepiocdtepa and Ay Py onueldvovue 61t
ToAAOL epeLYNTES TElVOUY Var EELEGGOLY TNV EVVOLA TNS TOTUXNC TUXVOTNTOS UE TNV amousio Twy Py
and éva ypd@nua.

Ye aut T0 XEPAAALO, TEPLYPAPOLUE £Vary TATIET SuvauLxd ahybptiuo avayvodplong twv Py-sparse
YEOONUATOV GTOV 0TOLO 0L ELOAYWYES AXUDY/XOPLUOAOY XOL OL BLUYPUYES TOUC EXTENOUVTAL UE TNV
npolndbeon 6Tt to Tpononotnuévo yedenuo elva éva Py-sparse ypdonua. O alydpelbude pac dtatn-
el 1o md-8évtpo Tou ypaghuatoc: eréyyeL tdte N altnon T axuhc/xopuphic LETABOM S ETLPEREL
éva Py-sparse ypdgnua, xaL o€ nepintwon fetixrc andvinong, evnuepdvel xatdhinia to md-8évtgo.
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Kdbe npdin axunhc vrootnpiletoar oe O(1) ypdvo, evé xdbe npdln xopuphic utootnpiletal oe O(d)
Xeovo Yo xdbe d-Babuod xopugric.

7.2 Baowég 'Evvoieg xar Oplopotl

Auth 1 epyaoia aoyoleltat xou Stepeuvd Suvauxd TEOBARLATA OVOYVAELOTS GTA OTOLA OL EPWTROELS
elvar g wopghc: ‘1o yedgnuo avixel oe uta ouyxexpluévn xidon I1- 7, énou 1T elvor ua xAdon
yeagpnudtov. 'Evag alydpiuoc yia 1o mpdBAnua elvar avoryxaouévog va dtatnpel Uita avanapdotao
TOU duvauxol YpaphuaToC V6oL TO Yedgnuo avixel otny xhdon II, xau va evtonilet néte to
yedgpnua madel va avixel oty xAdon 11

ITio ouyxexpluéva, évac TApwe Suvauxde yia uta I-avayvopiorn Statneel uta Sour| dedouévwy
Yo To oLYXeEXpLUEVo Yedenua G € 1T xau vnootneilet tic axdhoubec hettoupyiec.

o mooobixn-axuic(edge-insertion): Sobévtoc dVo xopuedy u,v € V(G) mou dev elval yettovt-
%éc 670 Ypdynuo G, evuépwate TNY XatdAANAT Sout, dedouévmv edv to ypdgnua GU{uv} € II,
eddMwe extinwoe false:

o Siaypapi-axuic(edge-deletion): dobévtoc utag axuic uv € E(G), eviuéowoe tny xatdhhnkn
doun dedouévwy €dv to Yedgnua G — {uv} € II, elddhhwe extinwoe false:

o mooabixn-xopuprc(vertex-insertion): doféviog ulag véac xopugiic v ¢ V(G) mou yertvid-
Cev ue 0, pepieée, 1 GRS T XopLPES Tou Ypaghuatoc G, eVNUEP®OE TNV XATEAANAY doun
dedouévwy edv to ypdenua G U v € 11, elddhhwe extinwoe false:

o diaypapi-xopupic(vertex-deletion): dofévtog utac xopugrc v € V(G), evnuéowoe v xo-
TEAANAN Sour| dedouévmv edv to ypdonuo G — v € 11, elddihwg extinwoe false.

Metd tnv extéheon and onowadrnote tétola Aettovpyia, o aAyopliuog elval étoluog va extehéoel
v enduevn Aettoupyla. Mpogavae (Selte enlong [101]), n npochhixn (Siaypapy|) ulac xopuphc dev
avéyeton 6to TEOBANUa Tne mpochixne (Swarypagric) Twv Tpooxeluevwy, ot autic, axudy. 'Etot,
0oL TPOTOTOLAGELS XOopUPAY TpETeL var Yetpllovton EexwpeLoTd and TiC TEOTOTOLAGELS aXUDY ond TOV
duvauxd ahydptbuo.

M xhdon ypapnudtov IT xaheltar avtoovurAnewuatixy (complement-invariant) edv to G €
1T empéper G € II. Tnuerdvouye 6Tt yio to Py-sparse ypogpfiuato 1o axéhoufa Loydouy:

Adupa 7.1, ‘Eotw éva Py-sparse yedgnua G. Tote (i) to yedpnua G elvar avtoovundnewuatixs
(complement-invariant property), xav (ii) yia xdfe v € G, G' = G — v elvar éva Py-sparse
rodynua.

7.2.1 m-Anocivbeon xou P;-sparse I'pagripata

"Eva unocivoro M twv xopugdy evée ypapruatoc G avagépetol we autoted-uovdda (module)
Tou ypoaghuatoc G, edv xdbe xopupy extdc tou ouvéhou M elvar, elte yeitovn o Ohec Tig
xopugéc Tou M, elte oe xaula and autéc. To xevéd obvolo, Ta UOVOGUOVOA Xl TO GUVONO XOQU-
pidv V Aéyovtan tetpluuéves auToTEAElC-UOVAdES xou 6ty To yedgnuo G éyel ubvo TETELUUEVES
autotehelc-uovédec téte avagépetal we mpdto yedgnua (prime graph # indecomposable). Mo
UN-TETPLUUEVT aUTOTENT-UoVEda ovoudletar entone xat opoyevéc obvoho (homogeneous set). Emt-
TAEOV, Ul aUTOTEAT-UoVAda M tou ypaghuatoc G ovoudletar toyuplf avtoterf-uovdda (strong
module) edv yia xdfe plo autotef-uovéda M’ # M tou ypaghuatoc G, elte toyder M' N M = ()
elte oyler M’ C M.
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Syfua 7.2: "Eva un-ouvextixd Py-sparse ypdgrnua e 13 xopugéc xor to md-3évipo tou.

H m-onoctvleon (modular decomposition) evéc ypaghuatoc G avanapiotatal and éva dvipo
T'(G) o onolo ovoudlouvue md-6¢vpo Tou ypagphuatoc G (modular decomposition tree): to gOM
Tou dévtpou T'(G) elval oL xopupés Tou ypagpruatos G evd xdbe ecwtepxds x6UPoc t aviioTolyel
0€ ULl Loy UpY| aUTOTEAR-UoVada tou cuuBoiiletar M (t) xau endyeton and To 6UVONO TWV XOpU-
PAV/ UMY Tou UTodévipou ue plla tov t. 'Etol to dévtpo T(G) avanaptotd dha Tic Loy UpES
autoteAelc-povadeg tou ypaghuatoc G. Kdle ecwtepindc wéufoc emypdpetol ue Py nopdA-
ApAn autotehi-uovéda (parallel module), # ue Sy oelpraxyj avtoteri-uovéda (series module),
fi ue N vy yertovixrj autotelfi-uovdda (neighborhood module). H avtotehd-uovddoa mou avti-
otoyel oe évav P-xéufo endyet éva un-ouvdedeuévo uvnoyedgnua tou yeagruatog G, auth Tou
S-x6ufou endyel éva cLVSESEUEVO LTOYRAYNUA TOL Ypagruatog G TOU To GUUTAYEWUS Tou elvol
éval Un-ouvBedeuévo unoypdpnua xat autr tou N-xbéufou endyet éva cuVdESEUEVO UTOYPAPTUA TOU
yeagruatog G mou 1o cuuTAiewud Tou elval eniong éva ouvdedeuévo uroypdenua. To YyhAua 7.2
delyvel éva ypdgnua xou to md-dévtpo Tou.

"Eoto t évac eowtepinds x6ufoc tou md-dévipou T(G). Edv o xéufoc t éxel noudid t1, ta, . .., tp,
t61e opllovue 10 avumpoowreuTixd yodgnua G(t) (representative graph) we axoholfuc:

o V(G(t)) = {tl, tg, ce ,tp}, and

o E(G(t)) = {tﬂfj | ViV € E(G), v; € M(ti) AL Vj € M(tj)}.

Ynuewdvouue 6Tt €€ 0pLoUOU NG QUTOTEAOUC-UOVABAS, €4V Uilal XOpLET TNS AUTOTEAOUC-LOVEdAC
M (t;) elvon yertovuxr ue pia dhhn xopugy e autoteholc-uovadag M (t;) téte xdfe xopugh tne
autoteholc-uovddac M (t;) elvar yettovixy| ue xdbe xopueh tne avtotehove-uovadac M(t;). 'Etot,
10 Ypdonua G(t) elvar tobUopQo UE TO YRAPNU TOL ETEYETAL ANd €V UTOGUVORO TS AUTOTEARC-
uovédac M (t) cuppxvidvovtag oe ula xopugh xdbe uéylotn autotehi-unouovéda tne M(t) oto
dévipo T'(G). Ta toug P-, S-, xaw N-xbufouc, to axdrouvfo Muua toylet (Selte entong [18, 40]):

Aupa 7.2, Eotw G éva yodonua, T(G) to md-8évtpo tou, xat t évac eowteptxds xdufoc tou
T(G). Tore,

(M.i) o yedpnua G(t) elvar éva ywolc-axuéc yedgnua edv t elvar évac P-xdufoc,
(M.ii) to yedpnua G(t) elvar éva nAfpec yodpnua edv t elvar évac S-xdufoc, xat

(M.iii) to yedgnua G(t) elvar éva mpdro yedgnua edv t elvar évac N-xdufoc.

Mo ouyxexpyéva, vy TNV xAdon twv Py-sparse ypagnudtwy, oo Giakoumakis xou Vanherpe [40]
édellay OTL:
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Appa 7.3. Eotw G éva ypdpnua xat éotw T(G) to md-6évipo tou. To ypdynua G elva
Py-sparse edv xar uévo edv yia xdfe N-xdufo t tou 8évrpov T(G), to yodpnua G(t) elvar éva
apayvoetdéc yodgnua ue Stauéeton (S, K, R) xar xaula xopupy tou ouvdlov S U K Sev elvat
eowtepixde xdufoc oto Sévreo T(G).

7.3 IIhAemc-Auvauixds Alydelbuog

'Onwe avagéphnxe, o alydplBudc uac dwtnpel to md-8évtpo T(G) tou Py-sparse ypo@huatoc.
Me oxoné tnv dteuxdiuven tou teoBhiuatos, anofnxedovue oe xdfe x6ufo tou dévipou T'(G)
emnpbdobetec TAnpopopiec otabepol ueyeboug yio xdfe xéufo. Ilo ouyxexpluéva, xdbe xéuBoc
arofnxeldet tov tono tou (P, S, A N), to tAifoc twv todtdv tou, évay deixtn yio xabéva and
Ta tadLd Tou, xon Bonintxd medla counter ol mark apyxonomuéva oto 0. Emnpdobeta, xdbe
N-x6ufoc anofinxedet Ty tepintwon tou aviiotolyel oe éva apayvoeLdéc ypdgnuo edv elvar apotd
) Tuxvé® To aveZdptnto abvoho S xat 1 xhixa K tou apoyvoedéc ypupruatos anofnxeboviol oe
Ceuydipta mou aviieTtolyoly (Uéoa and TV ouvdptnon f) oL xopupéc, eV UTdpYEL évag Zeywplotde
delxtne ot0 oUvoho R mou elvar null €dv R = @ (dev undpyet Aéyoc va anobnxeutel to uéyeboc
|S| = | K| agol elvae too ue |[¢/2], émou ¢ elvar to thifoc twv toaudidv evée N-xéufou).

7.3.1 TIpbobeon pog Axpnig

'Eotw n axuh wv nou Ba npootebel xat éotw 1o tpononoinuévo yedenua G = G U {uv}. T e
300 xopu@éc u, v € G GUUBOMIOVUE UE Ly TOV EAGYLOTO XOLVO TPOXETOYO TOV XOPUPMY U XL
v o070 dévipo T(G). Egboov oL xopupéc u,v elvar Un-yettovxéc 6to ypdonua G, o x6uBoc ty,
elvon elte évac P-xéufoc eite évac N-xéufoc. 'Eotw ta maudid ¢, xat t, tou %6ufou t,, tétola
&ote ta olvoho M (ty,) xou M (t,) TEPLEYOLY TIC XOPUPES U XL v avTioToly. Lnuetdote Ot edv
|M(t,)| =1 (avtiot. |[M(t,)| = 1) téte ty, = u (avtiot. t, = v). Xwpic AL Tc yevixdTnTOC,
Bewpolue 611 |M(t,)] < |M(t,)]. Ataxpivouue tic neptntdhoeic énou M (t)u)| > 2, |[M(t,)] = 1
XLty Elvan €vag P-xbufoc, xau [M(ty,)] = 1 xau ty, elvon évag N-xdufBoc, xat anodetxviouue o
axdhovBo Muuota.

Adupa 7.4. ‘Eotw |M(t,)| > 2. Tote to ypdgnua G’ elvar éva Py-sparse yodpnuo edy xat uévo
edv 0 xOuPoc ty, elvar évac P-xdufoc xau |M(t,)| = |M(t,)| = 2.

Anédeiln. Eivow edxolo va et xavele 6Tt 0 xOUPoC ty, elvar évag P-x6ufoc: edv o x6uBoc ty,
firav évag N-xéuPoc té1e [M (L) = 1, epdoov 1o Toll éva mondl Tou XOUPBOU ty, Elvon évag ecwTe-
puxde xéuBoc (bt @iAho) oto Sévtpo T(G) (deite Eyrua 7.2). Téte énetan btL tar unoYpaHUATA
G[M (t,)] xar G[M(t,)] elvar xor tot 800 cuvexTLXd.

tuw

T(G): 0

99\
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Eyhua 7.3: Exovoypdenon tne neplntwone tou Afuuatog 7.4 xow o avdhoyes EviUEpOOELS 6TO
md-dévtpo.
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T(G): (P) T(G): (P)

Tyfua 7.4: Exovoypdgnon tne neplntwone (i) tou Aduuatoc 7.5 %ot ot avdAOYES EVNUEPHOOELS
o070 md-3évTtpo.

(=) 'Eotw 61 touhdytotov éva and o avora M (ty,), M(T,) éyel 3 otovyeia: ywpic BAESN e
yevuxétntag, €otw |M(t,)] > 3. H ouvextixdinta tov ypagpnudtwy G[M (t,)], G[M (t,)] endyet 6t
undpyouv xopupéc u' € M(t,) xav v' € M(t,) tétoec dote uu/,vv’ € E(G). Téte, npoobétoviacg
™y axuh uv 6to yYpdynua G, to tehxd ypdgnuo G’ nepéyel to Py u'uvv’. Egpboov to yedprnua
G[M(t,)] elvar ouvextixd xou |[M(t,)] > 3, undpyet yta xopuph = oto M(t,) tétow Gote n «
BAémeL TOUAGYLOTOV Ut amd TLS XopuUpéS v, v’ ANAG téTe, ol tévte xopupéc u, u, v, v’z endyouy
oo ypdonua G’ éva and ta axdrovba ypaguata: Ps, Fy, xou Fy* enopévee, to ypdenua G’ dev
elvar Py-sparse.

(<) 'Eotw tdpa étL 10 ypdpnua G’ dev elvar éva Py-sparse ypdonua. Téte, undpyouv mévte
%x0pLYEC 610 Ypdgnua G’ Tou endyouy 8bo Py. Egpbdoov to ypdonua G elvon éva Py-sparse ypdpnua
%L 0 XOUBOC ty, elval évag P-xéuBoc, oL tévte xopugéc avixouy ato M (t,) U M(t,). ANKd tére,
elte |M (ty,)| > 3, elte |[M(t,)| > 3. 1

Abupa 7.5. 'Eotw o xdufoc ty, va elvar évag P-xdufoc xau éotw |M(t,)| = 1. Tote, to yedgnua
G’ elvar éva Py-sparse ypdonua edv xau udvo edv (ia and ti¢c axdiovbec (auoifala anoxAeiduevec)
TEQLTTAOELS Loy UeL:

(i) n xopuei v BAéret dAec Tic xopupéc and to ovvoro M(t,):

(it) n xopuei v ydver axpBdc uia xopvpl y € M(t,) téroia dote 1 xopugl y BAérer udvo tny
xopuplj © € M(t,), xar uévo n xopupl x BAénet xdfe xopupy and to obvodo M(t,)

(iit) 0 xopueif v ydver £ > 1 xopugéc and to alvoro M(t,) étol dote to yodpnua G(t,) va elvat
éva apayvoetdéc yodynua (S, K, R) ue |S| = |K| =4, R = {r} xat n xopvpij v avijxer oto
otvolo M(r) xav BAérer dAec tic xopugéc and to olvodo M(r).
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Tyfua 7.5: Ewovoypdgnon tne neplntwong (iii) tou Afuuoatoc 7.5 xat oL avaAOYES EVNUEPHOOELS
o070 md-3évTtpo.

Anédeiln. H anddelln touv AMuuoartog Baoiletol ota axdrovbo yeyovéta.

Teyovée 7.1. Eotw o xdufoc tu, évac P-xdufoc, |M(t,)| = 1, xat éotw 10 povondtt and tny
xopuylj t, atny xopueli p(v) va uny neptéyel xavévay N-xdufo oto 8évieo T'(G). Edy Sev undpyet
xaula xopupyj x € M(t,) étol dote n xopugl © va fAéne xdbe xopvglf and to olvolo M(t,) tdte
to yedgnua G’ dev elvar éva Py-sparse yodgnua.

Anéodeiln. Egboov o x6ufoc ty, elvar évac P-xéufoc, to ypdonua G[M(t,)] elvor ouvextixd.
Emuniéov, epdoov dev umdpyet xavévac N-xoufog oto povondtt and tov x6ufo t, otov x6ufo
p(v) oto dévtpo T(G), 1 xopuph| v dev oupueTéyel oe xavéva Py oto ypdenua G[M(t,)]. Edv
dev umdpyet xopueh x € M(t,) tétoln Gote N xopLEH T vo BAETEL xdbe xopueh and to ohvoho
M(t,) t6te O delZouye 6Tt elte 1 xopueh v cupuetéyel oe éva Cy 1 1 x0puPH v BAETEL axplBg
300 xopupéc evic K3 oto ypdgnua G[M (t,)].

'Eotw, vy avtigaon, 61 8ev toylel aut| n epintwor. Téte, epdoov 1 xopugy) v SEV GUUUE-
téyeL oe xavévo Py oto ypdonuo G[M(t,)], 1o obvolo xopugdy tou yeaghuatoc G[M (t,)] elvor
dtaueptowo oe tpla olvora A, B, xau C, émou A = {v}, 10 obvoho B meptéyel toug yeltoveg
NS XOPUYPHC U, XAl TO GUVONO %x0pLRKY C' TEQLEYEL ULd XOpUQT), £6TW, Y, TOU YEVEL TNV XOPLUYY| V.
'Eotw uta xopugy)  nou Beloxetar oto alvoho B €10l Hote 1 xopugy y Brénel tnv z. Toéte, 7
%x0pUYT Y YAveL x8Be AN xopuet and to cUvoho B yatl elddilwe, To yYedynua G’ Ba mepielye
eite éva I, eite éva Fy w¢ éva enayduevo utoypdonua. E@dcov 1 xopueh v 8ev ouuuetéyel oe
xavéva Py, n xopuen © Bhénel xdbe xopupt Tou cuvohou B. AAAG téte, N & ydvel uia xopuet| and
t0 olvolro C, éotw, y'. H xopugh ¥ ydvel tny y* eddMwc, n xopueh v Ha Htav éva dxpo tou
Py vxyy'. 'Etor, n xopuey v’ Brénel wa xopugh ' and to olvoho B. ANNG téte, 1 v BAéneL Tic
uéoec-xopupEc xat ydver Ta dxpa Tou Py yza'y' (onueidote 6t n xopuet v elte BAénel B ydvet
éva Py oto ypdonua G[M (t,)], agod 1o yovordtt and tov x6ufo t, otov x6ufo p(v) dev teptéyet
xavéva N-xéufo oto dévtpo T'(G)).

pootétovtac Ty axuh uv 670 Yedenua G, to enaydueva uroypaghuata F1 # Fy epgavilovo
oto yedonua G, xat, YU autd, to yedonua G’ Sev elvar éva Py-sparse ypdonua. O

Teyovée 7.2. 'Eotw o x6ufoc ty, va elvar évac P-node, éotw |M(t,)| = 1, xat éotw to0 uovordt:
and tov xéufo t, orov xoufo p(v) va unv meptéyet xavéva N-xdufo oto dévipo T(G). Edv g
xopugl v ydver uia xopupy y and to obvolo M(t,) téte to yedgnua G’ eivar éva Py-sparse
yedgnua edv xar Uévo edv umdpyel axpifdc uta xopupl © € M(t,) téroia dote n x va PAére
xdle xopupy and to avvoro M(t,) xav n xopupy y va fAéner udvo Ty xopupl x and to olvolo
M(t,).
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Anédeln. (=) 'Eotw étL undpyet uta axduo xopueh @’ # x € M(t,) étol dote n x’ va Bhénet
xdfe xopugr| Tou cuvéhouv M (t,). Tote, oL mévie xopugéc u, v, T, Y, xoL Yy ETEYOLY GTO YPAPNUAL
G’ elte 0 Ypdonua F elte 1o ypdonua Fy. 'Eotw tépa 61t undpyet axpBde pio xopueh x € M (t,)
€toL Bote N & vo BAENEL Xdbe xopueh Tou GuVOAOL M (t,), dSNAad”, Ny va BAEEL TNV X0pUYT T, XoL
€0Tw N XopUPY ¥ va BAETEL Uiar EMLTAEOY XopUYY, €0Tw, 2, and To obvoho M (t,). Téte, o névte
XOPUYES U, V, T, Y, XA z ENEYOLY 0T0 Ypdpnua G’ éva and to axdhovba ypaghuata: Ps, Fs, T,
xat F.

(<) 'Eotw tdpa 61t t0 ypdonuo G’ elvar éva Py-sparse ypdonua. H xopugh v ydver yua xopuph
y ond 10 obvoho M (t,). 'Eotw b1t 1 xopugh v ydvel entmhéov uta xopuen ¥’ and to abvoro M (t,).
Ané to T'eyovée 7.1 undpyet uio xopupt) © € M (t,) mou BAENEL TLC x0pLYES Y, ¥ xat v. AN thTe,
Ol TEVTE XOPUYES U, U, T, Y, xaL Y endyouy elte to ypdonua Fy elte to ypdonua Fy- dtono. 'Etot,
1 x0pLEH v Ydver ubvo v xopupn y and to obvoho M (t,). Egbdcov to ypdonua G[M (t,)] elvor
€val GUVEXTIXG Ypdgnua ot 1 xopuph v BAENEL GAeC TLC x0pLYES and To obvoro M (t,) — {y}, o
oUvoho x0puEPKOY ToL uTopel va dtaueptotel oe tpla obvora A, B, xau C, énou A = {v}, 10 obvoho
B mepéyet toug yeltoves tng xopughc v, xau C = {y}. Oewpolue tc axdroubec nepintdoeLc:
(i) umdpyouv TouNdyLoTOV Blo Xopuéc x, ' € M(t,) étoL dote va BAénouv xdbe xopuet and To
olvoho M (t,). Téte, x,a" € B xai, ENoUéVee, oL TEVIE XOPUYES U, v, T, ', Xal Yy ENdYOUY 670
Yedonua G’ elte to ypdpnua Fi elte to ypdonua Fo. (ii) H xopuer y Brénel touddyiotov 8o
%0pugéc z, 2 and to ovvoro M(t,). Téte, z,2" € B xot, enouévuc, oL TEVIE XOpUYES U, v, Z, 2/,
%ot y endyouy oto Ypdenua G’ elte To Ypdonua Fy eite to ypdonua Fh. O

"Eoto tdpa 6Tt 10 LovoTdTt and TNV x0pUQH v 6TOV XOUBO ty, TepLEyEL TOUAAYLoTOY évay N-x6ufo
t oto dévipo T(G). 'Onwg avapéehnxe nponyouuéves, o N-xbufoc t tou dévipou T'(G) endyet
éval aviinpoowneutixd yedgnua G(t) mou elvar éva apayvoeldés ypdenua xou (S, K, R) va elval 7
Stauéptot| Tou. Tnuetdote 6t v € M(t) xou enouévec, N xopueh v avixel oe éva amd To GOVoNa
S, A K, %, M(r) énov R = {r}.

Teyovée 7.3. Eotw ty, évac P-xdufoc, |M(t,)| = 1, xau éotw to povordt. and tov xdufo t,
otov xdufo p(v) mepciéyer tovAdyiotoy évay N-xdufo t oto 6évipo T(G). Eorw (S,K,R) va
elvar n Stauéoton tou éva apayvoetdolc yoapjuatoc G(t). Edvv € SUK v € M(r) xat g
xopugl v ydver uia xopugl and to ovvoro M(r), tdte to ypdgnua G’ Sev elvar éva Py-sparse
redpnua.

Anédeln.  'Eotw t va elvar o npdtoc N-x6ufoc oto uovordtt and tov x6uPo p(v) otov i,.
'Eotw 6t 1 xopueh, v avhixel 6to obvoho S tou apayvoedolc yeaghuatoc G(t). Egboov |S| =
|K| > 2, undpeyetl ua xopugh v’ € S, v' # v. HpocBétwvtag tnv axur uv oto yedgnua G, 10 Ps
wo f(v) f(v" )0 eppaviletar oto G'. "Eotw tdhpa v € K xat éotw let v/ € K, v' # v. Tére, o névte
xopuéc [T (v), v, v/, F7H(V'), xou u endyouv oto Yedonua G’ to yedonua Fi. Enouévec, otny
nepintwon tov v € SU K, 1o ypdgnua G dev elvon éva Py-sparse.

"Eotw 61t v € R xou Ut xopupr| z € M(r). 'Eotw x € S v y € K vo elvon d%o xopugéc Tou
apayvoedole yeaghuatoc G(t) = (S, K, R). IlpooHétovtac tnv axuh uv oto ypdgnua G, oL tévte
XOPUYES U, V, T, Y XL Z TOL Ypaphuatoc G endyouy to ypdonua Fy oto G'. O

Teyovég 7.4. Eotw 61t 0 xdufoc ty, eivar évac P-xdufoc, éotw |M(t,)| = 1, xu éotw to
uovordtt and tov xéufo t, orov p(v) va neptéyet tovddytotov évay N-xoufo t oto 8évrpo T(G).
‘Eotw (S,K,R) n Stauéeton tou apayvoeidolc yeapjuatoc G(t) ue R = {r}. Edv, eite 70
uovordt. and tov xdufo t, otov p(v) mepiéyer napandve and évay N-xdufouvc 1§t # t,, T61E T0
vedgnua G’ dev elvar éva Py-sparse ypdgnua.
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Anéddeln. 'Eotw étu undpyer axdun évac N-xéuBoc, éotw, t/, oto puovordtt xau éotw (S, K', R')
va elval 1 dtauépton Tou oapayvoewdols yeagruatog G(t') ue R = {r'}. Téte, n xopuph v ydve
TOUAGYLOTOY ULal x0pu@H and 1o cbvoho M (') edv M (r) C M(r") f uwet xopue#h and to M(r) edv
M(r")y € M(r). Enouévuce, to G’ dev elvan éva Py-sparse ypdonue (deite Teyovéc 7.3). "Eotw tdhpa
ot t # ty,. E@boov Ly, elvar évag P-xdufog xau t # ,,, éneton 6Tt 0 x6ufoc t, elvan évag S-xdufog
(edv t, Hrav évac N-xdéufoc, téte to Yovondt Bu nepelye 8Vo N-xbufouc). Téte, TouhdyLotoy Ui
xopupY| z € M (t,) Brénel dhec Tic xopupéc tou ouvérou M (t). 'Eotw z,y € S oL 800 xopugéc Tou
apayvoedols yoaghuatos G(t). Hpoohétovtac tny axuh uv oto ypdgnua G, oL TéVTe x0pUEES U,
v, T, y ot z Tou G’ endyouv o ypdynuo Fy oto G'. O

Teyovée 7.5. 'Eotw o x6ufoc ty, va elvar évac P-xdufoc, éotw |M(t,)| = 1, xau éotw o xdufoc
t, va elvar o N-xdufoc oto povordti ané tov t, otov p(v) oto 8évipo T(G). 'Eotw (S, K, R)
n Stauéoton tou apayvoetdolc yoapruatoc G(t,) ue R = {r}. Edv to yedynua G(t,) eivar éva
Tuxvd apayvoeldéc yedynua, téte to yedgnua G’ dev elvar éva Py-sparse ypdgnua.

Anédeln. 'Eotw x1,22 € S xary € K 1peic xopugéc Tou muxvol apayvoedolc ypaghuatoc G(t,)
€toL BoTE N y BAETEL X TLg BUo X0pLES T xat x2. Hposhétovtac v axur uv oto ypdenua G,
T0 TeA6 Yedynua G’ meptéyel to yedgnua F og éva enayduevo uroypdgnua. O

To Aduua 7.5 ouvendyeton an’ evbelac and ta eyovéta 7.1-7.5. 1

Adupa 7.6. ‘Eotw o1t 0 x0ufoc ty, elvar évac N-xoufoc, (S, K, R) elvat n Stauéoton tou apa-
yvoetdoic yoagruatoc G(tyy), xau |M(t,)| = 1. Téte to ypdynua G’ eivar éva Py-sparse yedgnua
edv xat uévo edv eite S = {u,v} xaet R=0 fue€ S, ve K, xa to yodpnua G(ty,) elvar éva
TUXVO dpayvoeELBES Yodgnua.

Anédeln. 'Eotw R = {r}. EZ’ opwol tou apayvoetdolc ypapiuatog €xouue vo BewpRoOUUE Tic
TEPLITOGELS YLUL TLS XOPUPES U, U VOL aViixoLY 6To 6Uvoho S xat M(r), xat oL dVo oto S, xat 610 S
xat 670 K. 'Eotw tdhpa u € S xow v € M(r), xat éotw x € S — {u}. Edv 2,2’ € K eiva xopupéc
€toL Hote uzz'z elvan éva Py 010 ypdgnuo G(ty,) (xaw oto G), T61€ oL x0pugéc u, v, 2, 2, 2’ Endyouy
éva Fy 010 G', xon yUawté Sev elvar Py-sparse.

Topo unobéote bt w,v € S xat éotw v xar v/ va avixouy ato abvolo K étol dote uu'v'v
va elvat éva Py tou ypaghuatoc G* t6te, T0 Ypdgnuo G meptéyel éva Cy uu'v'v. 'Eotw tdpa 61t
R # 0 xo éotw R = {r} va elvon évac xéufoc (eowtepindc  @iMo) tou dévtpou T'(G). Torte,
T0 Ypdonua G’ nepiéyel éva Ps (dnhad¥, éva house). Enouévoc, R = 0. Edv |S| = |K| > 2, téte
oV TO apayVOELSES Ypdpnua elval apatd, ot xopugéc u, v, u’, v’ y, 6mov y € K — {u’, v’} endyel éva
Ps, eV av 10 ToU apay VOELSES Ypdipnua elvat Tuxvd, oL xopupéc u, v, u’, v, z, érov z € S — {u, v}
endyouy éva Ps.

Tehxd, vnobéote tL u € S, 1 xopuph v € K xa 1o ypdonua Gty ) elvor éva apotd apayvoetdéc
yedonua étol hote S| > 2 (onuetdote bt Ta apayvoedy| ypapuata Pe |S| = 2 Bewpolvtot enlong
muxvd). Toéte, v # f(u). Oewpodue uta xopupy| z € K étol dote z # v xo z # f(u). Tére, o
yedonua G’ neptéyet to ypdonua Fr og éva enayduevo unoypdenua. 1

To Aduuata 7.4-7.6 xou to EyAuata 7.3-7.6 delyvouv 61l 0 EAeYY0C TWY TEPLTTOOEWY UEoU
ot Mudato amottel vor avéBeL xavele and Tig xopugéc v, u 670 dévipo T'(G) to noh 4 enineda nou
unopel va emtevyfel oe O(1) yedvo yenowwonoldvag toug delxtes yLo Tov natépa o xdbe xéufo.
Emnpdobeta, Sev elvat 8doxolo va Set xavelc 6tL 1 evnuépwon tou md-8évtpou unopet va yivel oe
O(1) ypeoévo. 'Etot, éyouue to axdlouvfo anotéreoua.

Ocedpnua 7.1. Yrdpyer évac Bédtiotoc udvo-npoolixne adydeifuoc avayvdpions yia ta Py-
sparse ypapiuate xar Stationons twy md-0évipwy tous, mov unootneller xdfe eioaywyr axuic
oe O(1) ypdvo.
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T(G): T(G"): g

Yyfua 7.6: Exxovoypdgnon twv neptntdoeny tou Afuuatog 7.6 ot oL avaAoYES EVNUERPOTELS 6TO
md-dévtpo.

7.3.2 Agalpeon ptag Axung

Ty epyoaota [101] to axdrouvfo Bedenua xet anoderytel.

Ocdenpa 7.2 (Shamir xow Sharan [101]). Eotw IT uia autoouurnAnewuatixs xAdoy yeapnud-
twv. ‘Botw Alg évac Suvauixde adydeifuoc yia ll-avayvdeion, nou vrootneilet eite mpoolixec

axudy uévo elte Staypapéc axudy ucvo, xai faciletar otny m-anocivleon. Tote o alydpibuoc
Alg umopel va enextabel yia va vmootnpeilet xau tic o npdéeic ue tyv (dia moAundoxdtyta ypdvou.

Egécov 1o Py-sparse ypoghuata elvat autoouunineouotixd (dette Afuua 7.1), to Oedpnua 7.1
enLpépet xat to axdrovbo Dedonua.

Ocdpnua 7.3. Yrdpyet évac féAtiotoc udvo-axués mAfpws Suvauixoc adydpliuos avayvdpions
yia T Py-sparse yoagijuata xar Siationons tou md-6évipou toug, mov unootnellel xdfe tpomno-
nolnon axuic oe O(1) yedvo.

7.3.3 Ewayoyrh wog Kopugrg

'Eotw éva Py-sparse yedonua G xat ylo xopugh @ ¢ V(G) nou elvar yertovixr ue 0, ue uept-
xéc, 1 ue Ghec g xopugéc tou V(G). e authv tnyv evétnra SelyVouue mdC Vo avoyvoploouvue
gdv 1o ypdynua G’ ue obvolo xopuedy V(G) U {z} elvar éva Py-sparse ypdeonua, xou eqv elva,
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delyvouue nwe o anoxthicovue 1o md-dévipo T(G') tou ypaghuatoc G’ and to md-8évrpo T'(G)
oe O(d) yebvo, émou d elvon 1o TARBoc Twv xopuEKY Tou Yeaghuatos G Tou elval YeLTovixéS Ue
v xopupy| x. A&let va onuelwbel 6Tt oty gpyaato [61] évac auZntixde akydplBuoc O(d)-ypdvou
ToPOVGLEGTNXE YL TO TEOBANUA autéd® 0 ahydptbuoc duwce Baolletal oe dVo douéc dedouévwy, évay
mhvaxo xou éva cotree (Snhadt, éva md-Sévtpo ue puévo P- xar S-xéufoc), xat yu’ autd dev unopodue
ebxola va Boaototodue tdve tou. Emnpdobeta, oty epyaoia [83] évac auintixde akydefuoc yLa
™V xataoxeur) Tou md-8évtpou evée ypagruatog €xel dobel, tou anatel O(V(G)) ypbvo yia va
npocbéaet wia xopugy| 6to Ypdonua G- étal, O(V(Q)) elvor éva dvw dpLo yia Ty Tpochixn utoc
OPUYNE .

Ac xatnyopLonotficouvue Touc eowteptxols xGUfouc Tou dévipou T(G) we mpoc TNV XopuPN X
ot axdéloufec tpetg xatnyoples: évoc ecwteptxdc xéuBoc t elvar

Y

x-nAfjen-yettovixde (x-fully-adjacent)
x-uepxdc-yettovixde (a-partly-adjacent),
x-un-yettovixde (x-non-adjacent)

€AV xaL OVO EQV 1) X0opLPT = elval YELTOVLXT O OAEC, UOVO OE UEPLXES, Xl Ot xoula, avTioTolya,
TWY X0pLPAHY 6TNY autoTteA-uovdda M (t). H napandve xatnyoplonolnon enextelvetol ota @UINa-
x6ufoug: éva UANO-%6UBog a elval x-mATen-yeLtTovixds ¥ T-un-yettovixss edv xaL U6vo edv to
PUAMO a elvar YELToVXS 1 un-YetTovixd avtiotolyo oty xopuer . Ta to mhifoc twv z-nhien-
YeLtovixdy x6uBwv tou dévtpou T(G), unogobue va Sel&ouvue tny axdrovdn tapatienon:

Mapathenoy 7.1. To nAijfoc twy x-nAfpn-vettovixdy xdufwy tou dévieou T(G) elvar uixpdtepo
and d—1, drnov d 1o nAjboc twy xopupdy ato yedynua G mov elval YELTOVIXES UE TRV XOPUPY X.

Anédeln.  Ou z-mMipn-yertovixol x6ufol oymuatilouv éva ddooc and unodévipa tou T(G) ota
omola 0 auvohixde aptBude Twv UMY elvar d. H napatienon éneton and to yeyovoc 6t xdbe
eowTeEPXOS x6uPoc oto dévipo T'(G) xau o outd Tol UTOdEVTRA EYOUY TOUAEYLGTOV B0 ToudLd. 1

Ané v dAAn, Yo TOUG Z-UEPLUOS-YELTOVXOUS xOUB0oUS, EVOL GNUAYTIXG Vo ETLGNUAVOLUE OTL:

P1: edv évac eowtepindc x6ufoc t tou md-dévipouv T(G) elvat a-uepxde-yeLtovixds, téte bhot
oL mpbyovol tou ato dévipo T(G) elvar z-uepixdc-yeLrtovixol

P2: yio %80 x-pepixde-yertovnd P-xéufo tp tou dévipou T(G), t0 unoypdenua tou G o
endyetar and Ty aUTOTENA-UoVASa M (tp) mEpLEYEL DU UN-YELTOVIXES XOpUPES a, b étoL HoTe
1 x0pLEY| a elvar yertovir xat 1 xopuEr b elval un YeELTOVIX UE TNV x0puUQH T°

P3: v xdfe z-uepixddc-yettovxd S-x6ufo ts tou dévipou T(G), to vnoypdgnua tou G mou
endyetar and Ny auToTeEAR-Uovada M (tg) mepléyet uto axurh ab étol Gote 1 xopupr| a elvon
YELTOVIXN ot 1) x0pu@N b elvat U YELTOVIXA UE TNV &

P4: yia xdfe z-uepude-yettovind N-xéufo tn tou dévipou T(G), 10 vnoypdgnua tou G tou
endyetar and TNV aUTOTEAR-UOVAdo M (tn) meptéyel xoL Ula axur ab £ToL GOTE 1 xopLYh a
elval yettovixd xat 1 xopu@n b elvor un yettovud Ue v & aAAd xat évo Ledyog and un-
yertovixée xopugéc o', b étol HoTe 1 xopueth a’ elvan yettovixh xar 1 xopueR b elvar un
YELTOVLXT, UE TNV XOpUYT| Z.

Ou Widtntee P2-P4 érnovtar and to yeyovég 6Tl 1) auToTEAR-UovVAda evée S-xduPou emdyet éva
oLVEXTIXG YpdENUa, 1 auToTEA-UOVESa evée P-xéufou endyel éva ypdgnua mou 1o cuumthipeud
ToU elvol GUVEXTIXG, XoL 1) AUTOTEAY-UovVAda evdc N-xoufou endyet éva ypdgnua Tou elvol GUVEXTIXG
%ot To GLUTAPWUS Tou elvar enlong cuvextxd. Emnpdoheta:

108



Aupa 7.7. T xdfe Suo x-ucpixdc-yettovixovc xdufouc tov 8évtpov T(G), to yedgnua G’
elvar Py-sparse uovo edv évac ané autolc elval o mpdyovos tou dAdou.

Anddeln. Ymobéote 6t 1o dévipo T'(G) mepiéyel Suo z-uepindc-yettovixois xéufouc t,t’ étol
Gote xavévag vo unv elvan o tpéyovog tou dhhou. Tére, ¢t elvar ol eowtepixol xéufot tou
dévtpou T(G) xa éotw o xéufoc t; va elvan 0 eNdyLoTog x0WV6S Tpoxdtoyos twy t,t/, xat t; xot
t va elvor moudid Tou x6uBou t; mou elvar andyovor Ty t xat t avtiotoya. Enouévee, and ty
Wiotnta P1, ot xéuBol t; xan by, elvar z-uepiedic-yertovixol x6ufor. Emnpdobeta, o xéuPoc t; elvar
elte évac P-x6éufoc elte évac S-xéuBoc (unevBupilovue 6Tt to ToAD éva mondl evéc N-xbufou elvar
évoc eowtepxic xouPoc). 'Etot, dtaxplvouue tic axdhoubec dlo neptntdoetc:

o o xoufoct; elvar évag P-xouPoc: Tote, oL t;,ty, elvon elte S- elte N-xéufol oe onowadrnote
TEPInTOOT, UTEpyoUY oL xopLYEc aj,b; € M(t;) xou ag, by € M(ty) étoL dote oL aj,b; elvan
YELTOVXES XAl OL ag, by elvar yertovixée (deite Tic Wibtntec P3, P4). A téte, T0 ypdgnua
G’ Bo mepLéyel o Ps bjajxarby, xou enouévos dev Oo elvar Py-sparse.

o o xoufoc t; elvar évag S-xouPfoc: H nepintwon elvar cuuuetpxr) ue 0 tponyoluevn. Ou
x6uBott;, ¢y, elvar elte P- elte N-x6ufol- oe onoladfnote nepintwon, UndeyoOLY OL XOPUPES
a;,b; € M(t;) xou ag, by € M(ty) étol dote aj,b; elvar un-yertovixés xou ag, by elvat un-
vettovxée (8ette Tic Widtntec P2, P4). ANNG t6te, To ypdonua G’ dev Ha elvar Py-sparse
xafie Ho mepiéye éva Py enayGUevo and Tig xopuéc aj, by, x, ak, by. 1

'Eotw py = toti---tx vo ouuBoiilel To povordt oto dévipo T(G) mou mepéyel Ghouc Tou
x-Pepe-yeLTovxolc xéufouc (Aduua 7.7) 6mou o xdéuBoc to elvar 1 plla tou dévtpouv T(G)
xou 1y elvar o z-uepxdc-yeltovixdg xo6ufog mou Beloxetal mo paxpld and v plla. Téte, to
Afuuo 7.7 endyer 6t yio xdbe x6uBo t;, 0 < i < k, xafBéva and ta nawdLd tou t;, extég and Tov
#6Ufo t;11, elvan elte Z-TAAEN-YELTOVIXG 1 Z-UN-YELTOVIXA ONUELGBGTE 4TL 0 0pLOUGS Tou xSUPou ty,
endyet 6tu xobévo and to Toudtd Tou by elvon elte x-mAApN-YELTOVIXG ¥ Z-UN-YELTOVIXE Yot UTdpyEL
TouNdytotoy éva mawdl xdfe tétolou tonou. Eniong, yia touc z-uepixde-yettovixove N-xbufouc,
Loy Vel 1o axdhoubo:

Adupa 7.8. 'Botw t évac x-uepixdc-yeitovixds N-xdufoc tou 8évteov T(G) rov 5 avtiotoryn
Siauéoton tou apayvoeidolc yoapiuatoc tne autotedobc-uovddac M(t) elvar (S, K, R), xat éotw
OtL n xopupl x elvar yeitovixyj ue (i xopuyl oto ovvolo S UK. Tdte, to yedynua G’ elval
Py-sparse uévo edav n xopui x elvar yettovixij ue éAo to olvoro S UK, 1 elval yeitovixij ue to
ovodo K xai un yeitovixiyj ue to olvolo S.

Anédeln. Ilpdta, unobéote 6t 1 xopuen  Sev BAénel o S aAAd BAénel xdmoleg xopupéc k; € K.
Téte, 1 xopuh © Brénet xdbe xopupn k; € K, eldéMwc oL xopupés ., ki, kj;, s, s endyouy éva Fi,
6mou skik;s’ elvar to uovadixd Py tou apayvoeldolc ypapuatoc Tou Exel kik; oc axun.

Ynobéote tdpa 61l 1 xopupt| & BAEnel xdnoteg s; € S. Téte, n  Bhénel xdbe s; € 5, elddAhwg
oL xopLYéc T, k, k', s;, 85 endyouv évol 'y dv 1 xopugh o elvat yettovixnh) xat Ue Tt 800 Xopupéc
k. K', f ue éva Ps €dv n xopueh © 8ev elvar yettovix o0te Ue v xopugt k, oOte xar ue ty &’
(onuetdote 6t Ue Bdomn to anotéhecud uac yia to oUvohro K, dev ypetdletar va fewprioovue tny
Teplntwoy dnou 1 xopuph T elvar yertovixh U axpB3dc pia xopueh and tic k, k'), 6mou s;kk's;
elvat To (uovodixd) Py tou apayvoeldols Yea@huaToS UE TLS XOPUYES S;, S5 0TO GUVOAO XOPUPHY
<. Enouéveg, 1 xopugh x Brénet 6ho to alvoro S. Toéte, 1 xopugpy z Brénel 6ho T0 clvoro K
enlong. Edv n o ydvel xdmoio xopueh k; € K t61e Bor ydver ohdxingo to obvoho K+ té1e, and to
anotéleoud uac v 1o 6Uvoho K, oL xopugéc x, ki, kj, s, s B endyouv éva Cs, émou sk;k;s’ elvan
10 (ovadind) Py Tou apayvoeldols YpopRudToS Tou €YeL TV axuf kikj. 1
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Ac fewphooupe Ty Sapéplon tou cuvélou xopupdy M (tg) — M(ty) C V(G) ota axdrouba
Té€c0oepa 0UVOAL:

Vp = U (M(ti) — M(tit1)),
t; eivol évog P-xéufog
Vs = U (M(t:) = M(tit1)),

t; elvol évag S-xéufog

VNS = U S(t1)7

t; elvou évag N-xbufog

Ve = U K(ti)ﬂ

t; elvol évag N-x6ufog

6mou yua évay N-x6ufo t;, o S(t;) xou K (¢;) etvan ta aveZdptnto oOvola xot 1 xhxa Tou opay VoeL-
doUc ypagphuatoc Tov endyeTon and TNV aVTOTEN-Uovada M (t;). Téte, xdbe xopuet and To obvoho
Vp (avtlot. Vg) elvor un-yertovixr (aviioT. YELTOVIXH) UE TLC XOPUYES TNS oUTOTENOUC-UOVEDOC
M (tx) epdoov 0 erdyLotoc xowde npoxdtoyoc t; oto dévipo T(G) elvar évac P-xbéuBoc (avtiot.
S-x6ufoc), evéd oL Soutxés IILETNTES TOL apayVOELSOUS YPUPARUATOS LTOVOOUY 6Tl xdbe xopugh and
t0 oUvoho K (t;) (avtiot. S(t;)) yia évav N-x6ufo t; elvan yertovixs (avTioT. Un-YELTOVIXA) Ue
LS XOpUPES TNS auToTeERoVC-Lovadac M (ty).

H npoabrixm-xopupdy dtadixactio uac Bactletar ota axdroufa Muuata:

Adupa 7.9, Eotw 6t oL z-uepixdc-yettovixol xdufot tov md-6évrpov T(G) Peloxovrar oe éva
uovordti toty - - - ty, Omov ty, elvar o x-ucpLxdc-yeitovixndc xoufoc mov PBeloxetar mo uaxeid and
v pilaty tou 8évtpov T(G). Edv o xdufoc ty, elvar évac P-xdufoc téte to yedynua G’ elvar éva
Py-sparse edy xau udvo edv pia and ta téoocpic axdlovlbec (auoifaia anoxieidueves) nepintdoeic
LoyUet:

(i) H xopugr x fAérer 1o Vg xat 10 Vi, xat ydver to Vp xat 10 V.
(ii) H xopupi x Brerer ta Vs, Vi, xat axpfdc uia xopugl, éotw y, tou Vp, xau ydver 1o Vg
omov
(ii.1) n xopvei y elvar éva naudl Tou x6ufou ti_o (mou elvar évac P-xdufoc),
(1i.2) o xduPoc tiy—1 elvar évac S-xdufoc ue 6Vo maidid, tov x6ufo ty xar Ty x0puPl, éoTw,
u (mou elvaw yeitovixij ue Ty ), xat
(11.3) n xopuey x PAémel dlec tic xopupéc tne avtotelolc-uovddac M(ty) extds and uia
uovadixij xopupy, éotw, b, mov elvar éva maldl tou .

(iii) H xogvpi x fAénet to Vi, 0AdxAneo extés and uia xopuyl, éotw, z, tou Vg, xat ydver ta
Vp xat Viyg 6mou

(iii.1) 5 xopver z elvar éva maidl tov xdufou ti—1 (mov elvar évac S-xdufoc), xa
(111.2) o xduBoc ty, éxer dvo madid a,b, mov elvar pUAda étor dote ) a, mou elvar yeirtovixy]

ue Ty b, elvar un-yettovixi ue v x.

(v) O xdufoc ty_1 elvaw évac N-xdufoc nou avtiotolyel oe éva nuxve apayvoetdéc yodynua ue
aveldptnro ovvoro S(ti—1), n xopvplf x PAénet ta Vs, Vi, S(tk—1), xar éAec extdc and
uta xopugl, éotw, b, otny autoteArf-uovdda M (ty), xau ydver ta Vp xar Viyg — S(tg—1)-

Anddeln.  Aev elvar dVoxolo va det xavelc 4Tl To yedonua G’ elvar Py-sparse edv n neplntwo
v

(1) Tou Muuatog Loylel: oto md-8évtpo tou ypaghiuatoc G', 1 xopLEH & xal Ta T-TAREN-YELTOVIXE
moudtd Tou xéuBou ti oto dévipo T(G) elvon moudid evée S-xbufou mou elvar moudl tou t. T
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g UNdAoLNES TEPLTTAOOELS, To TyAua 7.7 Selyver 1o md-dévtpo T(G') (elvar edxoho vo eréyiel Tic
avtioTtolyeg YettvidoeLs), mou entBeBatdvouy 6t to ypdgnua G’ elval Py-sparse xot 6e aUTéS enlong.
'Etot, ypedletar va det€ovue bt edv to G elvat Py-sparse axplBa¢ plor ané tig nepintdoets (1)—(iv)
Loy VeL.

Egdoov o xéufog ty, elvan évag z-pepiudc-yertovinde P-xéufog téte and ty Wiétnta P2 unde-
YouLv oxplBiec Suo xopuwés a,b € M (ty) tou elvon un-yettovixéc oto yedgnua G xat étot Hote n
elvat YELTOVIX UE TNV @ xo Un-YeLTovxr Ue Ty b (oto Tyfua 7.7, 1o A dnhdver Gha tar unodévtpa
ue plla ta moudid tou xéuBou ty Tou elvan T-TAHEN-YELTOVIXE).

Hpdra, onueldvouue 6T, yio va elvae to G7 éva Py-sparse:

Al: p x meémer va elvar yettovixy ue dAec extoc and uia xopupl oto Vg U Vi, €dv n x dev
fitay YELTOVIXY UE Tt xopugéc v,y € Vs U Vi, téTe oL xopugéc x,a,b,y,y endyouv 6to
G’ eite 10 F eite 10 Fy (deite Tyfua 7.1) nou eZaptdtor and To TOTE oL Xopugéc Y,y  elvon
yettovxée 1 oy, xou €tol to G7 dev Bu frav Ps-sparse. Emnpdofeta, 1o Aduua 7.8 xou
70 yeyovée 6TL n xhixa Tou apoyvoedols ypagphuatoc Exel TAnfixdtnta TouAdyLeToY 2, Tou
endyet 6Tl N & BAENEL 0AGXANEO T0 Viv, * €toL, edv 1 & 8ev BAénel uia xopuer y € Vg U Vi,
w0te y € Vs.

A2: n xopupi x meémer va elvar yettovoaj ue to moAd uia xopupl tou Vp: unobéote 6L x
AoV YELTOVIX UE TS X0pupéS z,2" € Vp ' epboov o tatépac Tou ti elvon elte évac S- elte
évac N-xduBoc, Ho undpyer Ut xopugy ¥ Tou elval YELTOVIXA UE TS @, b oL UN-YELTOVIXY UE
T 2, 2 TOTE, €4V 1) ¥ elvon YELTOVLXY UE TNV T, OL X0pUES X, Y, b, 2, 2 endyouv éva F1, evd
€AV 1 XOpLYY) Y ELVAL UN-YELTOVIXY UE TNV &, OL XOPLYES T, Y, a, b, z endyouv éva Ps.

A3: n xopvl x mpémer va ydver dda ta aveldetnra olvoda and dlovs tous N-xdufouc oto
vmopovordtt toty -+ ty—o: UTOBEGTE OTL 1) XOPUQPT T NTOV YELTOVIXY) UE ULOL XOPUYT| 2 TOU
avixer oto aveZdptnto avvoho S(t;) tou apayvoeldolc Ypagphuatog Ttou oyetiletal Ue TOV
x6ufo t; (0 < i <k —2) téte, undpyer ua xopuph k € K (t;) tétowa Hote 1 xopupy k va
elvar yettovixr) ue v z, xou agol n x PAénel To Viv,, n k elvar yertovue ue v x enlone:
emmhéov, doYETA UE TO €AV 0 XOUPBOC t—1 elvor évag S- 1) évag N-xéuBoc, undpyel uta xopupy
u € M(tp—1) — M(tx) tétola dote n uw elvon yertovixr xou otig 800 xopugéc a, b’ téte, edv
N @ elval YELTOVIX UE TNV U, OL XOPUYES x, 2, k, u, b endyouv éva F1, elddhoc, ot HOPUYEC
x, 2, k,u,a endyouy éva Ps.

Ané tic Wibtnreg A1-A3, énetan 6t €dv o xéuPog ty elvan 1 plla tou dévtpou T(G), i €dv n
Bréner o Vg xou ydver 1o Vp xar o xéufBoc tp_1 dev elvon évac N-xbéufoc, téte epopudletar 1
nepintwon (1). Yroféote oty ouvéyela 6t o xéufoc by, dev elvan 1 plla xou 6Tt 1 xopueh © Bréne
mvy € Vp, ¥ xdvel ty z € Vg, 1 o x6ufoc tix—1 elvon évac N-xéufoc, xou étL to yedonua G elvar
Py-sparse’ epdoov o xéufoc t, elvar évag P-xdéufog, dtaxpivouue tic axdroubeg teptntdoets:

(a) o xduPoc ti—1 elvar évac S-xdufoc: téte, undpye Ui xopuph u € M (tx—1) — M (1) tétow
Oote 1 u elvar yertovixr ot otic 800 a, b.

o Yrnoféote 6t n x Bréner ty y € Vp. Térte, n xopuen « BAEREL Ty u, EOEMAWS 0L XOpUPES
x,y,u,a,bendyouvy éva Ps. Enlong, n y elvar éva moudl tou xéuBou tr_o: €dv n y Arav éva
noudl Tou Ly, 6mov © < k — 2, 16t 0 x6uBoc iy Bo Arav évag S- B évag N-xéufog xon yu
autd Ba umdpyet ula xopuEY v ETol GoTE 1 v Vo BAETEL TS U, a, b TOTE, OL XOPUQES X, Y, U, U, b

7

fox,y,u,v,a B endyouy éva F'y mou eaptdtat and to ndte N = elvan YELTOVLXH UE TNV v
R Oy, 3TN ouvéyela, N xopuPh u elvar To Hovadied Tadl Tou tr_1 extég and Tov x6Ufo iy
" ey unhipyay ot xopupéc u,u’ € M (ty—1) — M(t), 16T oL x0puYEC T, Y, u, v, b Bo endyouy
F1 # éva Fy tou e€optdtor oné t0 edv oL u,u’ eivor yertovixée # éyt. Tehxd, n xopuph x
dev unopel var ydvel tic xopugéc b, b € M(ty), apol téTe oL xopugéc x, y, u, b, b’ Bo endyouv
éva B 1 éva Fo. Auth axpBde etvon 1 teplntwon (i).
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o Yrnoféote 61t n x ydver v z € Vg. Enmedn n z € Vg, n xopueh z elvar yertovxr| Ue Tig
%x0pLQES u,a,b. Edv n z dev ftav éva maudl tou tr_1, TéTE N X Elvol YELTOVLXH UE TNV U
(onuetdote 6t u € Vg), xot enedh o xéufoc tr_o elvar évag P- A N-x6ufoc, undpyel uta
%xopuph v € M (ti—2) TéTOLL BGOTE 1 v Vo YAVEL TS a,b, EVA 1 xopuPY v elvon YELTOVIXT
ME TNV 2° TOTE, €V 1N = elvol YELTOVXY UE TNV v, Ol XOPUPES , 2, U, v, b endyouv éva Ps
eAAWS Ol XOpUYES T, 2, U, v, a ENEYOUV Eval Fi. 'Eto, n 2z elvan éva moudl tou xéufou
th—1. Emmhéov, n  ydver axpiBdc éva toudl oty autotef-uovada M (ty) " edv éyave dvo
b,b € M(ty), té6tE 0L x0pLYES T, z,a,b, b Bu emdyouv éva Fy 1 éva Fy. Tehxd, edv n
éBhene Tic a,a’ € M(ty), t6te oL xopupéc T, z,a,a’,b ba endyouv éva Fp # éva Fa. Auth
axplBoc elvar 1 tepintwon (iil).

(b) 0 xdupoc ti—1 elvar évag N-xdufoc: téte, and tnv Widtnta Al, nx Brénet Ty xhixo K (tk—1)
ToU apayVoeLdols Yeaphuatos G(tg—1). 'Eotw k € K(tg—1)" enouévwe, n xopugt k elvat yertovixn
ue TIC x, a, b.

o Ynobéote 6t n x dev Phenel tov aveZdptnto ovvoho S(tg—1) tou G(tk—1). Téte n x ydvel
w0V H xopugth x ydvel entong 1o Vp: edv éBhene tnv y € Vp, téte oL xopugéc z,y, k, s,b
Ba emdryouy éva Fy, énou s € S(tk—1) elvar évac yeltovag tne k. Emnpdobeta, n z BAénet 1o
Vs: edv éyave v 2 € Vg, T6T€ oL xopugéc T, y, k, s', b Ha endyouy éva Fy, 6mou s’ € S(tg_1)
elvat utor un-yettovixr| xopupr e k. Auté xalbntetat and v neplntwon (i).

o Ynobéote 6t n = Brénet o S(tr—1). Téte, n xopugh x Brénet to Vs: edv éyave my z €
Vs, 16Te oL x0puwéc T, 2, 8,a,b B endyouv éva Fo, 6mou 1 s € S(tx_1). Emnpéobeta, n
xopugh = yavel 1o Vp: edv éBhene v y € Vp, T6TE oL x0pLéc x,y, s, k, b emdyouy éva F1,
6mou oL xopuwéc s € S(ty—1) xav k € K(tg—1) elvonr un-yertovixée. Autd axpBdc elvon 1
neplntwon (iv). 1

Adupa 7.10. 'Eotw 611 or x-uepixdc-yettovixol xdufor tov md-6évrpou T(G) Pploxoviar oe
éva povordti toty - - - ty, omou o xouBoc ty, elvar o T-uepxds-yettovixos xdufoc mov Poloxetal mo
uaxpid and v pila ty touv 8évrpou T(G). Edv o xdufoc ty, elvar évac S-xdufoc téte 1o G' elva
Py-sparse edv xat uévo edv uia ané tic axdlovbec téocepic nepintdoeic (auoifaia anoxleiduevec)
Loy douy:

(i) H xopugr x fAérer ta Vg xat Vi, , xau ydver ta Vp xat V.

(it) H xopupi x PAéret 10 Vi, 0A0xAnpo extdc and pia xopugl, éotw, y, tou Vs, xar ydvel
T Vp xat Viyg 6mou
(ii.1) n xopver y elvaw éva naudl tov xdufou ti_s (mov elvar évac S-xdufoc),

(11.2) o0 xduPoc ti_1 elvar évac P-xdufoc ue 8Uo matdid, tov xdufo ty, xar uia xopupy, éotw,
u (mou elvar un-yettovixij ue ty ), xat
(ii.3) 1 xopun x BAémer udvo uia xopupl e autotedoic-uovddac M (ty), nov elvar éva matdl

ToU tg.

(1i1) H xopvpi x BAéner ta Vs, Vg, xar axpifdc uta xopupy, éotw, z, tou Vp, xar ydver to
Vg 6mou

(11i.1) n xopuer z elvar éva naudl tov xdufou ti_1 (mov elvar évac P-xdufoc), xau

(1i1.2) o xdupoc t éyet 8vo mnaidid a,b, mov elvar pUlla étol dote 0 a elvar yettovixij xat
b elvar un-yettovixij ue tyy .
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T(G"):

Tyfua 7.7: Exovoypdonon twv repittdoewy (i), (iii), (iv) tou Aduuatoc 7.9 xa ov avdloyec

evnuepdoelc Tou md-8évtpou.

(iv) O xduPoc ty_1 elvar évac N-xdufoc mov avtiotolyel oe éva apaid apayvoeldéc yodpnua Ue
wAixa K(tp—1), n xopupij x ydver 1o Vp, Vg, K(tp—1), 0AbxAnpa extéc and uia xopuer,
éotw, b € M(ty), xar BAénet to Vg xaw Vv, — K(tgp—1).

Anédeln. Egboov to Py-sparse ypogruota elvol autocuuninpouatixd (complement-invariant)
(Afuua 7.1), Bewpolue to ypdonua G: 10 md-3évipo tou T(G) elvar tavoyoléTuTo 6Tny Souf Ue
10 dévtpo T(G) extde tou 61 o P-xéuBol uetatpdnnxay oe S-x6ufouc xou avitlotpoga, o apaLd
0pary VOELY) YpapUoTal UETATEATIXOY GE TUXVE oL avTioTpopa, XaBde ot xhixeg xat Ta aveZdptnta
oUvola evolhdoooviar. Egboov évac x6ufoc oto dévipo T(G) elvar z-uepindc-yeLtovxde edv
xat uévo edv o avtlotolyoc xéuBoc oto dévtpo T'(G) elvar a-uepixde-yeitovxds, to Afuua 7.9
epopubéletar xor Uog divel tic ixavée xau avoryxales ouvBrxes Yo va elvat o G évo Py-sparse.
Metatpénovtag Toug P- xou S-xéufouc, to apatd xat Tuxvd apary VoeLdY) ypapruata, TG Xhixeg Toug
%ol ToL veEdETNTA GUVOAY, XUl UE TLC YELTOVIXES XOPUQES NG & OE AUTES TLC oUVITXES, amoxToVUE
TS 6LVBTXES TOu MUuATOC, TOU ElVaL OL XaVES Xal avaryxaleg ouvBxes yia To yedgnua G’ va elvat

éva Py-sparse. 1

Adupa 7.11. 'Eotw 611 or z-uepixdc-yettovixol xdufor tov md-0évrpou T(G) Pploxoviar oe
éva povordti toty - - - ty, omou o xouBoc ty, elvar o T-uepxds-yettovixos xdufoc mov Poloxetal mo
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Tyfua 7.8: Exxovoypdenon twv nepintdoeny (1) xo (ii.2) tou Afuuatoc 7.11 xou ov avdloyec
evnuepdoelc oto md-dévtpo.

uaxptd and v pila ty tov 8évtpov T(GR). Edv o xdufoc ty, elvar évac N-xdufoc xav n dtauéoton
tou apayvoetdolc yeagruatoc G(ty) elvar (S, K, R), tdte 0 yedynua G' elvar éva Py-sparse edy
xau udvo edv ot ouvlixec and tic axdlovbec tpeic (auoifala anoxAeidueves) nepintdoels toyvovy:

(i) H xopupr x fAéret to SUK (xar ydver to M(r) drnov R = {r}): n xopupyj x fAénet to Vg
ot Ve, xau ydver ta Vp xaw Vg, 10 dpayvoeldés yodpnua nou avtiotoiyel otoy xoufo
ty elvar muxvd, xar o xoufoc r elvar pullo.

(i) H xopuyyj x PAéner to K (xav ydver to S): wia and tic axdlovbec tpeic mepintdoeic
Loyvouy:

(ii.1) n xopvei x BAérer ta Vs xar Vicy, xau ydver ta Vp xat Vig:

(11.2) n xopvplf x BAéner ta Vs, Vi, xat axpifdc uia xopupy, éotw, y, tov Vp, xat ydvet
t0 Vg Omou y elvae éva nawdl tou ty_1, T0 apayvoeldés yedpnua nou avtiotolyel oToy
xoupo ty elvar apaid, xau 6Aa ta ototyela tou M(r) (edv R = {r}) elvar yeitovixd ue
TNV XopuQl T

(11.3) 1 xopvplf x BAérel 10 Vi, 0AbxAnpo extdc and uia xopupl, éotw, y, tov Vs, xat ydvet
ta Vp xar Vivg drov ny eivar éva naudi tov xdupfou ti_1, to apayvoeldéc yedynuo mou
avtiotolyel otov xdufo ty elvar tuxve, xar dAa ta otovyela tou M(r) (edv R = {r})
elvar un-yettovied (e TNV XopuP x.

(ii1) H xopvugr x ydver to SUK (xau féret to M(r) énov R = {r}): n xopvyi x fAénet ta Vg
o Ve, xau ydver ta Vp xaw Vg, 10 dpayvoeldés yodpnua nou avtiotoiyel otoy xoufo
ty elvar apaid, xar o xoufoc r elvar pullo.

H dwaduxaocia mou yepiletar v mpocbnxn ulag xopugrc = Beloxel tov xéufo t; xou exue-
Tadhevetar tor Adupato 7.9-7.11 yio var eAéyZel xat VoL Tpomtonotioel xotdAknia to dévipo T(G).
Aovlelel 6nwe galvetar otov Ahyopifuo 11.

H opbétnta e dwadixasiag éneton and ta Ajuuota 7.9-7.11 xau tig axdroubeg nopatnerioels:
Hopatienon 7.2. ‘Otayv oloxAnedvetar 1o Bijua 2,
o 10 oUvodo twy xdufwy tou §évtpov T(G) mov delyvoviar and ta ototyela tou ovvérov Full

elvar axplBdc to olvolo twy x-nAfen-yettovixdy xoufwy
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Awodixaoio ADD_VERTEX(vertex z)

1. Partial « (;
XAUTOOXEVAOE UL 0Upd Q) Tou Ta oTotyela Tne elvar delxtec oe xabéva and ta @ik Tou T'(G)
TOU aVTLOTOLY0VY OTLC YELTOVLXEC XOPUPES TNC T
while 7 oupd @ elvor un-xevy| do
agalpeoe and v Q éva ototyelo (dnhadt, évav Selxtn oe évav x6ufo,
¢otw, t, Tou dévipou T(G));
abEnoe 1o counter-tedio Tou matépa p(t) Tou ¢ xatd 1 xau éotw 1) véa T Tou val;
if wal elvon lon ye 1
then ewofyaye oto Partial évav delxtn otov p(t);
if wval elvon lon e to mAhfoc Twy tadLdv tou p(t)
then ewofyaye oty Q évav delxtn otov natépa p(t);
{0 xduPoc t elvar x-wAijon-yettovixdch

2. Full < obVvoho ané deixtec oe xabéva and to pUAa tou T(G) mou avtioTol oy 6T YELTO-
VIXEC XOPUYES NS T;
for xdbe otoiyeio a Tou cuvéhou Partial do
¢otw t 0 x6uPoc tou T'(G) mou tov Selyvel o a;
if n twun tou counter-nediou Tou ¢ elvar o ye o TARHoc Twv TudLdY Tou ¢
then agalpece To a and 1o Partial xou ewof)yayé 1o oto Full;
{0 xduPoc t elvar x-wAfjon-yettovixdch
Oéoe 10 counter-nedio tou t (oo ue 0;
else udpxope Tov t wg “partial;”

3. for xdbe otouyeio a tou cuvéhov Partial do
€oTw t évac xéufoc tou T'(G) mou delyvetar and o a;
if xavévae natépac, Tannolg xa Tporannols tou t, (edv undpyouv) elvar “partial”
then extinwoe false (dnhadh, to G’ dev eivar Py-sparse); return;
UdEeXUpE TOV TATERA, TANTOY XAl ToV Tponannol tou t, (edv undeyouv) we “covered;”
diéoytoe to olvoho Partial xar éheyie ta axdrouba
if umdpyouv dVo 1 tepiocdtepa oTotyela Tou Partial mou 8elyvouv oe xéuPouc Tou Sev elvon
“covered”
then extinwoe false (Snhadn, to G’ dev elvonr Py-sparse); return;
€0Ttw 0 Uovadixde xéufBoc oto Partial mou Sev elvan “covered”, t';

4. Me Bdon o €dv o x6ufog t’ elvan évag P-xéuBoc, S-xéufoc,  N-xbufoc, ékey&e mola omd Tig
nepuntoels tou Aduue 7.9, 7.10, xou 7.11, avtiotouya, toyleL, xaL Tpononolnce xotdAAn o
0 dévtpo T(G);
if xoulo amd T TEPLMTOOELS TWV avTloTOLY WY ANUUATWY SEV Loy oLy
then extinwoe false (Snhadh, to G’ dev eival Py-sparse); return;

5. for xdfe otowyeio a tou cuvérov Partial do
amoudxpuve To Uapxdplous tou xéufou tou T'(G) nou Selyvel to a o
Béoe o counter-nedio tou oo ye 0;

Alyépibuoc 11: Add_Vertex

o 1o atvoldo twy xduPwy tou 6évteov T(G) mov delyvovrar and ta otoiyela tov ouvdlou Partial
elvat éva UmooUVoA0 TOU OUVOAOU TWY T-UEPIXGC-YELTOVIXGY XOUPWY.
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Emnpdobeta, o xdufoct’ nov feloxetar oto Bijua 8 elvar axpifdc o x-Ueptxdc-yeitovixds xdou-
Boc ty, mou Poloxerar mo paxpid and ) pilo.

Mapatienon 7.3. I'a xdbfe “partial” xéufo t oe andoracy tovAdyiotov 3 and tyv pila ToU
dévrpov T(G), edv xavévac and touvg matéea, mannol, meondanou tou t elvar “partial”, tdte To
donua v elvar Py-sparse.
G’ Sev ¢ P

Anédeln. 'Eneton and tic nepntdoeic ota Afuuata 7.9-7.11 (étor dote to G’ elvon Py-sparse)
%ot and To yeyovoc Ot o matépac evic P-xéufou (avtiot. S-xdéufou) de umopel va elvar évag
P-x6ufoc (avtiot. S-x6ufoc)’ onuetdote 61t epboov xat ota Tela AMuuata, 1 xopueh & BAénel To
Vi xat oAéxAnpo extdc and €va otolyeio tou Vg, téte 6hot ot S-xéufol, extdc to Tohb and €vay,
xoL 6hoL ot N-x6ufol elvar “partial.” 1

[ Ty mohumhoxdtnta ypdvou tne dradixactog, ypetalduaste o axdéhovbo anotéleoua:

Mapatienon 7.4. To uéyeloc tov ouvdlov Partial étay oloxAnpdvetar to Bijua 1 elvar Atydtepo
and 2d, énov d elvar to nAffoc twy xopupdy tov G mou elval yeLTOVIXES ue TRV .

Anédeiln. Tnuewdote 6t tAndudtnta tou cuvélou Partial eivon uixpdtepn and tny tAndudtnta
ToU ouvéhou Full xor to TAffoc twv “partial” x6uPwv (delte BAua 2). O Hopatnerioetc 7.1 xon
7.2 unovooly 6t N TAnBudnTa Tou cuvérou Full elvan uxpdtepn and d. Emnpdofeta, xdbe
“partial” xéufoc €yer Touldytotov éva moudl oto olvoho Full' epboov évac xéufoc touv T'(G)
€yel axplBog évay matépa-xoufo, to TAifog twyv “partial” x6ufwv elvar entong uixpdtepo and d.
'Enetan i nogatfienorn. B

H Hopatienon 7.4 endyel 6t 1o Brua 1 ypewdletar O(d) ypdvo, agol évac xéuBog tou dévtpou
T(G) ewodyetar 1o TOND uLa gopd oty ouvpd (@ (xou oto Partial), n elooywyh xoL n darypaen
otoyelwy unopoly va yivouv oe otafepd ypdvo, xoL UTopoUUE Vo TpOGTEAEGOVUE ToV TaTépa EVOS
x6uBou oe otabepd ypdévo. MHapduoia, 1o BAua 2 yperdletar O(d) ypdvo énwe enione xou To
Brjua 3 onuetdote 6Tl oL natépeg, oL TAnToUdEC XL Ol TEOTATTOUdES eVOg xOuBou TpocnelodvTal
oe otafepd ypdvo axorouvbdvtac toug 3 Seixtec and Toug natépac-taudidv. ‘Evoc eaviAnuixioe
ENEY YOS TV TEPLTTOOEWY ota Aduuata 7.9-7.11 emfPefordivet 6t to Brua 4 unopel entong va yiver
oe O(d) ypdvo: uetavoluoaote and tov x6ufo t' oty plla (éva wovondtt uixouc O(d) ue Bdon
tic Hopoatnerioetc 7.2 xon 7.3) xow eléyyoupe €dv n x BAénet 1o Vi, xou €dv BAénel to Vg 1 ydvet
éva and ta otoryela Toug (yla TV teleutaia tepintwon, encZepyalbUaoTE AVENOYL TIS TEPLTTOOELS)
* amd TOUG UTOAOLTOUC YELTOVES TNg & XAt Tov TUno Tou x6uBou Ly, Unopolue Vo eAEYEOULUE Xal Vol
xetptotolye Tic unéhotneg tepintdoets. A&ilel va onuetwbel Tt o ENeyyoc €4V 1 xopuPY T Ydver
éva obvoho X emttuyydveton elte xortdlovtoc edv o xéufoc ¢ Beloxetar 610 olvolo Full (edv
X = M(t)) elte epodidlovtac xatdhhnha GAec Tic YELTOVIXES XopUéS TS & ()., edv X = V).
Exuetalieuduevol toug delxtec-notépa xat 10 YEYOVOS GTL 1) TLuY) Tou counter-nedlo evég x6ufou
elvar tom ue 10 TARBog TV TULdLEY TOU ToL Elval Z-TAHEN-YELTOVIXE, UTOpOUUE Vo SOUUE 0 GUVOALXHC
unoloytoudc oto BAua 4 unopel va exteheotel oe O(d) ypdvo. Tehxde, to BAua 5 gaivetar ot
yeedletar O(d) ypdvo. Enouévoc, éyoupe 6L

Ocdpnpa 7.4. ‘Eotw éva Py-sparse yodonua G. H npoolixy uiac xopvglic x ¢ G fabuod d oto
vedgnua G' umopel va extedeotel oe O(d) ypdvo.
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7.3.4 Awypagn was Kopuprg

'Eotw v € V(G) wa xopuen ue d npooxeiueves oaxués oto yedgnua G mou tpdxettat va Storypopetl.
Enouévuc, 1o ypdonua G’ mou mpoxUnter UETE Vv Starypagh Tne xopugric v elvan éva Py-sparse
Yedonua we éva enayduevo vroypdgnua tou G (8eite Aduua 7.1). Enouévoc entxevipwviuaote
oty XATEANAN evuépwaon tou md-8évtpou T'(G) éto dote va anoxthcovue to md-dévipo T(G').

pdta ag Bewprioovue ty nepintwon tov v € SUK yia xdnotov N-xéufo ¢ étol dote 1 Stoué-
pLom Tou apayvoeldolc ypagruatoc G(t) elvar (S, K, R). Ataxplvouue tic axdroubeg nepintdoetc:

(i) v e S: Hpdra unobéote 6t S = {v,v'}, K = {k,k'}, xou éotw n v va elvon yertovin e v
k: téte, 1o apayvoeldéc ypdgnuo aviixabiotatat and évayv S-xbufo ue moudid Ty xopupy| k'
xaw évay P-x6ufo’ edv R = (), t6te autdc o P-xéufoc éyel we naudid tic xopugéc v’ xau k,
ol edy R = {r}, éyel naudid tnv xopugh v’ xat évay S-x6uPo ue moudid Ty xopuen k xou
Tov xéuBo r. Tdhpa vnobéote 6t |S| = |K| > 3 xau éotw f(v) =k € K. Edv 10 apayvoetdéc
Yedpnuo elvar apond téte: edv R = (), téte petd Ty Saypapy| Tne xopughc v, N k dtaypdpetat
ané to abvolo K xat cuvdéetar ye évav Seixtn yia to abvolo R* edv R = {r}, téte n k
dtarypdpetor and 1o K xou €dv o xéufoc r elvon évag S-xoufog tote n k yivetow mondt, adiuidg
v Bé€am tou x6uBou r Ty avixadiotd évag véog S-xéufog ue toudid v k xat tov xéufo r.
Edv to apayvoetdéc ypdonua elvor tuxvd, téte UeTd TNy agalpeon g v, N xopu@n k BAénel
GhEC TLC UTONOLTES XOpUQES oTNY aUTOTEAA-UoVEda M (1) étol, o N-xéufog t avuxabictato
and évay S-x6ufo ue Todld TNy xopuEY k oL 1oV x6Ufo t apol elyaue APULEECEL TIG XORPUPES
v, k.

(i) v € K: Egb6cov 1o auunifpnud evég opatol apayVoeldols Yeaghuatog elval éva Tuxvé opa-
YVOoEWES yodonua (xo aviloTpoga) UE TNV xAixa xoL To aveldpTnTo cUvoho aviioTpopa (xou
edv R = {r}, ot P- xou S-x6ufor ato unodévipo ue plla tov xéuBo r aviiotpauévol eniong),
n meplntwon elval GUUUETELXY UE TNV TeonYoUUevn xou ypeetdletar tny (So moAuthoxdtnta
¥eoévou Yo va yelptoTet.

(i) R = {v}: Xe auth v neplntwon, n x0puph v SLorypd@eTaL, XaL ATOXTIUE EVOL apay VOELBES
ypdenuo pe R = 0.

T ouvéyeta Bewpolue Ty meplntwon étou o tatépac-xéufBoc p(v) e v oto dévtpo T'(G) elvon
évac P- | S-xéufoc: edv o p(v) éxel topandve and 800 nouwdid, enapxel vo dtarypddouue TNV xopuen
v. Tap’ ého autd, Tpoooyh ypedletal €dv o p(v) €xel ubévo dVo mudid, oTny TepinTwon e onolog
0 adep@iéc u TN v ypewdletar va ouvdebel ue tov mammol p(p(v)) Tng v emmAéoy, €4V 0 U XL O
p(p(v)) elvar xau oL Vo P- # S-xbéufot, téte ta nawdid tou u yivovrar moadid tou p(p(v)). Ttnv
epyaota [101], éyer devytel o n teleutala tepintwon unopel va yewptotel oe O(d) ypbdvo énou o
x6uBot mou ocuuuetéyouy elvar P- ¥ S-xéufol n texvixd auth urtopel edxola vo yenoiuonoindet
and tov aAyopliud uac ue t Bl toAundoxdtta yedvou. Emnpdobeta, oe onowadfnote and tig
unéloineg dVo neptnTAoELS dTav o TaTépac-xéuBog p(v) éxet 2 moudd, Snhad¥, edv o adeppds u Tng
v elvan €vac N-xbéufoc 1 €dv o tarrolc p(p(v)) elvar évag N-xéuBoc, Té1e 0 x6ufoc u cuVdEeTaL WS
moudi Tou p(p(v)) (dev undpyer TedBAnua éxovtag évay N-xéufo ue R = {r} énou o r elvar enlong
évac N-x6ufoc).

Aev elvar dboxoho va der xavelc 6t Ghec oL Toapandve mepnthoes unootnetloviar oe O(d)
yeovo. Enouévic, éyovue to axdroubo anotéheoua.

Adqupa 7.12. H Siaypay utag xopupric v evoc Py-sparse yoapiuatoc G unopel va exteleotel o
O(d) yedvo, émou d elvar o Babudc tyc xopvgric v oto yedenua G.

TUyxevTpdVovTaC OAES TIC TEPLTTAGELS £YOLUE TO axdloubo Baoixd anotéhecua.
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Ocedpnua 7.5. Yrdoyer évac nAfjews duvauixds adydptfuoc avayvdépione yia ta Py-sparse yoa-
piuata xau Stationons tou md-0€vtpov toug, mou unooTnEilel ELOAYWYES Xal SLaYPdPES XOPUPHY
xau oy xat extedeltar oe O(d) yedvo yia xdbe mpdln mov eundéxet d axués.

7.4 Xuurnepdopato

Ye auth Ty evotnTa emAUOUUE TO SUVOUIXG TEOBANUA avaYVEELeNS VLol TNV XAdoT Twv Pi-sparse
Yoopnudtewy: o oxonde uac elvar va yewptotolue tpdofeon xat dtaypap axudy/Xxopueny, Vo o-
vaxaAOPOUUE TOTE TETOLES TROTOTOLAGELS EMLPEROLY Evar Py-sparse ypdgnuo XoL o€ TEPITTWOT ToU
ohnBelet, vo EVIUERMOEL XaTdAAN L TNV avomapdotacn Tou ypagphuatoc. H avtipetdnioy yac Po-
otleton oty Stathenon Tou md-8EvTeou Tou YeaPHUATOSC TO 0TOL0 YENOLUOTIOLOVUE Yia TNV ETiAUG
ToU TPoBAAUaTOC avayvdetonc. Amodetxviouue Soulxéc WLOTNTES TOU BEVTIPOU Xl TETUYALVOUUE
évay TAien Suvouixd alybplfuo avayvdpone tou utooTnellel TPoTOTOLACELS axU®Y (ELoaywYES
xau Srarypagéc) oe O(1) ypbévo xar Tpononoticels xopuedy (etoaywyés xa Swaypapéc) oe O(d)
Xeovo Yo xopupt| Babuol d.

Ye oyéon ue v Behtiotdna, elvon evdiapépov va xatopbdoer xavele évay ahybpliuo ota-
Oepol ypdvou Yo TNV EVNUEPWOT) TOU XOUUATIAOUEVOU amocuVleTiXol Sévipou otnv nepintwon
darypaphic xopupnc evog Py-sparse ypaghuatog. Emniéov, Suvauxol alydplbuot éyouy npotabet
Tou unooTtnellouy axuéc xo xopupéc tpononoticels o O(n) yeévo xutd axUhc Tpononoinong xat
oe O(nm) ypbvo xatd xopupriic Tpomonoinene yia tprywvixd (chordal) ypaghuata. Bdon autdy
TWV AnOTEAEOUITWY, évac Unopel va efetdoel mpog Ty xatevhuver épeuvac €4V UTdpyEL TLo omo-
TehecUTIXS duvauxos ahybeLtiuo vl TRV xhdon twy Telywvxdy (chordal) xat Stactnudtwy
(interval) ypagnudtov (évac axuéc-uévo Suvauixds alybptbuog elval yvwotde yia ta dtaothuota
(interval) ypoagruata nouv unootneilel xéfe tpononoinon axurc oe O(nlogn) ypdvo) xou, axdua
TEPLOGOTERO, YLol GAREC UAAOELS YRUPNUATODV.
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KE®AAAIO 8

BEATIESTOY ITAPAAAHAOX
AATOPIOMOYX T'IA TO IIPOBAHMA
THY ENIKAAYVPHY ME MONOIIATIA
YE P;-SPARSE ['PA®HMATA

8.1 Ewaywyt

8.2 Baowéc "'Evvoiec xor Optouot

8.3 Enwdiudn ye Movondtia oe Py-sparse Tpagpruota
8.4 To Aévtpa Movonoatidyv twv Py-sparse T'pagnudtov
8.5 Axoloubila Ayxuldv oe N-xdéufouc

8.6 O Béhtiotog AhydpBuoc

8.7 XTuumepdouota

8.1 Ewaywy

"Eva mohd yvwotd mpdBhnuo UE TAELdda TEaxXTIXGOY EQapUoy®dy atny Bewpla ypapnudtwy elvat 1
e0pEST) XAl 1) AVOPORE TOU EAGYLGTOU TAHHOUS UOVOTOTLAY UE UT-XOLVES XOPLUYES ETOL BGTE GhaL To
uovoTdTial VoL ETLXAAUTITOUY TLS X0pUES evés Yeaghuatog (path cover problem). To npdinua ou-
16, YV0o16 w¢ 10 TEdBANUL emxdAudng Ue povondTia, Bploxel EQapUOYES, UETAED TOAGDY JAAWY,
oTic mepLoyéc e oyedladne Bdone dedouévwy, dixtlny, Behtiotonolnone xddixa (deite [2, 38]) xon
elvat Yvwoté 6tu 1 emxdiudn ue puovondtior xafde o ToAES DLaPopoTOLAGELS TOU TpoBAAUATOC
elvar NP-complete [38]. "Eva ypdgnua mou emttpénel éva yovondtt enxdivdne ueyébouc éva a-
vagépetal ¢ Hamiltonian. 'Etot, 1o npdBinua tng emxdhudng ye yovondtior elval TOUAEYLGTOY
oo ue Suoxolla 660 To TEGBANUA TNE andpacnc eqv éva Yedgnua éyel éva Hamiltonian uovordtt
(Hamiltonian path).
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H uehétn ypagnudtov ue Mya Py et npaxtixéc egapuoyéc mou oyetilovtol Ue TNV ypovodpo-
uohéynon eZetdoewy xal TNy onuasctoroyie ouadonolnong [29, 70]. Autéc ot egapuoyéc xivnoay
T1¢ Bewpntinég xou ahyoptbuixés uehéteg TpofAnudtwy Yio Ty ¥Ador twv cographs, tou Sev nepLé-
youv xavéva Py. Emextelvovtac tny évvota evég Py-free yoagpruatog, ToAES XAAOELS YPAPNUETOY,
6mwe N xhdon twv Pi-sparse ypoagpnudtwy, anoxtiinxay anoxielovtog we Stdpopouc tpdmoug Ty
arovota Twv Py.

ITio ouyxexpéva, 1 xAdorn twv Py-sparse Ypopnudtwy, oplletat wg 1 xAdon tou neptéyel T
yeagpruate exelva Yo tor omola xdbe alvoho TEVTE xopuP®Y Endyel To TOAD éva dyopdo Uovordtt
TEGG4PpWY x0pUPKY [52]. Auth 1 xhdomn Exel uehetnbel yia ToAAS xoL xhaoixd tpoBAiucta Beltioto-
noinone. 'Evoc napdiinhog alybptbuoc avayvdptone evéc Py-sparse ypa@Auotoc UE n XOpUPES EXEL
Sobet oty epyacta [71] tou teéyer oe O(log® n) yedvo yenotuonotdvrog O("?O'g;m) EREW-PRAM
enelepyaotéc. Ou Giakoumakis et al. otny epyaotia [39] enthvoay, uall ue 1o TEdEAnU avoryvédpeL-

ong, To TEOBANUa evpeang Tou apliuol xhixac, Tou euotab] apliuol xat Tou Ypwuatixol aptiuod
ylo TéTola Yo pRuaTo oe Yeauuixd axohoublaxd yeévo (ypauuixd evvoobue oe O(n + m) ypbdvo,
6mou n oL m elvor 10 TARH0C x0pLEABY oL axudY Tou Ypagphuatos, avtliotolya). Emniéov, oty
Bl epyaota yeétnoay v hamiltonicity yia tnv xhdon v Py-tidy yeagnudtov (Ut xatdAAnin
UTEEXAEOT) TwY Py-sparse ypaonudtwy). Xe éva topdAinio neplBdAloy, To TpdBAnUa ToU UEYLETOU
Tatptdoyotog (maximum matching) yia Ty owoyéveta tov Py-tidy ypagpnudtov éyet puehetnlel
[97] xou €vac Béhtiotog ahydptbuog yio To mpbBAnua auvtd Tpotdhnxe, dobévtog tou md-dévtpou
evog Py-tidy yeagruatoc.

Ot Nakano et al. oty epyaotia [85] oto téhog ng epyasiag Toug dgnoay avolytéd To npdfAnua
NS EQUPUOYNS TNS TEYVIXAC TOUS O SAAEC XAAOELS Ypapnudtwy, extéc and ta cographs. Kivou-
uevol and to Béua autd YEVIXEGOLUE TNV TEYVLXY TOUC GE Uta XATEAANAY UTEpXAdoT Twv cographs.
Ye auTé TO XEPANULO ETEXTELVOUUE TNV OLXOYEVELX TEAELWV YRAPNUATWY TOU XaTéyYouv BéATioTeS
Aoelc ylor 1o TeoBAnua g emxdiudng ue uovondtio. ‘Etol, npotelvouue uia Bértiotn Aon yia
10 MpéANnua Tpotelvovtag évay tapdhhnio alydpetbuo tou teéyel oe O(logn) yedévo ue O(n/logn)
enelepyaotéc oto EREW PRAM yoviého.

To xepdhato elvon opyaveuévo we e€hig. Xtny Seltepn evOTNTA ESPAULGVOUUE TNV ONUELOY APl
xat Ty opoloyla tog ot tapouotdlovue tponyolueva anoteAécuata. Ilo ouyxexpiuéva, delyvou-
ue douxéc WIOTNTES Yla TNV xAdoN Twv Py-sparse ypa@nudtwy, xat Ty wovadixr Toug SevdpLxt)
avanapdotaor. Avagepbuaote enione oto 3EVTpa UovoOTaTLdY (Utar XaTdAANAY Sour yiar TNV ova-
TOEEOTUON TWY UOVOTUTLOY EMXGALPNC) XL OE UL XNAGIXH TEYVIXY TALPLAOUATOS AYXUAGY TTOU
Yenotuonolovvtol atov oahyopeliud pag. Xty tpltn evétnto napouctd{ovUE To UOVOTETId TOU EU-
pavilovtal oty emxdiudn ue yovordtia yio éva Py-sparse ypdgnuo, VO otny TETapTr EVOTNTA
TEPLYPAPOLUE Tt avTloToL o BEVTPO UOVOTATLOV TOU TEETEL VO XATAOHEVACOUUE ETOL (DOTE VOL U-
TOXTHOOLUE Tal EMLOLUNTS Lovormdtia. BTNy TéUnTh eVOTNTA TEPLYPAPOLUE TNV 0X0AoLBL oY XUADY
TOUL TIEETEL VoL TEOXVYEL GE Evary aUYXEXELUEVO TUTOU x6uBou Tou md-8EVTpou xaL TNy EXTn EVOTHTA
TpOTELVOLUE Evay BEATLOTO TopdAANho alydeLBuo yia to TpdBAnua Tng emxdAuPng UE LoVoTdTLa YL
éva Py-sparse ypdgnuo. Télog, otnv éBdoun evétnra, cuvodilovue To xepdlalo xor napabétovue
mbavéc enextdoeLc.

8.2 Baowég 'Evvoieg xar Oplopotl

Oewpolye nenepacuéva Un-xatevhuviueva ypapruato ywelc tohariéc axués. "Eotw éva ypdonua
G ue oOvohro xopupdv V(G) xat olvolo axudv E(G). To uroypdgnua evic ypaghuatoc G mou
endryetat and éva unoabvolo S tou cuvéhou xopupdy V(G) avagépetal wg G[S]. T éva utooivoro
%x0puPKV S Tou Yeaghuatoc G, optlouye to Ypdgnua G — S = G[V(G) — 5] xaL ypdoovue ue G —v
0 ypdonua GV (G) — {v}]. Mw xAixa (clique) elvon éva olvoro and édha to Lebyn YELTOVXGY
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Yyrfua 8.1: "Evo un-ouvextixd Py-sparse ypdgnua xat to avtiotolyo md-3évtpo tou.

XxopupdV" éva aveldptnto ovvodo (stable set) elvar éva oOvoro and Gha tar LEVYN UN-YELTOVIXGY
HOPUPAY.

H yeirovid (neighborhood) N(z) utag xopughc x € V(G) elvon 10 60voro Shwv TwV x0pugdy
ToU Ypaghuatoc G mou elvar yettovixéc Ye Ty xopugt x. H xletotyf yeitovid (closed neighbor-
hood) g xopuehic x oplletar we Nz] := {x} UN(z). O fabudc (degree) uiac xopupic 670
yedonua G, mou ouuPoliletar ue d(z), elvor 10 TARHOC TwY TEOGXEIUEV®Y axUDY TNV X0pLYN T
dnhadh d(z) = [N(z)]. Edv d0o xopupéc  xau y elvan yertovixés oe éva ypdgnuo G, Bo hue 6L 7
xopueth x BAémet (sees) TNV xopugh i e8I Oa Aéue bt 1 xopugh & ydver (misses) TRV xopuen
y. Emextelvouue authv v évvola o olvola xopugpdy: to alvolo xopuedyv Vi C V(G) Birénet
(ydver) to abvolo xopupdy V; C V(QG) edv xar ubvo edv xdbe xopueh x € V; Brénel (ydvet) xdbe
xopugh y € Vj.

8.2.1 Py-sparse I'pagruata

AEAXETE, YLVETAL ULO AVAOXOTINGT] TV YALUXTNELOUAY XL TOY SOUXAY WBLOTATOY Twv Py-sparse
II d d P,
YEUPNUATOVY oL AmOSEXVIOVTIL ATOTEAEGUATO TTOU YENOLUOTIOLOUVTAL atd ToV alySplhud uog yia
v eniAuon tou tpofhiuatoc g emxdhudng ue Yovordtia evée Py-sparse ypagpruatoc. o ou-
YXEXPLUEVXL, YLt TNY XAdoT Twy Py-sparse ypagnudtwy, ou Giakoumakis xar Vanherpe [40] édeiay
ot

Adupa 8.1. 'Eotw G éva ypdpnua xat éotw T(G) to md-6évipo tou. To ypdenua G elva
Py-sparse edv xar uévo edv yia xdfe N-xdufo t tou 8évrpov T(G), to yodpnua G(t) elvar éva
apayvoetdéc yodgnua ue Stauéeton (S, K, R) xar xaula xopupy tou ouvdlov S U K Sev elvat
eowtepixde xdufoc oto 8évreo T(G).

To nopandve AMjuuo endyet 6t xdfe N-xéufoc ¢ tou md-dévipou T(G) evéc Py-sparse ypophida-
toc G éyel 2k 1 2k + 1 noudid, émov |S| = |K| =k > 2 xau |R| < 1° 1o oOvora S, K, xou R
oynuatilouv v dtapéplon tou apayvoewdols yeaghuatos G(t). o cuyxexpiuéva, o N-xéufoc t
€yel k moudld mou avTieToLyodY 6To 6UVOAD S, k moudid mou aviieTolyolyv 6to cbvoho K, xou elte
xavéva dhho Ttoudl edv R = 0 # éva axpBc emnhéov nawdl edv R # 0 (oe auth v meplntwon,
|R| = 1 xou autd to moudl elvan 1 plla evée umodévipou touv T(G)). To moudd mou aviioTolyoly
oto oUvolo S xou 610 K elvon UMa 670 dévipo T(G) xat, enouéves, elvar xopugéc tou G, evd
0 ntowdl ov avtiotoyel 6to olvolo R, edv R # 0, elvar elte éva gUARO (dnhadi, uta xopupn Tou
G) elte évac eowtepinde xéufoc pe emypagr P, S, # N.
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To md-dévtpo T(G) mou napovoidletonr oto Lyfiua 8.1 neptéyet dbo N-xdéuBouc, dnhadt, Touc
x6uBoug ta xat t5. To ypdonua G(t2) elvon évo mpddTo apoy VOELDES YRdgnUo UE ENTE XOPUEES XaL
ue Stapépton S = {vi,vs,v3}, K = {vg,vr,v8}, xou R = {ta}, evd 10 ypdynuo G(ts) elvor
emlone éva TpdTo apayVoEES YpdpnuUa TEGOdpWY xopLedy Ue dtauépton S = {vg,vs}, K =
{vg,v10}, xar R = 0. To ypdpnuo G[M (t2)] elvar éva apayvoeldéc ypdpnua (yt TpdTo apayvoeLdéc
yedonua) ue R = {vi1,v12}, xou 1o ypdonua G[M (t5)] elvar enlone éva apoyvoeldéc ypdpnua
(mpdto apayvoedéc ypdonua) ue R = 0.

Baowlduevol oe teYVIXEC TOL TEPLYpdpXaY oTa [73, 85], €ToL (GOTE Vo DIEUXONIVOUUE XoL Vol €-
TLoneoouUE oplouévee dradixaolec Tou alyoplBuou uag, Tpononololue 1o dévipo T(G): xdvouue
duadixé to dévtpo T(G) ue tétolo tpémo Gote xdfe ecwtepinds xéufBoc e entypagph) P A S va
€xet oxplBide duo toudid ouvufohiilovue ue Tp(G) to Tpomonoinuévo dévtpo. To aplotepd xou deii
Toudl evéc ecwtepxol P-xéufou 7 S-xéuBou t tou T(G) Ha ovuPBolileton Ue & xou ¢, avtioTouya.
Ynuewdote bt edv o dévipo T(G) éxer uévo N-x6ufoug téte to dévipo Ty(G) ouunintel Ue o
dévipo T(G).

"Eotw to ypdonua G[M(t)] va SnhdveL To unoypdgnuo Tou endyetal and To YUARA ToU elvat
andyovol Tou xéufou t oto dévipo Ty(G), xou éotw L(t) vo dnhdvel to mhifog Twv UAALY TTou
elvat andyovol touv x6ufou t oto dévipo Ty(G), dnhadr, to TAAfog TwV xopLYADY GTO YEdPNUA
G[M(t)]. Aéue 6T 10 dévipo Tp(G) elvar aprotepd (leftist), xaw o ouuBoiilovue ue Ty (G), €dv
Yo x86e ecwtepxd x6uPo t ue entypagh P A S, wcavorotelton  ouvBixn L(t;) > L(t,). T xdbe
S-x6ufo t tou Ty (G), avixabiotolue to vodévtpo ue plla Tov x6ufo t, (to Sl naudl Tou xéufou
t) ve ta L(t;) @OMha xot xoholue o Teononolnuévo dévipo to eéaobevnuévo (reduced) oplotepd
duadind dévtpo tou Ty (G) to ouvuPolilovye ue Ty (G).

'Eotw A(t) to nhifoc twy uovornatidv otny entxdiudn ue uovondtia tou ypaghuatoc G[M (t)].
Eivow edxoho vo Sel xavelg 6T, yia Vo XatooxeUdoel xovelc Ty emxdAudn ue yovondtia yenot-
uonotdvtag 1o 8évtpo Ty, (G), ypeetalbuaote va yvuptlovue to mA¥foc twv yovoratdy A(t) o
%4be ecwtepd x6uBo t € Ty, (G). Edv o xéufoc t elvar évac P-xéufoc f§ S-xéufoc téte éxer éva
aptotepd moudl ¢ o évor de&l mandl ¢, ewddhhwe, o xoufog t elvon évag N-xdufog xat éyel tou-
Nyrotov 4 mondd mou endyouv éva TpdTo apayvoeldéc ypdonua G(t) = (S, K, R) ue elte R =),
elte R = {r}, énou r € Ty, (G). Baowlduevor ota anoteréopata v [73] xa [53], anoxtolue
Tov axéioufo tno yia to TARfoc TV YovoraTidy 6Ty emxdAudn ue yovondtia evég Py-sparse

Y oAUPHUATOC.

A(tr) + A(tr) edv o t elvan évac P-xéufoc,
M) = max{1, A(t;) — L(t,)} gdv o t is an S-xéuPoc,
A(r) + {max {0, WH edv to G(t) elvar éva apatd apayvoeldés ypdpnua,
max {1, A(r)} edv to G(t) elvat éva Tuxvé apory VOELSES YpdipnuaL.
(8.1)

Yuvoilouye ue to axdroubo anotérecua.

Adupa 8.2, ‘Eotw éva Py-sparse yodonua G ue n xopupéc xat éotw to md-8évtpo tov T(G). To
eaolevnuévo aptotepd Svadixd 8évtpo Ty (G) xar to mAffoc twy povoratidy oty emxdivgn
ue uovordtia tou yeaghuatoc G umopoly va uroloyiotody e O(logn) yedvo yenowuoroidytag
O(n/logn) EREW-PRAM enclepyaotéc.

Arédeiln.  Egdboov xdvovue duadixd xdbe unodévipo touv T(G) ue pila évav P-xéufo ¥ évav

S-x6uBo xat oyt autd tou elvar ptllwuéva oe évay N-x6ufo, unopolue vo exteAéGoUUE TNV SuadL-
xomolnon tou dévtpou Péltiota, dnwe galvetal oto BiBiio [1]. T va vnoloyloovue To apLoTepd
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duadind dévtpo Ty (G), yeetdletar vo xaboploovue to TARfoc L(t) twv xopuedy 610 yedenua G(t)
yia x40 eowtepnd x6ufo t. Lnueldote 6tL, o TARHoC TV TAdLOY Xt To TAKHOS TV ANOYEVWY
mou elval pUAAa xdbe ecwtepxol xéufou ¢ umopel va unohoyiotel oe O(logn) ypbvo yenotuo-
rowdvtac O(n/logn) EREW enefepyaotéc, dofévtoc tne Motac yertviaone tou 8évipou Ty (G)
(deite [58, 85]). 'Eto, 1o e€aobevnuévo apiotepd Suadixd dévipo Ty, (G) xataoxeudletar BEATL-
oto. Emnpdobleta, faotouévol otov tdmo tne EE.8.1, 1o mhifoc twv povoratidy oty emxdAun
ue povordtia Tou ypaghuatoc G unohoyilovtar oe O(logn) ypdvo yenotuonotdviac O(n/logn)
EREW eneéepyactéc. 1

8.2.2 Aévtpa Movoratiedyv xal Taipiaopua Ayxuhady

e auTH TNV EVOTNTA ETLOXOTOVUE Tl 0éVTea uovoratidy (path trees), mou elvon to ovoLaoTind XAEL-
3L Tou akyoplBuou uag xot delyvouue 6Tt ypnotdonoldvTag talplacud ayxulédy (bracket matching),
xataoxeLdlovye o BEVTea LoVOTaTIGY BéNTLoTA.

'Eotw éva ypdgnuoa G ot éotw éva yovordt P = [p,...,p'] tne emxdiudne ue yovondtia P
Tou Ypaghuatog G. Lnuetdote étt, edv to G elval évo hamiltonian ypdgnua téte P = {P}. 'Eva
dévtpo povonatiov, tou cuuBoliletat ue T'(p, p'), elvan éva pilouévo Suadixd dévipo tou onolou o
eowteptxol x6ufol elvar axptBoc oL xopugéc evic wovoratiol P tne emxdiudne ue yovondtia P oto
yedonua G xa p,p’ elvon ta dxpa Tou wovonatiod P. Ou xéufor tou dévtpou T'(p,p’) povoratiod
tonofetolvral ye tétolo Tpéno oo dévipo T'(p, p'), €tol Hote nevdodlatetayuévn didoyton (inorder
traversal) tou T'(p,p’) vo emotpéget to povondt P. "Enetar étL 1o 3évtpo povonatiot doféviog
evog uovoratiod Sev elvat yovadixd. Lnueidote 6T, éva yovondtt P umopel va xataoxevaotel and
T0 avtiotouyo dévtpo uovonatiol T'(p, p'), Bétiota oe TopdAAnio TeptBdhhoy, epapudloviac TNy
Euler Sadpour| teyvix.

"Eotw 1o eZaofevnuévo aptotepd Suadind dévtpo Ty, (G) touv md-S8évipou T'(G) Tou ypogha-
t0¢ G. Me 6%0m6 TNV XATACKELT| TwV SEVTpWY UOVOTaTLOY BEATLOTA O €va TapdAinho teptBdhhoy,
Topdyouue uta axolouBia and tetpdywves/xaurtulwtéc ayxiiec (Snhadh and napevbéoelc xou o-
YxOAec) yia x8fe x6ufo tou dévtpou Ti (G). Ilo ouyxexpluéva, yenotdonololue dbo tinoug and

«»

ayxUAe: TETpEYWYES ayxUAeS (1 ayxUAeq) xow 47 xon xaumuiwtée ayxvies (¥ napeviéoerc)
“7 o “)”. Ta dévtpa uovorattdy xataoxevdlovia Bploxovtag Leuydpla tou Tarptdlovy and te-
Tpdywves ayxiheg xat Leuydpta nou tatpldlouy and xaUnuAwTéS ayxOies aveldptnta. LnUetOote
61, dobévtog utag axoroublog amd ayxUAES TOU avTlaTolyoly oTlS X0pUPES eVoc Yeagphuatos G,
ol BEVTPO LOVOTATLAY XA, GUVENKOS, N ENXEALDY UE LovordTLa Tou YeoaphRuatoc G umopel vo xa-
tooxevaotel BérTiota. To Tolpldouata aUTd TOV 0y XUAGDY aVTLETOLYOUV OTIS axUEéC eVog BEVTpOU
uovoratiol. Edudtepa, yia tic xopugéc a xat b, avayvopllovue pia oxur) oc e€ic:

aP b

[ ] o axus Tou eVAVEL TNV x0pLYH a UE Tov Tatépa T b = p(a) we éva aplotepd tandl:

aP b”
[ ] utor axuh Tou EVOVEL TNV X0pLEH a UE Tov Tatépa e b = p(a) wc éva de&l mondl:

al bP
o () o oxuh Tou EVOVEL THY XopLYNA b ue Tov Tatépa e a = p(b) we éva aploTepd Todl

a” bP
o () W oxur mou eVOVEL TNV XopuY b UE Tov Tatépa e a = p(b) we éva Se&l Toudl.
8.2.3 Kdtw ‘Ogro yia tnv Ilohunhoxétnta Xpdvou
Ly epyoota [85] to axdroufo Bedpnua éxet amodetytel yo Ty xAdomn Twv cographs.
Ocdenpa 8.1 (Nakano et al. [85]). Kdbfe alydpifuoc nov xabopilel to nAfiboc twyv uovoratidy

O€ ULa ETXEAVYN ue povordtia fj avapépet TNy emxdAvgn ue povordtia oe Eva n-xopupdy cograph
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Tov avanaplotdtal and to cotree mpénel va extedeotel oe Qlogn) CREW ypdvo axdua xar edy
éva dretpo nAnfoc and emnelepyaotés elvar Sialbéouo.

Ynuetdote 6Tl 1 xAdoN Twv Py-sparse ypo@nudtov elvol uta xatdhAnAn unepxhdor Twv cographs
xat 6t to md-dévtpo tou T'(G) evée Py-sparse ypaghuatoc G nepéyel P-xéufouc, S-xéufoug xat
N-xéuBouc edv 1o dévtpo T(G) éyet uévo P 1 S-xbéufouc téteg to dévipo T(G) ouunintel ye
Tov optopd evéc cotree (deite [18]). Enouévwe, Aoyw tou nponyolduevou Bewphuatos, €youue To
axéhouvfo anotéheoya.

ITépropa 8.1 (Nakano et al. [85]). Kdbfe adydpifuoc nov xabopilet 1o nAfjboc twv uovornatiiy
oe uia emxdAugy ue uovomdtia 1 avapépel TNV emxdAVYn ue povordTia o Eva n-xopuPdy Py-
sparse ypdgnua mov avaraptotdtal and to md-6évipo tou mpénet va exteleotel oe Q(logn) CREW
Xpovo axdua xar edv éva dreipo Ao and encéepyaotéc elvar Siabéoiuo.

8.3 Emuxdiudrn pue Movondtia o Py-sparse I'pagpruata

Ye auth) v evétnta nopafétovue xdnotes WEeC Yo Tov UTohoYLoUS TNe Emxdung ue uovondtia
yio éva Py-sparse ypdonua G. Yrnobétouue 6t to e€aobevnuévo aptotepd duadind dévipo Ty, (G)
Tou ypaghuatog G elvar dedouévo. Emxevipdvouue to evBlagépov uac otoug eowtepixois N-
x6uBouc epboov oL TepITOOELS YLl Toug P-xéuBoug xat S-xéufouc éyouy #dn anodelytel [72].

"Eotw t évag eowtepindc N-xbufoc tou dévipou T, (G). 'Eotw P 1 emxdhudn ue yovondtia
Tou ypaghuatoc G[M (t)] xou éotw A(t) to mAAfoc twv povoratdy ato P, dnhadnh, A(t) = |P|-
Yrevbuuilouue 61, to M (t) elvon 1 autotef-uovéda tou avttetolyel otov x6ufo t xou anotehettat
and bhec TLg xopuéc Tou Ypagruatoc G mou oyetilovtol e to unodévtpo tou T'(G) ue plla tov
x6ufo t.

'Eoww G(t) = (S,K,R) éva mpdto opoyVoedéc ypdonuo ue S = {s1,s2,...,8¢} xat K =
{ki,ka,... . ke}, 6mou |S| = |K| = £. Enuewdote 61, 010 mpodto opayvoewdés yedgpnua G(t)
undpyel wa ouvdptnon f tétola Hote f(s;) = ki, 1 < i < {. Edv 1o R elvon xevé, oty EZ. (8.1)
Bétouue A\(r) = 0 adhdde, R = {r} xav d = A(r), xaw €0t Q = {Q1,Q2, ..., Qq} Wi emxdivdn ue
uovordtia tou ypaghuatoc GIM (r)]. T xdbe i, 1 < i < d, é6Tw ¢; xaL ¢; To dxpa ToU LOVOTATLOY
Qi. Tére, yia tov unoloytoud e emxdiudne ue wovondtia P tou G[M(t)] Saxplvovue Tic
axéhoufec dVo neptntdoeLc.

Mepintwon 1. G(t) = (S, K, R) elval éva apotd apayVOELSES YpdpnuaL.

Edv 10 o0voho R elvan xevé, téte t0 ypdgnua G[S U K| repiéyet k = [£] uovondria. ‘Etot, yuo £
dotio o £/2 uovondtia, TNy EMXGAUY UE uovordtia Tou Ypagphuatos G[M (t)] elvar ta axdhoufa:

'P = {[Slklk’gSg], [83k3k484], ey [Sg_lkg_lkgsd}. (8.2)
[ £ mepittd, ta (£4-1)/2 yovondtio oty emxdhudn ue uovorndtia tou yeaghuatos G[M (t)] elvat:
P = {[s1k1kasa], [sskskasal, ..., [se—2ke—2ke—150-1], [seke]} (8.3)

Edv R = {r}, t61e ta wovondtia tou G[M (t)] anoxtodviar evdvovtag Ta dxpa and uepxd Lovo-
mdtia Q; tov G[M(1)] Ye Tic Xx0puPéS TwY k UovoTatidY Tou Yeaghuatoc G[S U K. 'Etot, edv
k< d (delte yio napddetyua to Eyfua 8.2 (a)) xou £ elval dptio éyouue:

P ={[sikiqr ... q kasal, ..., [Se—1ke—1qk - - - @ kese), Qrt1, Qrt2y- - Qal- (8.4)

Edv k < d xau £ elva meptttd €youvue:

P ={[sikiqr ... q1kasol, ..., [se—oke—2qr—1 - qu_1ke—1S0-1], [sckeqr - . . @) Qrs1, Qrto, - - -, Qa}-
(8.5)
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Tyfua 8.2: Ewxovoypdgnon tne enuxdiudng e wovondtia (a) evéc aponol apayvoedole ypophud-
toc xat (b) evée muxvoy apayvoeldolc yYpagphRuaToc.

EwddMog, edv k > d téte o yovormdtia mou eugaviloviar oty emxdAudn UE UoVOTdTLo TOU
G[M (t)] amoxtodvtat, evdvovtac ta d wovondtia tou ypaghuatoc G[SU K] ue 1o d uovorndtia Tou
G[M (r)]. To vnérona k — d uovondtia tou G[S U K| napapuévouy ta idta. Luvende, o€ auth Ty
neplntwon xau yu £ dptio €youue:

P ={[s1k1q1 ... ¢ k252, ..., [s2d0-1k2a—19a - - - Gykaasadl, - - -, [se—1ke—1kese] }. (8.6)

Edv k > d xou ¢ elvan meptttd 1o wovondtio 6Ty emxdhudn ue wovordtia tou GM (t)] elvou:

P ={lsikiq1 ... q1kas2], ..., [s2a—1k2a—1a - - - qukaasaal, - - -, [se—oke—oke_150-1], [seke]}.  (8.7)

epintwon 2. G(t) = (S, K, R) elvon éva muxvé apay VoeLdés ypdpnuaL.

'Eotw k = [£]. Edv 0 R elvor xevé, téte 10 ypdonua G[S U K] elvar éva hamiltonian ypdgnuo
xat x&fe axu oto Hamilton pyovondtt €yet o éva dxpo tou 610 alvoho S xat T0 dhho dxpo 6To
olvoho K (dnhadh, dev undpyet Hamilton povondtt tou meptéyel uta axur xot pe o 300 dxpo 670
olvoho K, Selte yia mopddetypa to Lydua 8.2 (b)). 'Etot, €dv 1o € elvon évag neptttéc aptbude
€Y OLUE,

P = {[SlkgSng_l . Skkk—15k+1kk5k+2k3k—2 . Sg_leSgkl]}, (8.8)

eddIwe, (to £ elvar dptio)
P = {[SlkgSng_l . Skkk+1sk+2kk8k+1kk_1 . Sg_leSgk’l]}. (8.9)
Edv to R = {r}, t61e To Hamilton yovorndt tou G[S U K] cuvdéetan ye to uovondtt Q1 and 1o

yedonua G[M(r)]. 'Etor, 1o yovondtia mou eugavilovion otny emxdiudn ye wovondtio P tou
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G[M(t)] elva:
P ={[s1kesako—1...50-1kasekiqi ... q1), Q2,Qs, ..., Qa} (8.10)

Kot otic 800 nepintdoete, ta yovondtio Tou P oynuatilouv uto emxdiudn Ue yovondtia 6To
yedonua G[M(t)]. 'Emeton 61, oe éva axohoublaxd meplBdilov xat Sobévtog tor uovondtia Tou
Q and to ypdonuo G[M(r)], unopolue vo meptypddouue Ut cuvdptnon tou vroloyllet uia ent-
xdAun ue povordtia o évay N-x6ufo ¢t tou 3évipou Ty, (G) - xahobue ulo TEToL oUVEETNON
Path_Spider(u, Q). Amofnxedovue to uovondtia Tou P oe yio Stmhd cuvdedeuévn Mota mou ne-
pLéyet delxteg 6To MPdTo X 6To TEheutalo otolyelo yia xdbe povordtt (dnhady, Selyvouv ota
Sxpa twv povoratdy). Téte, ypnowonoidvrac Paotxée xor xhaotxéc npdetc Motoac xat Baotlé-
uevol otic EZiodoete (8.2)-(8.10), unopobue va ouyywvelcouue tny entxdiuvgn ue uovondtio Q
ToU ypagruatoc G[M(r)] ue v emxdiudn ue povordtia Tou ypaghuatoc G[S U K.

8.3.1 'Evag Amiég Béhtiotog Axohoubraxds Alydbelbuog

'Eotw éva Py-sparse ypdgnuo G Ue n xopugéc xou m axdéc xou €otw T'(G) 1o md-8évtpo tou
G. Enuewdvouue 6t to dévtpo T(G) unopel va xataoxeuaotel oe yYpopuxd ypévo, Snhady|, oe
O(n+m) ypbvo, yenouonotdvtac évay and Toug Yvwotolc akydetfuouc Twv [33, 80]. O axdéhouboc
ahyopetbuoc Baoiletar otnv ouvdptnon Path_Spider nou egopudletar oe évav N-xéufo. Ta évav
P-x6uBo A évav S-xéuBo o alydpiuoc yenotuomnotel xatdhhnhes ouvopTHGELS TTOL TPOTAONXOY GTNY
epyaota [72]. O dwxde vac alydplbuoc emxdiudne ue povondtia elvar o axdroufoc:

A)ybpBuoc Sequential_Minimum_Path_Cover
1. Koataoxebaoe 1o md-dévipo T(G) tou G xou, té1E, UToNGYLoE T0 dévTpo Thyr(G);

2. T x8Be eowtepnd x6ufo t tou Ty, (G), utohbyioe avadpopixd Ty emxdiugn ue povondtia
Tou ypaghuatoc G(t) we eZhc:
if ot elvon évag P-x6ufog 1 évag S-xéuBoc then

EPIPUOGE TNV GLVAPTNOT TOU TEPLYPAPETAL 6TNY epyaoia [72] xat UTOAEYLoE TNV eTXd-
A pe povordtia Tou yeaghuatoc G(t);

else { ot elvon évac N-xéufoc }

epdpuooce v ouvdptnon Path_Spider(t, Q) xow ouyydvevoe ta yovordtia Tne ETXENU-
ne ue vovorndtia Q tou ypaghuatoc GR] ue To LoVOTdTLoL TS EMLXAALYNC UE HovoTdTia
Tou ypaghuatog G[S U KJ;

Alyépibuog 12: Sequential_Minimum_Path_Cover

Tnuetdote 6t To TpdTo Bhua atontel O(n 4+ m) ypdvo, evéd to dedtepo Brua exteleltar oe O(n)
xeovo. Emmhéov, dev elval dboxoho va det xavic 6Tt 0 unoloyiopde tou dévipou Ty (G) dobévtog
tou dévtpou T(G) oto Brua 1 unopel va yivet o O(n) time. Enouévwe 6ha ta BAuata, extédc
and v xataoxeur tou md-dévipou T(G), anattovy O(n) yeévo. Lnueldvouue 6Tl éva mopd-
uoto anotéheoua Ue o axéhouvbo Bedpnua éxel anodelytel otny epyaoia [53] yenoluonotdvtag éva
StapopeTind SEVTpo avanapdotacng evog Py-sparse yoo@ruotog.

Ocdpnua 8.2. Fotw éva Py-sparse yedpnua G ue n xopupéc xar m axuéc. H emxdAvgny ue
yovordtia tou yoapjuatoc G unopel va unoloyiotel oe O(n +m) ypdvo.
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8.4 Ta Aévipa Movonatidv twv Pj-sparse T'pagpnudtov

[Mapbého mou o axohoubiaxde alydetbuoc elvar apxetd anhde, évac napaAniiouds Tou akyopi-
uou ypetdletar ypbvo avdroyo tou Udouc tou 8évtpou Ty, (G), dnhadh O(n), apol to Udoc Tou
md-dévtpou T(G) elvor O(n). T va anoxthoouye €vay anoteheouatind mopdAinio alyséptbuo,
EXUETAAAEVOUOGTE TNV JOUT| TWV SEVIPOY UOVOTOTLAOV XAl ULd TEYVIXT TOLPLAOUATOSC oY XUADY TIOU
TopoucLdoTNXE oty epyaoia [85], dnwe 3N avagépaue otny Evétnta 2 Tou xepalalov.

'Eotw Py = [p1,...,p)] xav Po = [pa,...,p5] va elvar dbo povordtia xou €otw T(p1,p}) xou
T'(p2,ph) To 800 dévtpa UovoTaTLOY TV Py xou P, avtiotouya, pileuéva otouc xéufouc pf € P
xat py € Py, YnoOéote 6t wa xopugh v ¢ Py ypetdletal va evwblel ye to pyovorndtt P, Tty
neplntwon auth, avalntolue yio Tt xatdAAnies tpononotficels Tou dévtpou uovoratiob T'(p1, ph).
'Eotw évac xéuBoc u tou dévipou uovoratiol T'(p1,p)), dnhadh u € Pi, mou éyel To moA) éva
moudl, aptotepd 1 dekl, oto dévtpo T'(p1,p)). Téte n xopueh v Bu tomobetnbel eite we éva mondl
(aprotepd 1 8e&l) Tou x6UPou u 1 we plla evdc véou Bévipou uovoratiol Tou €xel Tov xéufo pY
Tou dévtpou T'(p1,p)) we (aptotepd 1 deil) mondi.

Yroféote téhpa 6L i xopuph v ¢ Py U Py ypetdletal va yepupdoeL ta dUo povordtia Py xon
Py, dnhad1) 1 xopuph v GUVIEETAL UE €V dXp0, EGTW p1, ToL Uovoratol P xat ue éva dhho dxpo,
€0TW P2, TOL UovoTaTol Py, Ye aut) T Teplntwao, 1 xopu@h v evdvel Ta 800 3EVTpo UOVOTATLGY
T(p1,py) xou T(pa,ph) €xoviac tov x6uBo pi we to aplotepd mauwdl xat tov x6ufo py we to del
noudt. 'Etot, 1 xopuen v elval n plla tou véou dévtpou uovomatiol.

Yougwva Ue Tov Tpémo UE Tov onolo Bo mpénel éva SEVTPO UOVOTATION VA XOTUGXEVAOTEL, TOU
TEQLYPAQPNXE TEONYOUUEVWS, Uld XOPUYT UTOPEl Vo YapXTNeloTel wg Xopu@y| ELGAYWYNS 1) XOpU-
oh Yeplpwone. Baowlduevolr oe autd Tov yopaxtneloUs, Ut AETTOUERY| TEpLYpapY) EVOS dEVTpOU
HovoraTol Tou avtioTtolyel oe éva UTodévipo tou Ty, (G) ue plla évav P-xéufo # évav S-xéufo
€yel nopovotactel oty epyaota [85] dnhadh xdbe xopupy yenolwonoteltal yia va yegpupdhoet Sbo
dévtpa wovomaTi@dy 1 v evwiel oe éva dévtpo povoratio. Axoloufdviac TNy onueloloyia Twv
[85], évar pUARO ToL dev elvor 0UTE X0pUPY| ELoAYWYARC AAAS OUTE oL XopUPY) YEPUEKWONS XL dEV
avixeL 610 obvoho S U K Tou TpdTou apayvoedols ypaphuatos 6o 8évipo Ty (G), avagépetar
og apy ) xopupt. ESG neptypdpouue vy dtadixasia olugpuva ue Ty onola napdyetol €vo SEVTpo
uovonatiol Tou avtleTolyel ot éval unodévtpo tou Ty, (G) ue olla évav N-xbéufio. Tevixdrepa, ta
UOVOTETLA TG EMXIAUPNC UE HOVOTdTIoL EVOC TP@TOU payVoeBoUS Yoaphiuatog Hewpobvtal we
duadixd dévtpa, mou To xabéva elvar pllwuévo ot éva and Ta dxpa Tou xor yu autd To Adyo, To
uovordtia autd (mou meptypdenxay ot Evétnta 3) Gewpodvtar we 3évtpa pHovomaTiédy.

'Eotw éva Py-sparse ypdgnua G xat éotw t0 elocbevnuévo aplotepd Suadixd dévipo tou
Tyir(G). 'Eotw évac N-xéufoc t tou dévipou T, (G) ot €0t 10 TpdTo opoyVOEWES Ypdpn-
ua G(t) = (S, K,R) ue S = {s1,52,...,8¢} xu K = {ky,ko,...,k¢}, 6mou |S| = |K| = ¢. Kdbe
uovordtt tne entxdAvne ue wovondtia Tou G(t), dnwe teptypdenxe oty Evétnrta 3, Bewpeitar we

dévtpo povoratiol Ue plla v xopuen x, érou 1 xopuey = elval To o delLd dxpo Tou povonatiod
étoL Hote z € SUK, mou €yel uovo éva aplotepd andl oto dévipo uovoratiov. Ilo cuyxexpiuéva,
Staxglvouue dVo nepintdoels oluPwva ue to yYedgnua G(t).

IMepintwon 1. G(t) = (S, K, R) elval éva apotd apoyVOELSES YpdpnuaL.

'Eotw R =0 xou k = f%] Edv o aptbudc £ elvar dptioc t61e xdfe povondt P, 1 < i < k tne

emxdhudng tou ypaghuatoc G[S U K| éyel tnv axdhoudrn uoppn:
P = [sg;_1koi—1kaisa], vl <i<k

Téte xoféva and ta £/2 dévipa uovormatidy T'(sgi—1,82;) elvar plouévo oty X0puQH So; XoL
xafévog and toug eowtepxolc x6uBouc TV dévtpwy T'(s2i—1, S2i) éXEL UGVO éva dplotepd mandt.
Emniéov, xabéva and ta dévipa Lovomatidy ExeL TNV X0pLEN S2i—1 ©S TO TLO aplaTepd PUANO ot
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T(s24-1, 524):

Tyfua 8.3: Ta avtiotolya dévtpa wovonatidy tou Lyhuotog 8.2(a).

T(s1,q4):
() @ W
o @ /N /\
‘ T (g2, ¢b) T(qa, q)

T(q1,44)

Tyfua 8.4: Ta avtiotolya dévipa uovonatiedy tov Lyfuatog 8.2(b).

anoteheitol and téooepls xopu@és. Edv o aplfudeg £ elvar mepittdg t6te uévo 1o k-ogto uovondtt
Saépel and tnv mponyoluevn tepintwon xat €xeL Ty axéhoudn uopeh: P, = [s/k¢]. To avtiotouyo
dévtpo uovonatiol T'(sg, ke) anoteheitor and dbo xopugéc: 1 plla Tou dévipou elvon N xopuYT ki
%ol ) XopUPT| S¢ elval To apLoTeERd TN Tondt.

'Eotw R = {r}. Tdugwva ue tnv oyéorn UETaE) Tou TARHOUC TV UOVOTUTLOY 6TV EMXIALN
ue povondria Tou ypagiuatos GIM(r)], d = A(r), xou k = [£] (3eite v Evétnta 3), 1 pila
Tou avtioToyou dévtpou Hovoratiol Tou G[M(r)], yivetor to de&l moudl tne xopuphc ka1 oTa
dévtpa povomaTidy Onwe Teplypdgnxe nponyouuéves (delte to Lyhua 8.3). Enueldote 61l €dv o
aptBude ¢ etvan mepittde xat d > k téte 1 pllo twy aviiotolywy 3évtpwy uovoratidv tov GM (r)],
uetatpénetol oe del modl e xopughc ky.

Mepintwon 2. G(t) = (S, K, R) elvon évo muxvé apary VOELSES YpdpnuaL.

'‘Eotw R = (. To 8évtpo uovornatiol T'(s1, k1) elvon éva pllouévo dévtpo, dnwe neplypdgetal 6Te
E&otoeig 8.8-8.9, ue pila tnv xopuen) ki, mou elvar 1 mo de€ud xopupt Tou Hamilton pyovonatiod
tou G[S U K. Kdéfe eowtepixde xbuPoc tou dévipou T'(s1, k1) €xel uévo éva aplotepd mondl: v
%0pu@Y| Tou eugaviletat ota aptoTepd e 6T axohoubio Twv EZiodoswy 8.8-8.9. K xopuph s1
elvat to mo aplotepd pOARO Tou Sévtpou T'(s1, k1).

'Eotw R = {r}. Téte, énuc galvetor oty EE. 8.10 évar povordt tne emxdhudne ue yovondtia
tou G[M(r)] evévetar ue tnv xopuet k1. 'Eotw ¢f n plla tou dévtpou uovoratiob T'(qi,¢;) tou
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yeaghuatoc G[M(r)]. Téte 1o tpononoinuévo dévtpo uovoratiob T'(s1,q)) elvon napduoto e o
dévtpo T'(s1, k1) n povadixt, Slagopd elvat 6Tt xdvouue tny xopugt ¢ to mo 3e&Lé moudl e pilac
k1 Tou dévtpou T'(s1,4q}) (deite o Lyfua 8.4).

8.5 AxohouBio AyxuAh&dv os N-x6uoug

Y& auTh) TNV EVOTNTA TEPLYPAPOULUE TOV UTOAOYLOUS TN ax0AouBiag ayXUAGY TLO AETTOUERKS YPT-
otdonoldvtac 10 3vtpo Ty, (G). 'Eotw évac x6ufoc t tou 8évtpou Ty, (G) xau éotw & xau t,
T0 apotepd xar de&l moudl tou, avtiotoiya. TupBoiilouue ue B(t) uta axoloubia ayxLAGY Tou

avtiotolyel otov x6ufo t. Edv a elvon uta xopugh Tou cuvérou M (t,) téte ouoyetilovue uia
aP
XAUTUADTH oy XOAY) ) yLot VoL BpoUue évay Tatépa TN a o€ €va 3EVTPO UOVOTaTLod ToU avTLGTOLYEL
al a”
oe évo yovordtt tou G[M(t;)]. Kaunviwtéc ayxdiec ((H ( yenowwonotolvra yia va Beloxouy

éva onotodNnote aplotepd 1y el mondl, avtiotolya, apol avtéc Ha Tatptdlouy Ue Tic xaTdAANAES

al a”

ayxUAec otny axohouBio. Kdbe yia and e tetpdywves ayxheg | xar | toupdlel plo TeTpdywvn
ayxOAn oty axoloubia tov oyetiletor ue Tov x6ufo ;. AZilet va onueiwbel dti, xdfe talplaoya
ayxUANC avTioTolyel oe uta oaxur, tou 3évtpou uovomatiol.

"Eotw évac eowtepinde xéufoc t tou dévtpou Ty, (G) xa éotw B(t) n axoloubla ayxulGy.
Yroféote 6t éva talpaouo ayxuAdy otny B(t) napdyet éva dévtpo uovoratiod T'(p1,p2). Edv uta
xopuet a tou dévtpou T'(p1,p2) dev éxel aplotepd alld olte xat de&l naudl oto dévtpo T'(p1, p2)

al a”

téte UTdpyEl Wwa un-tonptacuévn ayxoln, (1 (, avtiotoiya, oty axoloubioa B(t). Mapduoia,

gdv 1 xopueh a elvar 1 pila Tou dévtpou uovoratiol T'(pi, p2), TOTE UTEEYEL ULOL UN-TALPLUOUEYY
a?
ayxUAY, [, oty axohovbla B(t). Enouévec, agol 1 douh Tov SEVIpwY LovoTaTidv elval YVOoTh

v évay N-x6uo ¢ (delte ty Evétnra 4), unopel vo nopoy et o xatdAhnin axolouBio ayxuhéy
B(t), yenowonoldvTac TS Topandve TopatneoeLc.

"Eotw évac N-x6ufoc ¢ tou dévipou T, (G) xau éotw G(t) = (S, K, R) 1o avilotolyo npdTo
apayvoeldéc ypdonua ue S = {s1,s2,...,8¢} xou K = {ki,ko,...,k¢}, 6mouv |S| = |K| = (. Edv
R = {r} t6te ouuPorilovue ue d 1o mAifoc TwV UOVOTATIOY GE ULl EXEAUPN UE UoVOTdTLo
Tou ypaghuatoc G[M(r)], dnhadnh, d = A(r), xav ue B(r) tnv axohoubla ayxuldY Tou x6uBou 7.
TouBohilovue e B(SUK) tnv axohoublo ayxUAGY TOU TapdyovTol and TLe XOpUEES TOU GUVONOU
S UK. "Eyovue v axéhoubn ouvérneta yia tnv axolouBio ayxukdy B(t).

(8.11)

B(t) = B(SUK) if R=10,
"\ B(r) B(SUK) if R={r}.

'Etot, dobévtoc tne axohovblac B(r), ypetalbuacte va neplypdouue v axoloubior ayxuldy
B(S U K). T vo anhonoticouue Ty meplypagh uag, yio xdbe dévtpo uovonatiot T'(p;, pf), ue
M (i) ouuforilouue tnv axorouBia twv ayxLAGY Yo TV onola xdfe Ledyoc x0puedv Tou taLpLdlet
avttetolyel oe uta xun tou dévtpou T'(p;, p;). 'Onwc npoavagéphnxe, ypetalbuacte va Snhdoouue
ve II(i) Tic un-tanplacuévec ayxviec mou aviiotolyoly oty pla tou dévipou T'(p;,p;) (emedn
dev éyel matépa) By o xopuéc Tou dévipou T'(p;, p;) mov dev €youv éva tadl (aptotepd 1 dekl)
oto T(p;,pl). T nopddetyua, o i-0to 8évipo uovoratiol Tou TEPLEYEL UGVO ULd XOpUPNH & EYEL
p T

M (i) = 0, apot dev undpyet xapula axuf oto dévipo wovorotiod xau II(i) = I[ I( I( , 2ol 1 xopLYN
x elvar n pllot Tou dévTpou xat dev éyet 0Ute aptoTtepd oUte xat del maudl. 'Onwe xat TponyoLUEVLS,
Saxplvouue 800 TEPLTTAGELS YLoL TO TPMTO apayVOELdES Ypdgnua G(t).

IMepintwon 1. G(t) = (S, K, R) elval éva apotd apoyVOELSES YpdpnuaL.
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Syfua 8.5: Ot aryxdheg Twv SEVipwy UOVOTATLOV Tou Uyruatog 8.3.

Edv 10 o0voho R elvar xevé, téte to ypdgnua G[S U K] nepiéyel k = [£] uovordtia. 'Etor, edv £

elvan dptiog aptbude, ypeetalduaote Vo GUGYETLGOVUE 6TOV XOUB0 T ULo XA TdAANAN axohoubio oryxu-
A&V oL va Tapdiyel k = % dévtpa wovormatidy. o cuyxexpuuéva, to yovondtio xataoxevdlovrat
amé Eva 3860C SEVTRPWY OVOTUTLGY, Tou To Xdbe dévtpo Exel plla uta xopugy| and 1o obvoho S, xat
uE xdbe ecwTEPIXT XOpUET TOL dEVTEOU UoVOTATLOL Vo €xel Ubvo aptotepd nawdl. Emmiéov, xdbe
dévTpo €yel uta x0pu@r and T0 GUVOAO S WE TO TLO APLETEPS QUANO ot anoteleltal and técoeple
%0pUYES, oL txavorolovy v EZ. (8.2). 'Eotw:

P L P 1 Pl
Spi—1 ko;_q kg ko, ko, sg;

ey = T T T 1<is<y, and
shi_1 Shiy kb1 kb, b, s5; V4
ne = ([ 1=isgg

6mou 1) axoloublor M (i) mopdyet to SEVTpa LOVOTATLOY OGS TEPLYPdENXay Tponyouuévec. 'Onwe
1
s5;_1 kai_y
avagéphnxe mponyouuévee, éva Ledyoe [ ] xAvel Ty xopueh| vertex sg;_1 TO aptoTeRd Tondl
kj; sb;

e xopugic kai—1, VO oL ayxlhec [ | evvoolv 6t 1 xopueh ko; elvan To aptotepd Tawdl g

%x0pUYHC S2;. H axohoubla ayxuhédy mou tapdyetar and to II(7) anoteheltar ubvo and aplotepéc

ayxONES, XoUTUADTES K TETPdYWVES, ENEWY) Xdbe xopupH TwV % dévTpwy meémeL var lval eavy) va
Sl2i—1 55i-1

€yet dVo madid xav va cuvdéeton Ue évay matépa entone. IMo Aemtouepddc, ot ayxdhec  (

evvooUV GTL 1 XOpUQT S2;—1 UTOpEel va ExeL éva aplotepd xat éva de&l moudl, avtiotolya, xabde elvar

T0 TLO aploTERG PUANO 0To aviiotolyo dévipo. Ol xopugéc kaj—1 xau ka; 1O €xouv éva apLoTtepd

kgi—l k’gl
mondi o yu' autd ypetdletat uévo va mpoobécoupe tic ayxires (- xow (. Enedn elvan n plla
TOU JEVTPOU, 1) X0pUYT, S2;, UTOpEL Vo Eyel Evar SeEL mondl o /# var yiver 1) (o taudl, mpoobétovue
53 53,
tic ayxViee [ (. Emouévewc, n axohoubla ayXUAGY TOL avTieToryovy OTLS XOpUPES TOU GLUVGAOU
S UK etvor 1 axéioudn:

14 14
B(SUK) :M(l)M(Q)M(E)H(l) H(2)H(§)
Edv o aptbudg £ elvan mepittde, undpyouvy k = “;1) UOVOTETL 6TNY EMUXGAUYT UE LOVOTETLAL TOU

yeaghuatoc G[M (t)], ot etouévee (%—1) dévtpa woomaTidY Tapdyovial, obugwva e Ty EZ. (8.3).
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1) . . . L2 . , . .
Ta % SEVTPA UOVOTIATLGY AMOTEAOVVTAL 06 TEGGEPLS XOPUPES, TOPOUOLY UE TNV TEPITTWET 6TIOU
o aptBudc £ elvar dptiog, xau éva axdua dévipo uovonatiol, éotw Ty, , mou éxet Ty plla s¢, xou
™y xoput, ke oav aptotepd Todl. 'Etot, téhpa ypedletar va Staxpivouvue tny axoloubia oy xXUAGY

(

. . , . . , 1) s .
Tou Toapdyel To 8évipo Ty, amd tnv axoloubia mou mapdyel ta undlroina ~—— dévtpa. Emouévec,

THPA EYOVUE:

by 1 kb, 1 kB, kb, k5, s, —1
M@ = [ 1 [ ][] 1sis——,
041 K st
= T
shi 1 Shi 1 ko ky; sh; sb; —1
@ = ¢ ¢ C [ ( 1<is——, and
{+1 ki ky sy sp

II = .
(=) = ( ([
"Etot, n axohloubia ayxuldv mou oyetiletar ue tic xopugéc tou S U K elvar 1 axdhouln:

B(SUK) = M(1) - M(2)---M(5) - () ) -y - -,

Edv R = {r}, t6te ta vovondtia tou G[M(t)] anoxtobvtor and v évwon twv dxpwy twv k
uovoratdy Q; tou ypaghuatoc G[M(r)] ue tic xopugéc Twv k uovoratidy tou G[S U K] o
OUYXEXPLUEVA UE TS XOPUPES TOL auVohou K. Me oxond va emttdyouue autd tov oxond, ypeetald-
UOOTE Vo EVOGOLUE Ta SEVTPOL LOVOTIATLOY ToU avTloTolyoly ota uovordtia Q; tou G[M(r)] ue ta
3évTpa UOVOTATLOY ToL avTLeTolYoVY oto wovondtia Tou G[S U K| xatdhhnho xat ue tétolo tpémo
Hote 1 evdodiadetayuévn Sldoyton Tou TEAoU SEVTpou va TagEyel Ta 6woTd Uovondtia. 'Etat,
edv k < d (delte yio mopdderyua to Lydua 8.2 (a)) xou o aptBude £ elvon dptiog Exouue:

P 1 P l Pl T
Spi—1 ko1 k34 ko, k5, so, Koy

M@ = [} [ T[] ],1<i<

NSRS

, and

! T T P T
S52i—1 82i—1 kzi So; So;

@ = ([ (, 1<i<

NSRS N

Tuyxplvwvtae tic axohoubiee M (i) xou II(7) ue tc avtlotouyec exgpdoeic 6Ty Teplntwoy Tou
kgifl
10 6Uvoho R elval xevé, unopolue va napatnericouue 6tL n ayxOhn (e eugaviletar oto II(7)
kgi—l
MG mpootifeton oty M (i) we ] . Autd yivetow enedy, ypetalbUaote Voo GUVSECOUUE Eva 8EVTPO
uovoratiol tou G[M (r)] we de&l moudl tne xopuehc kei—1 UE TO i-0T0 dévtpo povoratol. Tdhpa

€)(OLUE:
14 14
B(SUK)=M(1)-M(2)-- M(§) SII(1) - TI(2) - - H(E) (8.12)
Edv o aptbudc £ elvar nepittde, téte undpyel éva dévipo povonatiod Ty, mou anoteheltow and duo
xopuéc TNy plla s; xat 1o aptotepd nandl g ke, Luvende, edv k < d, éva d€vTpo Tou yeapiuaTog

G[M (r)] ouvdéetal we aptotepd mawdl Tng xopugnic ke tou dévtpou Ty, xou Ha Eyouue:

531;1 klzi—l kgi—l klm' kgi Sl2i k2i_1 {—1
M@ = [ 1 [ 1T011,1sis——,
f+1 k:fsl[ké

5l2i71 851 kg, 85, b /-1
n@ = ([ { 1<is and
(41 kg sy sg
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Enopévnc, naxolouBia ayxuhdv mou avabétetal 6Tic xopu@éc Tou guvehou SUK elvar 1 mapaxdte
EXQoUoT:
?—1 /+1 ?—1 (+1

B(SUK) = M(1)-M(2)--- M(——) - M( )-1(@) - 1(2) - - (=) - (=

2 2 2 )

Edv k > d t6te T uovomdtia mou eugovilovion 6Ty emXSAUYPN UE UOVOTETIA TOU YRaPHUATOS
G[M (t)] anoxtodvtor evédvovtag ta d povordtia tou G[S U K] ue ta d povordtia Tou Ypugphuatog
G[M (r)]. Ta vrérona k — d uovordtio tou G[S U K| mopauévouy we Exel. Loy anoTéAeouUd, o
k;i—l
auTh TV Teplntwon xau v £ dpTio,  ayxOhn | eugaviletor uévo oty axohoubia M (i) érou
k;‘ifl
1 <i < d. YrevBuuiloupe 6t n ayxOAn | evvoel 6t ) xopuph| koj—1 Umopel va €yet éva Se&l

moudt mou elvan 1 pilor Tou BéVTEou HoVOTATIOU TIOU AVTLGTOLYEL GE VAl UOVOTATL TOU YEu@RUATOS
G[M(r)]. Enouévec,

¥ L P 1 D 1 r
Soi_1 koy_q ko1 kb, kb, sh ko

M@ = [ 1 [ T[] 1,1<i<d
) s5i_y Kby K3y kb, KB, sb, 4
M@ = [ 1 [ ][] d<isg,
l s T P T
S2i—1 52i—1 ki; S5, 85,
G = ( ( ([ {, 1<i<d and
) shi_y Shi_1 kb;_1 kb, s5; 85, ) Y
@ = ¢ C C [ ( d<isg

H axolouBia twv ayxuAdv Twv xopupdy tou S U K éyel tnv axdhouln éxgpaon:
B(SUK)=M(1)-M(2)---M(z)-II(1) - II(2) - - - TI(2).

Ewldihwe, €dv k > d o o aplBudg £ elvor meptttdg, axoloubio tov ayxuldy Tou napdyeton elvar
TEGUOLL OTIWE TEONYOUUEVWS” SNhadn, d SEVTEO UOVOTATLOY TOU OVTLETOLYOUY 6T UOVOTATLA TOU
G[SUK] evévovtat ue o d 8¢vtpa mou avtiotolyoldy ata povondtia tov G[M (r)]. Ta unbroina k—d
dévtpa oL avTioTolyoly ota povordtia Tou ypaghuatoc G[S U K| tapauévouy to Ba. ‘Otav 1o ¢
elvar TepLTTd, UTdpEyEL évar SEVTPo HovoTaTol Tou Tapdyel éva wovordtt and to ypdenua G[S U K]
oL anoTeAelToL UbVo and Vo xopueéc. Lo va anoxTHooUUE Ta GWOTE UOVOTATLO TOU YEaPRUATOS
G[M (t)] avabétovue:

P L P U P 1 T
Spi_1 koy_q kg _q kb, kY, sh. ko4

M@ = [ ] [ 1 [] ],1<i<d
‘ 80,1 kb, 1 k5,1 kb, kB, sb, =1
M@ = [ 1 [ ][] d<is——,
041 K s
M(T) = [ ] )
Shi_1 831 kb, s5; s5;
m@ = ([ (, 1=i<d,
shi_1 8bs_1 ki1 k5, sb; sb; /—1
m = OO0 C T a<isSh ana

(41 kg ky 57 sp

II = .

(=) = (([(
Yuvende, n oxolouBlor ayxUAOY TV %0puEdY Tou cuvélou S U K Bivetar and v mopaxdte
EXPEAUOT:

‘-1 41 -1 +1

B(SUK) = M(1)- M(2)-- M(——) - M(—=) - TI(1) - TI(2) -+ TI(——) - TI(— ).

132



T(qa,qy)

Yyfua 8.6: Ou ayx¥iec Twv dévipwy Uovomatiidy tou Yyruotoc 8.4.

Mepintwon 2. G(t) = (S, K, R) elvon éva muxvé apay VoeLSES YpdpnuaL.

'Eotw k = [£]. Edv to o0volo R eiva xevé, 161€ t0 ypdgnua G[S U K] elvar éve hamiltonian
yedpnuo xor %80 axur) oto Hamilton uovorndtt éyet éva dxpo and 1o abvoho S xaL 10 dhho dxpo
ané to ouvoro K. Emouéveg, n axoloubia ayxuhdv mou teplypdpetal mopaxdte TopdyeL Vol xal
uovadixd dévipo uovonatidv. H npdtn axur, Tou aviiotolyou uovoratiol elval auTy Tou EVOVEL
Y TEATY XopuyY| and To cLYoAo S, €6Tw S1, UE TNV TEAeuTalo xopuPY| and to clvoho K, £6Tw
ke. H deltepn oxur| elvor auTh TOU EVOVEL TNV %0pUPH kg UE TNV XOPUPT| S2, VG 1 Teltn evdvel
™y So Ue TNV ky—1 xou o0tw xabelhc. Ouunbeitoal 6T, e€7 oplouol, dev undpyet axuh and i
%0pugY| s Tou GuVohou S o ULa xopuet k; tou cuvéhou K. 'Etol ypetalduaote va dtaxplvouue

duo meptntdhoelg, mou e€aptdvtal and Ty wun e L. Edv o aplBude £ elvan teptttoe, t6te k = “Tl.
"Eotw,
s RL KD shsBky o sTRL KR sy sk kL kD sk sk kl o sy kL RD SLsD R
My =ty -1
sy sy kp sy kg sy kY kT

o = 000

Tnuetdote 6t 1 mopandve axohoubia ayxvidy M (1) napdyel éva dévipo povomatiol mou Exel
%0pUPES UE UGVO éva aplotepd madl. 'Etio dote va xdvouue xdfe xopupr twavh v éyel ot
ouvéyeta xat Eva 8e&l moudl npoohétouue v II(1) nou anoteheltan and deliéc ayrOhes, XUUTUAGDTES
) tetpdywves. ‘Etot,

B(SUK)=M(1)-II(1).

Enedn n xopuen| s1, mou elvar 1o mLo apltotepd QUMD Tou dEVTpou, UTopel Vo €YEL oL APLGTERS XL
1

57 87 kY
del maudl, yenowonotolue tic ayxVrec ( (. Emmiéoyv, xpnoulonolodue Tic TeTpdywves ayxUAeS |
emeldn wat xopuey) ki elvar 1 pila Tou dévtpou yovornatiod xol unopel entong va yivel i (St mandt.

Ewdhwg, edv o aptBude € etvor dptiog, téte k = £. Tdpa b éyoupe:

sy kp Ry shshhi 1 s R Ky Skoo SKa kL RY Skya Skya Rlo1 SUo1 kb RE s sf kY
My = (yo1rer--c 1ol il
st sT kY sy kb sy KD kT
o = 000
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'Onwc TepLypdPnxe TeoNYOLUEVKS, YpELalOUAUOTE Vol XEVOUUE XdbE e0wTepG XEUB0/x0puUET LXavT
vt ouvdEeel e éva de&l mandt, xou enouéves nposbhétouvue otny axoroubia M (1) tnv axolouBia II(1),
w¢ eENc:

B(SUK)=M(1)-II(1).

Edv R = {r}, té6te to Hamilton uovordt tov G[S U K] cuvdéector ue 10 uovondtt (1 Tou
Yoagfuaatoc GIM(r)]. Tuvende,

sPRLKD sbshky_y  sp_y kb kD sb sP kL T
(rerte -1,
shsTky sh kb sy kD

(CCC—-CC[-

Tnuetdote 6tL, 1) napandve axorovbio ayxuldy M (1) elvar mapduota ue exelvn e teplntwong
kY
6mou to alvoho R elvar xevd. H yovadud] dtapopd elvar 6t ypetaldpaote tny ayxOhn | €tol dote

=
=

=
I

=
—

=
=

|

v %EVOUUE TO BEVTPO HOVOTATLOU TOL aVTLETOLYEL 6TO Hovordtt Q1 Tou ypaghuatoc G[M(r)] to
de&i mouditne pilag, dnhadh tne xopueric k1, Tou dévipou mou avtietolyel oto Hamilton pyovondtt
Tou ypaghuatoc G[S U K. Enueidote 6t 1 axohouBla ayxuldy II(1) nov npootifeton otnv M (1)
EyeL Ul Atybtepn aryxOAn, o oyéon Ue TNy TepinTworn mou o cUvoko R elvol xevd. H ayxdin mou

kl
Aelmet elvan 1 (1, xow autd yiatl n xopugi ki Hdn éxer éva SeZl toudl. Q¢ anotéheoua, £youye:

B(SUK) = M(1) - TI(1).

8.6 Béitiotog ITapdhiniog Alydelbuog

Ye auth v evétnta tapovoidlovue évay BéEATLIoTO TapdAAnio ahydptBuo yio Ty emxdiudn ue
uovordtia og éva Py-sparse ypdgnua G. AoBévtoc tou md-8évtpou T'(G) evéc Py-sparse ypo@i-
uatoc G ue n xopugéc, o alybpbuoc yeetdletar O(logn) ypbvo xar O(n/logn) EREW-PRAM
enelepyaoTéc.

1o mpddto Bua tou alyopibuou xdvouue Suadixd to Sévtpo T(G), xat anoxtdue to dévtpo
Ty(G). Enuewdote 6t éva unodévigo tou T(G) ye plla évav N-xéufo dev ypeldletar vo yive
duadixnd xat ENoUEVLS xdvouue duadixd xdbe unodévipo ue plla évay P-xéufo 1 évay S-xéufo. T
var x8voupe To duadixd dévipo aplotepd, dnhadh to dévipo Ty (G), vmhoyilouue to mARboc L(t)
yio xdbe eowtepnd x6ufo t tou dévipou Tp(G). T1n ouvéyewa urnoroyilovue to Thifoc A(t) Twy
UOVOTATLAY 6TNY EmxdALgn ue uovordtia tou ypaghuatos G[M (t)] yia xdfe eowtepind x6ufo t
tou dévtpou Ty (G) obugpwva ue tnv EE. 8.1. IIpwv avabéoouue onotadrinote axoloubia oryxuldy,
xeeLo " Letan va xataoxevdoovue 1o dévtpo Ty, (G), mou elvar to elachevnuévo aptotepd duadixd
dévtpo. Térte, yia xdfe ecwtepixd N-xbufo t tou dévipou Ty, (G) avabétouue uto axoloubio a-
Yxul&dv B(SUK) nou unohoyiletol yia g x0opupéc Tou suvéhou S UK ot onoleg elvar @iulha xat
moudLd Tou x6uBou t 6to dévipo Ty (G). Me autd tov 1pbno, Tapdyouue uta oxohoubior ay UGV
B(root) tne ptlog tou dévtpou Ty (G). Tehxd, xotaoxevdlovue to dévipa Uovormatidy Beloxoviag
6ho T Tanprdouata e axohovblog B(root) xau téte emotpépouue uta evdodlateTayuévn dudoyion
TV déVTpwY Uovorattdy. Ouuilouue 61l to tedevtalo BAua aviiotolyel oty emxdAudn ue yovo-
mdta tou yeagruatog G. O alydelbuoc Parallel_ Minimum_Path_Cover Sivetow ye Aemtouépela
TAPOXAT.

Enuetdvouyue edd 61t to BAua 5 ypetdletan uta petd-enelepyaotac (post-processing) cuvdptnon.

H avdfeon ayxuidv oe évav S-x6ufo, 6nwe teptypdgetar otny epyaoto [85], unopel vo odnyroet
oe dévtpa HovomaTidV Tou Bo Tapdyouyv povondtio te axuéc Tou dev eugaviloviol oTo ypdenuo
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Parallel_Minimum_Path_Cover

Eicodog: To md-dévtpo T(G) evée Py-sparse ypagpruoatog G;

"E€0d0g: M emuxdAugm ue povondtia tou Py-sparse ypagruotog G

1. Kotaoxebaoe 1o duadixd dévtpo T,(G) xar unohdyioe to mAhfoc L(t) yia xdbe cowtepind
x6ufo t tou dévtpou Ty(G) bnwe enlong xou 1o aplotepd duadixd dévtpo Ty (G);

2. Yrnoléyioe 1o nhifoc twy uovormattdy A(t) otny emxdAudn Ue UOVOTETIA TOU YRUPHUATOS
G[M(t)] vy xdbBe eowtepd x6ufo t tou dévipou Ty (G) xor to eZaocbevnuévo aplotepd
duadixd dévipo Ty (G);

3. T xdbe N-x6uBo t; tou dévipou Ty, (G), utordyioe Ty axoloubio Twy ayxuldv B(S; UK;)
omwe mepLypdpnxe oty Evétnta 5;

4. Tlaphyoye tnv axoloubio twv ayxuldv B(root) tne pilac tou dévipou Ty (G) haufdvovtog
ur’ 6y 6L, yia xdfe ecwtepnd x6uPo t € Ty, (G),
if o x6uPoc t eivan évag P-xéuBoc 1 évag S-x6ufBoc then
unoléytoe Ty B(t) oluguva ue 1o edv xdfe moudl tou xéuBou t elvor
xopugt exoayyie 1 Yeptpwons [85];
else {0 xdufoct elvar évac N-xdufoc}
unoléytoe Ty B(t) olugwva ue tny EZlowon (8.11);

5. Kataoxebooe to dévipa yovonatidy Beloxoviog o Tatpldouata Twy ayxUAGy Tne axoloubiog
B(root);

6. Enéotpede pio emxdAudm ye yovorndtior and uio evdodlatetayuévn Sidoyton ota Sévipa Uo-
VOTUTLOV;

AlyépiBuog 13: Parallel Minimum_Path_Cover

G. Auth 1 ouvdptnon nou egopudletal UETE TNV mapaywyr g axoloubiag ayxLAGY dtophdvet
omnoladnnote tétoa illegal dévtpa uovomatidv mou elyav nopaybel and ta noudid evég S-xdubou.
Mopdha outd, Ta 6wWoTd dévipo Hovomatidy utohoyllovial UE Ulo AEMTOUERT TEXVIXT, WS €Vl
uetd-enelepyaotioc Bhua, Tou npotelvetar oty epyaoia [85]. Tuvodilovtac, éyovue To axdrovho
anoTéAecUd.

Ocdenpa 8.3. Eotw éva Py-sparse ypdgnua G ue n xopupéc xat éotw T(G) to md-8évreo tou.
Mo envedAugn ue uovondtia tou ypapijuatos G umopel va vroloyiotel fédtiota oe ypdvo xat
eoyaoia oe O(logn) yedvo, yenowonotdyrac O(n/logn) EREW-PRAM encéepyaotée.

Anédeiln. Ané to Ildpioun 8.1 motonotolue Ty BEATLOTOTNTA WS TROS TOV YPGVO XL TNV EPYO-
ola Tou ahyopiBuou uac. To Bruata 1 xar 2 anowtodv O(n/logn) EREW-PRAM enelepyaotéc
xat tpéyouv oe O(logn) ypdévo (Sette Afuua 8.2). Ta BAuoata 3 xad unopodyv vo entteuyfHoldy
eEVOAAAOGOVTAS TS Ay XUAES UE apLtBuolc ot emoUéveng unopoly va Bpeboly BEATLoTa YenoluonoL-
vtog uto evdodlatetayuévn didoyton méve oe apliuolc oto dévipo Ty (G). To BAua 5 unoget
va exteleotel oe O(logn) ypdévo yenowornowdvtac O(n/logn) EREW enelepyoaotéc Bploxoviag
6ha tar Ledyn mou tanpudlouy tne axohoublac B(root). Enuetdote 6t n axohoubla B(root), érou
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root elvar 1 plla Tou dévtpou tou Ty, (G), éxer O(n) ayxdiec epdoov to 8évtpo Ty, (G) éxer O(n)
x6uBouc. Tnuetdote entong 6t xdfe avtiotolyeia ayxiAng evéc ecwtepxol x6ufou t € Ty, (G)
dev Zenepvd To mARBoc Ty Tadldy Tou t oto dévipo Ty (G). Téhoc, to BAua 7 emttuyydvetot
ue Euler dwdpouéc ndvew oto dévtpa wovomatidy. AZilet va onuetnbel dtL ta oévipa Uovonatidy
neptéyouy n x6ufouc, agol ot xéufol Toug elvar axpelBoc oL xopugéc Tou Ypapruatoc G. 1

8.7 Xuunepdopato

e auté TO XEQINULO TaPOLGLIoAUUE Evay BEATLOTO ahybptuo yia Ty avagopd (xaL Ty ebpect) Tou
TARfouc) tou uxpdtepou oe TARHouc aptBuol xopLEHY and AVEESRTNTA-XOPUPMY UOVOTETLA TOU
EMUXAAUTITOLY TLC XOPUPES EVOS Py-sparse ypa@Ruotoc. Suyxexpluéva, dofévtog tou md-dévtpou
evig Py-sparse ypagruotog G UE N XOPUQES XAl M AXUES, YENOLUOTOLOUUE XAAGIXEC TEYVLES
oUpplxvwoELS BEVTPOU Xal Tapldouatog ay XUV [85], xat teptypdpouue évay BEATLOTO TapdAAnho
ahydetbuo tou tpéye oe O(logn) yedvo ue O(n/logn) enelepyaotéc oto EREW PRAM uovtéo.
To anoteléouatd pag yevixebouv mponyolueva anotehéouata [85], oL ETEXTELVOLY TNV OLXOYE-
VELY TV TEAELWY YPUQNUET®Y Tou endéyoviol BéEATIoTn Abon Yo To TpdBAnua Tng entxdAudng Ue
UOVOTATLAL.

"Eva dAho evdiagépov npdlinua tou oyetileton ye 10 npdBAnua tng emxdiudng ye yovondtia
elvat o mpdBAnua emxdAudng ue telxd dxpa vovoratidv (terminal path cover). To mpdinua
e emdhudne ue tehxd dxpa dovomoatidy evoc ypagruatos G we mpog éva utosdvolo A Ttou
ouVORoU xopuedy V(G) elvan wiar emxdAudn ue Lovordtio Tou ypagruatoc G €tol HoTe GheC oL
X0PUPES TOL GUVOAOU A var elvol dxpa TwY Wovomatiedy otny emxdAuvdn. Enouévee, to npdBinua
e emxdAung Ye povordtia elvor uto ewdier teplntwon g emxdhudng ue TEAE dxpa LovoTo-
LAY, 6mou 10 alvoho A elvar o xevé aivoro. To nedBAnua unopel va tpoceyyLoTel pELUVHOVTAC T
J€VTPU UOVOTATLAY TOU IXAVOTOLoUY Tov emmiéov meptoptoud. Mo epyacia mou agopd Tig TEAEL-
tatec oxéderc Bploxetal 6e TpGodO XL UEPXE TPOXATUEXTIXE ATOTEAEGUATA TEOTELVOUY OTL T TILO
opLOTERE PUANAL TOV DEVTRPOY LOVOTIOTLGY QaivovTal 6Tl anotehody to xAewdl vl tnv enihuon tou
TpoBAAUaTOC, XaDS 0L XOPLUPES TOU AVTLETOLYOVUY GE auTd Tar QU ElVaL EXpa TV UOVOTUTLOY
oty emxdAudn evéc ypagpruatoc.
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KE®AAAIO 9

Y YNOUH - EIIEKTAXEIY

9.1 II\rBoc Exeretixddv Aévipnv
9.2 Avvauwxol Ahyépifuot AvaryvéeLong

9.3 Enwdiudn ye Movondtia

9.1 IIARBog ExeleTixdv Aévipwy

Yta Kegdhowo 2-4 napouotdooye utor yevixr, uéBodo unoloytopol tou TARHouc TV GXEAETIXOY
dEVTPWV EVOS YRAUPAUNTOS YpNOLUOTOLOVTS TNV m-anocUviean, Tou enépepe évay Ypauuxd ohyd-
etbuo Y to mpbBhnua o Py-tidy ypaghuota, oe (g,q —4) ypaphAuota yio otafepd ¢ > 4, xou
oe tree-cographs. Exugtalleutixaye tic doutxés WBLotnteg Tou md-SEVTpou auTHY TOV YeuEnUd-
TV X0l Yprowonothioaue o Oedpnua tou nivaxa-dévipou, Kirchhoff, we éva epyoadeio yio v
an6detln e ophdtntac Tou tpotetvéuevou alyoplfuou. Hepiuévou 6t 1 TpocéyyLoy| uac epapud-
Ceton ot 6€ 4ANOL TUTOU TPGOTWY YPONUATOVY (EXTOC and apayvoewdy| ypagphuota, TedTta dEvtpd,
iy 0pdoug ®OXAoUS XAl TOL GUUTANEGUATE TOUS), oL Bo enétpene TOV UTOhoYLoUS Tou TARBOUS TwV
OXENETIXGY dEVTPWV XoL Yia emtnpbobetec ¥Adoele, T.y., To semi-Py-sparse ypoghuata [35] xot to
(Ps, diamond)-free graphs [15].

Emunéov nopabétovue g éva avouxtd medBinua tnv anotehecuotixy; enclepyooia twy diyo-
Toulowwy (split) ypagpnudtwy xot Ty apXeTOY ENEXTACEWY TOUC (TOU YEVLXEVOUY ToL apay VOELSN
yeoghuata): ta Siyotouiowa ypaghuata nallouy éva Baoixd pdho 6to md-dévipo twy split-perfect
yeapnudtoy [16], xar YU’ autd o anotereouatinde tpdmoc enelepyaoioc Touc Bu odnyoloe oe évay
YeriYopo unoAoyLloud Tou TARHOUS TWY OXERETIXAY JEVTPWY TOV TEAEUTAULWY XAACEWY.

Optouéva dhha evdtagépovta npofhiuata anaplfunone apopoldy atov utohoytoud tou TARfoug
TV TEheLwy Talpaoudtey (perfect matchings), towv x0xAwv tou Hamilton xat tov x0xhwv tou
Euler. ITo cuyxexpuuéva, éyet detytel [76] 6t 1o TARfoc Twv Téhelwv Tatplaoudtoy Unopel va uto-
royLoTel anoteleouaTind oe ypaghuata mou emdéyovtal W Pfaffian orientation. 'Onwg xou oto
Oedpnua tou tivaxa-dévtpou, Kirchhoff, auth n uébodoc eunepiéyel tov unohoyiousd utac optlovoac
axolovBoluevn and tov vnoloytoud uac tetpaywvixic ptlac. ‘Etot, dobévtog evée tétolou mpo-
cavatohtouol (orientation), évac alydptBuoc nou xoataoxeudlet TLg TEYVIXES oUppixVwoNe UTopEL
va 081 YHoEL G anOTENEGUOTIXES AUGELS Yia dAAA oLVSUNGTLXE TpoBAruata anaplfunong.
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Téhoc, bnwe npoavagéphnxe 6Ty eLoaywYY, £va oUuolduoppo ailémoto dixtuo (optouévo otic
epyaoteg [25, 84]) npénel va ueytotonotel To TARHoc Twv oxeheTxdy dévipwy. 'Etot, elvol eviiopé-
pov va xafopioel xovelc Toug TUTOUC TWY YRAPNUATOY TOU €YOUV TO UEYLETO TANDOC OXEAETIXOY
dévtpwy yia ouyxexpévo ThRBoc xopupdy xau axudy (deite [41, 99, 100]). To mpdBinua autd
unopel va TpooeyyLoTel we ULa epdTnon BektioTonolnong Tdvew OTIC S-TLUES TWY XOPUPEADY, TOU Xal-
Bopiler o alydpfuog Spanning_Trees-Number. Tétolou eldoug uehétn elvar auth Ty otiyur uné
EPELVA XL UEPIXE e T AmOTEAEGUOTA oVAdELXYVOLY 6Tt 1) oyYedSY ToxTixdtnta (almost regularity)
patvetor va lvar To xAeldl yia Ty entAuon tou teolARuaTog.

Emnéov, oto Kegdhato 5 oplooue 300 xAdoelc TwV aoTEPOELdT Yoapnudteny, Tou ovoudlovtat
complete-planet xat star-planet ypagruota, xou anodellope xhetotols TUTOLS YLol Ta YpAPHUATO
e voperic K, — G, émou 1o ypdpnua G elvar éva complete-planet ¥ éva star-planet ypdgnua.
[ tov oxond autd, YENOUULOTOAGAUUE TO GUUTANPOUATIXOY OXEAETXOY SEvipwy Tivaxa Hedpnua
6mwe enlong xal XAAGLXES TEYVIXES amd TNV Yoo dAyeBpa xat v Bewpla mvdxwy.

H eCayoy xhetotdy tonwy yua Stagopetinols TUnous Yeopnudtwy unopel va anodetytel yer-
OLUN GTNV VALY VOELOT] EXELVOY TOV YRUPNUATWY TOU TEPLEYOLY TO UEYLETO TATH0C OXEAETIXGDY OE-
vipwv. Tétolou eldoug uehétn éyel TpaxTixés GUVETELES TTOU GUVBEOVTOL Ue TNy aftomatio SixTiwy
(delte vy mopddetyua [84, 75, 99]). Xe autd to xe@dAato, TETOYAUUE ETLONG, XL ATOTEAECUATA
ueyLoTOTOINONS YLol TNV XAJOT TV AoTEROEWT, Ypapnudtwy: avadelfoue ta complete-planet xou
star-planet ypagruoto mou emdéyoviol 10 UEYLoTo TARH0C OXERETXOY dEVTPpWY® T ATOTEAEGUATA
uog YeEVIXEVOUY Xal EMEXTELVOUY TPONYOUUEV ATOTEAECUATA UEYLOTOTOINONS Yot TNV XAAOY TV
multi-star xou Twv multi-complete/star ypogpnudtwy [24].

O unohoyioudc g 0plloucog TOU GUUTANEWUATIXOU GXEAETIXAOVY SEVTPOY TULVIXWY QaiveTal dTL
elvan utar evdiagépovoa xatevhuver yia Tov xaboploud tou TARHoUS TV GXEAETIXGOY SEVIPWY Yo
TLC OWXOYEVELES YRAPNUATWY TN Hopghic K, — G, 6mou to ypdonua G xotéyel uta EUQuTY GULUE-
totar. Mo ouyxexpluéva, ToAG and To Yvwotd anoteréoyota [9] tou npoéxuday and entyelohuota
GLVBUNGTLXAC, UTOEOVUY EUXOAN VoL OTOSELY TOVY YENGLUOTIOLOVTAS TOPOUOLES TEYVIXES UE QUTES TIOU
xenowwonotifnxay oe autd 10 xe@dhato. Emmiéov, dAla amoTEAECUATA TOU TUPOUGLAGTNXAY OTO
[24, 93, 94, 107] énovtar (¢ ouvéneeg Twv Bewpnud Twv Hac Tou anodeliaue ot autd To XEQENLO.
ITwo eWdixd, ToANS ypaphuata unopoy vo e€uyfolv 1c GUYXEXPUIEVES TIEPLTTACELS TWV AGTEPOELDN
Yeapnudtomy, tou e€apTdvTal and TO SUN-YedENnUO XAt TLS TWES TOV SLAVUOUATWY XAIXag, doTepLoy,
uovoTaTLol, ot xOXAOoL.

Enlone, oto Kegdhawo 6 anodeilaue tinouc nou Bacilovtal 6Tov unohoyloud opllovoac yia to
TAR00C TV OXEAETIXGY SEVIPWY YLO ULX OLXOYEVELX YpapnudTtwy Tng uopphc K + G, xou entong
YOl TV TLO YEVLXT] OLXOYEVELN YRAPNUATWY K™ £ G, 670U 10 yedopnua K7 (avtiot. K,(zm)) elvon
T0 TANPES TONUYPAQNUA UE N XOPUPES Xat axplBAC (avTloT. TOUNYLOTOV) M aXUES VoL EVEVOUY
%d0e Lebyog xoupov xou to Yedenua G elval évo ToAuyedenuo Tou ENGYETAL oG £V GUVORO UXUGY
Tou ypaghuatoc K7 (avtioT. Kr(lm)). Baowlbuevol oe autolc toug tinoue, anodeliaue xhetotol
tonoug yla To TARfog Twv oxehetxdy dévtpwy T(K]" £ G), yia vy neplntwonc mou To Ypdpnua
G elvon (i) éva mAApn molvuepés ypdonua, xou (ii) éva multi-star ypdpnuo.

Me Bdion 1o anoteréouotd yog, o fray eviiagépov va Bewpfioel xavelc To TpdBAnuo Tne anddet-
Ene tinwv Yo To TARBog Ty oxeleTixdy Sévipwy T(K] £ G) otic neptntdoeic tou 1o Yedonua G
aVAXEL GE GARES XAAOELS AMAGY YpapnuUdTwy 1 ToAuypapnudtwy. To naupabétovue we éva avorytd
Jiele/SYNY VIS

To mpéBinuo tne ueytotonolnone tou TAifouc Twv oxeReTX®Y dévtpwy €yel emAhubel yLo ap-
AETEC OWXOYEVELES Ypagnudtwy tng vopwhc K, — G, 6mou 1o ypdgnua G elvar éva multi-star
Yedonua, 1 Eveoon uovoratidy xot xOxhwv, xth. (Selte [24, 41, 93, 99]). 'Etot, éva evdlagépov
avolyté TedBAnua elval Tng UeYLoTomolinoeNng ToU TARHOUS TV GHEAETIXMV BEVIPWY YRUPNUATWY TNS
woppric K* + G.
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9.2 Avuvapixol AyopiBuol Avayvoelerng

Y10 Kegdhawo 7 emiboaue To Suvauixd mpoBAnuo avayvoplong Y TNV XAdor Twv Pj-sparse
Yeopnudtey: o oxonde uac elvar va yewptotolue tpdofeon xat dtaypap axudy/Xxopueny, Vo o-
VaXAAUPOUUE TIOTE TETOLEC TPOTOTOLGELS EMLPEPOUY Eva Py-sparse ypdgnuo Xal o€ TEPITTWOT ToU
ohnBelet, Vo EVIUERGOEL XUTIAAN 0 TNV avomapdotacn Tou yeagruatoc. H aviipetdnior uag Bo-
otleton oty dtathenon Tov md-8évteou Tou yeapuatog To onolo yeENoLUoToLoVUE Yio TNV ETLAUO
ToU TPOBAAUATOS avayvoetons. Amodetxviouue Soulxéc WLOTNTES TOU BEVTPOU Xal TETUYULVOUUE
évay mhen Suvouixd akybplfuo avayvdpeiong mou urtootneilel TPOTOTOLAGELS axU®Y (ELoaywYES
xat daypagéc) oe O(1) ypdvo xol 1pomonoticels xopugdvy (etoaywyéc xat Staypagéc) oe O(d)
Xe6vo Yo xopupt| Babuol d.

Ye oyéon ue v Behtotdnra, elvon evdtagépov va xatopbdoel xavelg évay alyopliuo ota-
Oepol ypdvou Yo TNV EVNUEPWOT) TOU XOUUATIAOUEVOU amocuVleTiXol Sévipou otnv nepintwon
darypaghic xopuehc evéc Py-sparse ypaghuatos. Emniéov, Suvauxol alydptbuot éyouy tpotabet
Tou uTooTNEllouy axuéc xou xopupéc tpononoticels o O(n) ypdvo xutd axufc Tpononoinone xoL
oe O(nm) ypbvo xatd xopuphic Tpomonolnong yia tprywvixd (chordal) ypaghAuota. Bdon avtdy
TWV ONOTEAEOUITWY, évag Unopel va e€eTdoel Tpog TNy xatevbuver épeuvag €6V UTdPYEL Lo omo-
TeEhecUOTIXGS duvauxos ahybeLtiuog vl TRV xhdon twy Telywvxdy (chordal) xat Stactnudtwy
(interval) ypagpnudtoy (évac axuéc-udvo Suvapixde alydptbuoc elvan yvwotde yia ta dotiuota
(interval) ypugruata mov utootneiler x&fe tpononoinon axurc oe O(nlogn) ypdvo) xat, axdua
TEELOGOTERO, YLo GAAEC HAAOELS YRAPNUATODV.

9.3 Emnwxdiudn ue Movonrdtia

1o Kegdhato 8 napovoidoaue évay Bértoto akybplfuo yia v avagopd (xat tnv ebpeon tou
mAffoug) tou utxpdtepou oe TARHoug aptBuol xopLEHY and AVEEEETNTA-XOPUPMY UOVOTETLA TOU
EMXAAITITOLY TLC XOpUPES eVOS Py-sparse ypaghuotoc. Suyxexpluéva, dofévtog tou md-dévtpou
evoc Py-sparse ypoagruoatog G UE n XOpUQES XAl m aXUES, YENOLUIOTOLOUUE XAAGLXEC TEYVLXES
oUpplxVwoELS BEVTPOU Xal TapLdouatog ayXUNGY [85], xat teptypdpouue évay BEATLOTO TapdAAnho
ahydetbuo tou teéyet oe O(logn) yedvo ue O(n/logn) eneiepyaotéc oto EREW PRAM uovtého.
To anoteléouatd pag yevixebouv mponyolueva anotehéouata [85], oL ETEXTELVOLY TNV OLXOYE-
VELL TV TERELWY YPaPnUdTwy Tou endéyoviat BEATLOTH Abon yia To TedBAnua Tng emuxdAv(ng ue
UOVOTATLAL.

"Eva dAho evdiagépov mpdBinua tou oyetiletor ye to tpdBinua tne emxdiudng ye yovondtio
elvar to mpdBANua emxdAudne ue telxd dxpa Uovoratidv (terminal path cover). To mpdPinua
e emxdhudne ue tehxd dxpa ovomatidy evoc ypagruatos G we mpog éva utosdvolo A Ttou
ouvéhou xopuedy V(G) elvar uta emxdiudn ue vovordtio tou ypaghuatog G €tol hote Gheg oL
X0PUPES TOL GUVOAOU A var elvol dxpa TwY Wovomatidy otny emxdAuvdn. Enouévee, to npdBinua
e emxdAudne Ue povordtia elvor Uta ewdixr teplntwon e emxdhudne ue TeAd dxpa Lovomo-
TLGY, 6Tou To 6Uvoho A elvan 1o xevé oUvoho. To mpdBAnua Unopel va TpooeyYLoTEL EpELVHOVTAS TA
OEVTPA UOVOTATLOY TIOU IXOVOTOLOUY ToV emmAéoy Teptoptoud. Mo gpyaaio mou agopd Tig TeAeu-
tatec oxéderc Bploxetal oe TpGod0 XL UEPXE TEOXATUPXTIXS ATOTEAEGUATA TEOTELVOUY OTL TaL TILO
opLOTERE PUANAL TOV DEVTRPOY LOVOTIOTLGY @aivovTal 6Tl anoteholyv to xAewdl yioo tnv enthucn tou
TpoBhiuatog, xafde oL xopuéc Tou avtioTolyoly 6e auTd Tar PUNN Elval dXpa TV UOVOTUTLOY
oty emxdAudn evéc ypapruatoc.
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EYPETHPIO

(Ps, diamond)-free, 61, 137 circulant graph, 17, 27, 37, 63, 84
(¢,q —4) ypdonua, 14 clique set, 1, 120
K, -complement, 26, 37, 63, 83 closed neighborhood, 1, 121
K,,-ouumhiewua, 26, 37, 63, 83 cofactor, 3, 86
Py-free, 11 cograph, 11
P,-isomorphic, 14 cographs, 25, 27, 28
Py-lite, 13, 59 complement reducible, 27
Py-sparse, 99 complement spanning tree matrix, 63, 66
Py-sparse ypdgpnua, 12 theorem, 66
Py-tidy yedgnua, 13, 59 complement-invariant, 100
Py-tobuoppa, 14 complete
m~complete multigraph, 85 multipartite, 17, 27, 37, 63, 84, 93
m-TATipeC ToALYRdQNUA, 85 complete multigraph, 85
p-components, 9 complete-planet, 63, 64
p-connected components, 9 complexity, 2, 26, 36, 62, 83
P-oLUVEXTLXO, 9 contractible subtree, 40
s-labels, 29 contraction functions, 41
s-emypogéc, 29 cotree, 27, 28
3-sun, 59 crossing, 9
cubic cycle graph, 17, 27, 37, 63, 84

adjacent cycle, 2

a-fully, 108 chordless, 2

z-non, 108 simple, 2

z-partly, 108
antihole, 5 decremental, 3, 98
asteroidal, 63, 64 degree, 1, 121

DFS 8udoyion, 24

basic graph, 40 distance hereditary, 27

Berge graph, 6 double-split, 14

Berge Yedgnua, 6 dynamic algorithm, 3, 98
bracket matching, 123 edges-only fully, 3, 98
brittle, 58 fully, 3, 98

brittle ypogfuata, 14 dynamic-connectivity, 4
Cayley’s tree formula, 66 electrical network, 26, 36, 62, 83
cent-tree, 18 endpoints, 2

cent-dévpo, 18, 19 Eulerian circuits, 26, 36, 62, 83
cent-cuVdpTnoN, 23 Eulerian xGxhwv, 26, 36, 62, 83
center vertex, 64

characteristic graph, 9 h-anoctvheon, 10
characteristic multigraph, 85 Hamiltonian
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path, 119

uovorndtt, 119
hole, 5
homogeneous decomposition, 10
homogeneous set, 6, 38, 100

incremental, 3, 98
indecomposable, 6, 38, 100

join, 64

Kirchhoff Matrix, 3, 18, 28, 86
Tree Theorem, 3, 18, 28, 86

Kirchhoff Tlivaxa, 18, 28

Kirchhoff Tlivaxac, 3, 86

Aévtpwy Oedpnua, 3, 18, 28, 86

labelled molecular graph, 17, 27, 37, 63, 84

Laplacian Matrix, 86
Laplacian nivaxocg, 86
leftist, 122

reduced, 122
list coloring, 14, 58

m-anocUvbeon), 7, 38, 101
matrix
degree, 67
matrix degree, 86
maximum matching, 13
md-3¢évdpo, 7, 38, 101
midpoints, 2
minimal triangulation, 16
minor, 3, 86
modular decomposition, 7, 38, 101
module, 6, 38, 100
neighborhood, 7, 39, 101
parallel, 7, 38, 101
series, 7, 38, 101
strong, 7, 38, 100
multi-star, 95
multigraph, 85
multiplicity, 85

neighborhood, 1, 121
network reliability, 17
non-basic cost, 40
non-basic graph, 40
number

chromatic, 5

clique, 5

clique cover, 5
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stability, 5

p-connectedness, 9
p-ouvdeowuoTnTa, 9
partner, 59
path, 1

chordless, 2

simple, 1
path cover, 14, 58, 119
path tree, 123

illegal, 135
perfect

graph, 5

property, 5
perfectly orderable, 99
Pfaffian orientation, 61, 137
planet-ypdgnuo, 64
planet-xopugpéc, 65
planet-cuviotdou, 64
planet-uroypagruata, 64
prime graph, 6, 38, 100
primeval decomposition, 10

QT-vedgnua, 18
quadruple cycle graph, 17, 27, 37, 63, 84
quasi-threshold ypdgnuo, 18

representative graph, 7, 39, 101

semi- Py-sparse, 61, 137
series-parallel, 27
spanning tree, 2, 17, 26, 36, 83
maximum number, 26
spider, 12
partition, 12
prime, 12
thick, 12
thin, 12
split graph, 9
split-perfect, 61, 137
split-perfect ypdonua, 14
stable set, 1, 121
star-planet, 63, 64
strong block, 28
strong node, 29
Strong Perfect Graph
Conjecture, 5
Theorem, 6
sun-ypdepnua, 64
sun-xopugéc, 65



superbrittle, 15

terminal path cover, 136, 139
threshold graph, 17, 27, 37, 63, 84
time-optimal, 4

tree-cographs, 58

tridiagonal matrix, 46

uniform cost criterion, 24, 34
union, 64
union-stable graphs, 91

vertex ranking, 14, 58

wheel graph, 82
work, 4
work-optimal, 4

Ioyuph Téhewwv Toagpnudtony
Ewaota, 5
Ocdenua, 6

dxpa, 2
EvwoT Ypapnudtwy, 64

aveEdptnto olvolo, 1, 121
avtony, 5
AVTLTPOCWTELTLXS Yedgnua, 7, 39, 101
afromiotio dixtlwy, 17
apay Voeldéc ypdpnua, 12

apatd, 12

drauéplom, 12

TpTo, 12

nuxvo, 12
aptbudeg

emdhudne xhixacg, 5

evotabic, 5

WAxac, 5

YEWUATIXOS, D
aofevric xopugéc, 10
aotepoeldr, 63, 64
auintxde, 3, 98
autocLUTANEwHaTXr, 100
autotehi-uovéda, 6, 38, 100

yettovixn, 7, 39, 101

toyuet, 6, 38, 100

Tapd A, 7, 38, 101

oelptaxy), 7, 38, 101

TeETELUMEVT, 6, 38, 100

BértioToc-epyaoiac, 4
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BérTtioToc-ypbvou, 4
Babude, 1, 121
Baowxd ypagpruata, 40
Bhémer, 1, 12, 121

yettowd, 1, 121

YELTOVLXAC
x-ueptxde, 108
x-un, 108
x-mAfen, 108

SEvipa Lovoratidy, 123
dévtpa-cographs, 58
dévtpo, 2
dévtpo apLoTepd, 122
eZaofevnuévo, 122
Saywelowo, 9
duyotouiowo yedenua, 9
duvauxic-ouvexTixétnac, 4
duvapixde alydetuog, 3, 98
pévo-oxuéc TAtene, 3, 98
Tfene, 3
TAfpwe, 98

eNdoowy, 3, 86

EMLYQAQOUEVO Uoptaxd Yedenua, 17, 27, 37,
63, 84

enuxdAudn ue yovorndtia, 119

enuxdAudn UE TEAXE dxpo Wovoratidy, 136,
139

epyaotia topdhhnhou alyopibuou, 4

nhextpwd dixtvo, 26, 36, 62, 83

toyvpd block, 28
toyupde xéuPog, 29

XOPTEGLAVE YLVOUEVO YoagnudTwy, 64
xeVTpLXh xopuyt, 64
xhixa, 1, 120
xAeLoth yettowd, 1, 121
xuBde xoxhoe, 17, 27, 37, 63, 84
XUXAWXO Ypdonua, 17, 27, 37, 63, 84
xUxhog, 2

dyopdoc, 2

amAiog, 2

HéyloTo Talptacua, 13
Héoec-xopugéc, 2
HELwTxoe, 3, 98
un-Boowxd ypdonua, 40



un-Baowd xéotog, 40
uovordtt, 1

&y opdo, 2

amho, 1

ouoyevée, 6, 38, 100

ouoyevic anoocvbean, 10
0UOLOUOPPO %ELTHELO xbGTOLS, 24, 34
ory), 5

mivaxag Babudy, 86
TAYpES

noluueet, 17, 27, 37, 63, 84
TApeC ToAUYpdgnUa, 85
TApeC TohuueET, 93
e k-uepes, 93
ToAamAGTN T, 85
ToAvYpdpnua, 85
ToAUTAOXOTNTA Ypopruatocg, 2, 26, 36, 62, 83
Tpwtdyovn anoobvieon, 10
TedTo Yedpnua, 6, 38, 100

oXeNETLXO dévTpo, 2, 17, 26, 36, 83
uéytoto minfoc, 17, 26
GUUTANCOUATIXE-TOpay OUEVO Yedpnua, 11

GUUTANCOUATIXE-TEOY QUEVOL YpA@hLoTa, 23,

27

CUUTANEOUATIXG GHEAETIXGY SEVTPWY Tlvaxa,
63

CLUUTANEOUATINOS GHEAETLXGY dEVTPWV Tivo-
xog, 66

Bedpnuo, 66

OUVIPTNOELS GUGTOATG, 41

GUVTEAEGTYC, 3, 86

oLEEXVOGLUO LTOBEVTEO, 40

GUGTOAY), 2

TENELY
Yooy, 5
Wiétnta, 5
wéheta drotdéua, 99
Talplaoua ayxUAGY, 123
TEUVOUEVO, 9
tetpadinde xOxhog, 17, 27, 37, 63, 84
TeLywvonoinor, 16
TedtaydvLog ivaxac, 46
TPOY6C, 82

yéver, 1,12, 121
YopoxTNELeTIXd Yedpnua, 9
YOLAXTNELOTIXG TOAUYpEdgNU, 85
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